
Optimisation
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1. Optimisation lisse sans contraintes


2. Optimisation lisse avec contraintes


3. Analyse convexe et dualité Lagrangienne


4. Ouverture vers l’optimisation non-lisse


5. Algorithmes d’optimisation



Un mot sur l’optimisation non lisse
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Sous-gradient (subgradient)

Convexe Non-convexe

Domaine de recherche ouvert

Cas particulier utile en 
apprentissage automatique :

<latexit sha1_base64="yU8ow9aq98x2B7pxR2jg+KbCFYk="></latexit>

Condition nécessaire de minimum local pour la
somme d’une fonction lisse (pas forcément con-
vexe) et d’une fonction convexe (pas forcément
lisse) :

Soit f : Rd ! R de classe C1 et g : Rd ! R
une function convexe. Si x⇤ est un minimum local
de f + g, alors :

0 2 rf(x⇤)+@g(x⇤) = {rf(x⇤)+x | x 2 @g(x⇤)}.

<latexit sha1_base64="rTesUKZ7kBqp9t07xXXoNTRptd8="></latexit>

Condition nécessaire de minimum local pour
une fonction convexe (pas forcément lisse) :

Soit f : Rd ! R une function convexe. Si x⇤

est un minimum local de f , alors : 0 2 @f(x⇤)

<latexit sha1_base64="9C16aabTIKBvzy2e3w33Y0xe3e8="></latexit>

@f(x0)

<latexit sha1_base64="bvsJcAYewG8YXuyUWF2inJEcDfM=">AAACLXicbZDLSsNAFIYn3o23VpduBougICUpom4KRTcuK1gVapDJ9CQdnMmEmROxhL6CW30Ln8aFIG59DZO2i3o5MPDx/+fMnPnDVAqLnvfuzMzOzS8sLi27K6tr6xuV6uaV1Znh0OFaanMTMgtSJNBBgRJuUgNMhRKuw/uz0r9+AGOFTi5xkEKgWJyISHCGpRTtPe7fVWpe3RsV/Qv+BGpkUu27qrN129M8U5Agl8zaru+lGOTMoOAShu5tZiFl/J7F0C0wYQpskI+WHdLdQunRSJviJEhH6vREzpS1AxUWnYph3/72SvE/r5thdBLkIkkzhISPH4oySVHT8ue0JwxwlIMCGDei2JXyPjOMY5GPuzt9Feq02eDqgIYaUasxGxH3sXlcooRoREEeg1aAZjB0ixj936H9hatG3T+qH10c1lqnk0CXyDbZIXvEJ8ekRc5Jm3QIJ33yRJ7Ji/PqvDkfzue4dcaZzGyRH+V8fQPHY6XE</latexit>

f(x)

<latexit sha1_base64="o4ARiIDsc5HE886nQ21Jwd6Wpj4=">AAACKnicbZDLSgMxFIYz3q23VpdugkVwIWVGpHVTEN24VLAqtEPJpGemwWQyJGfEMvQJ3Opb+DTuxK0PYtrOwtuBwMf/n5Oc/FEmhUXff/fm5hcWl5ZXVitr6xubW9Xa9o3VueHQ4VpqcxcxC1Kk0EGBEu4yA0xFEm6j+/OJf/sAxgqdXuMog1CxJBWx4AyddPXYr9b9hj8t+heCEuqkrMt+zdvpDTTPFaTIJbO2G/gZhgUzKLiEcaWXW8gYv2cJdB2mTIENi+mmY7rvlAGNtXEnRTpVv08UTFk7UpHrVAyH9rc3Ef/zujnGJ2Eh0ixHSPnsoTiXFDWdfJsOhAGOcuSAcSPcrpQPmWEcXTiV/e9Xoc7aR1wd0kgjajVjI5IhtlsTlBBPKSwS0ArQjMYVF2PwO7S/cHPUCJqN5tVx/fSsDHSF7JI9ckAC0iKn5IJckg7hBMgTeSYv3qv35r17H7PWOa+c2SE/yvv8AhFYpO8=</latexit>x

Version KKT disponible pour le cas 

convexe non-lisse sous contraintes



Probabilités
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Continuous density 
interpretation



4.3

Soient a et b deux réels tels que a < b et soit X une variable aléatoire réelle de loi uniforme

sur l’intervalle [a, b]. Soit c un réel de l’intervalle [a, b].

1) Quelle est la probabilité que X soit supérieur à c ? Et celle que X soit strictement

supérieur à c ?

Les deux probabilités sont identiques et valent
b�c
b�a .

4.4

On a représente sur le graphe ci-dessous la densité de probabilité d’une variable aléatoire

réelle X.

1) La densité de probabilité de X prend une valeur supérieure 1 en X = 0.4. Cela vous

parait-il normal ? Justifiez votre réponse.

L’aire sous la courbe doit être égale à 1 mais la densité en un point particulier peut être

supérieure et même arbitrairement grande.

Soit x une réalisation de X.

2) Quelle est la probabilité d’avoir x = 0.1 ? Quelle est la probabilité d’avoir x = 0.4 ? Est

il plus probable d’observer x = 0.4 ou x = 0.1 ? A quel point (approximativement) ?

La probabilité que x soit 0.1 ou 0.4 est 0. Par contre, il est environ 5 fois plus probable

d’observer X = 0.4 que x = 0.1.

9
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Calcul des probabilités
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Modèles graphiques 
(dirigés)

<latexit sha1_base64="IjmRo1lnN4+L12ElWPlPg17B+1c="></latexit>

p(X1, X2, . . . , Xn) =
nY

i=1

p(Xi|X⇡i)

<latexit sha1_base64="rMBB66hKhXlQtU3ACuYs3LvKsbw="></latexit>

Cadre très courant en apprentissage automatique : variables aléatoiresX1, X2, ..., Xn

avec densité de probabilité pour la loi jointe p(X1, X2, . . . , Xn) se factorisant
dans un modèle graphique dirigé G = (1, 2, . . . , n, E), c’est à dire qu’on peut
écrire :

<latexit sha1_base64="qHKf/IbFfKu/SK69WwM8Uwxd/fI="></latexit>

où ⇡i indique les parents du nœud i dans le graphe G.



103

Rappels importants
<latexit sha1_base64="k64KnKCeuaTZDp7kz45+nZ4ja5c=">AAACFXicbVBNS8MwGE7n15xfU49egkPYYJR2yPQiDL14nOC2wjZKmqZbXJrWJBVG2Z/w4l/x4kERr4I3/43ptoNuPhDy5Hnel7zv48WMSmVZ30ZuZXVtfSO/Wdja3tndK+4ftGWUCExaOGKRcDwkCaOctBRVjDixICj0GOl4o6vM7zwQIWnEb9U4Jv0QDTgNKEZKS26xGpcdl1bgBexRrmD2squOW6uapqlvXvEdN73rcXIP6cQtlizTmgIuE3tOSmCOplv86vkRTkLCFWZIyq5txaqfIqEoZmRS6CWSxAiP0IB0NeUoJLKfTreawBOt+DCIhD56tKn6uyNFoZTj0NOVIVJDuehl4n9eN1HBeT+lPE4U4Xj2UZAwqCKYRQR9KghWbKwJwoLqWSEeIoGw0kEWdAj24srLpF0z7bpZvzktNS7nceTBETgGZWCDM9AA16AJWgCDR/AMXsGb8WS8GO/Gx6w0Z8x7DsEfGJ8/jCmb/g==</latexit>

p(Xi) =

Z
p(X1, X2, ..., Xn)dXj 6=i

<latexit sha1_base64="XAPTG79KeJIgPLR0KjQ0/Xqy8g0="></latexit>

p(Xi, Xj) =

Z
p(X1, X2, ..., Xn)dXk/2{i,j}

<latexit sha1_base64="pdJLtZ7ichNC1J1ruhuzZGzmtE8=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdB3kQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rb9xf1po3RR1lOIFTOAcPrqAJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/T6js0=</latexit>. . .

Marginales

Conditionnelles
<latexit sha1_base64="xINhY1p3R2JpdzbRN4V7n6jW7Pc=">AAACB3icbZBNS8MwGMfT+TbnW9WjIMEhbCCjFZlehKEXjxPcVthKSbN0y5a+kKTCqLt58at48aCIV7+CN7+NadeDbv4h8Mv/eR6S5+9GjAppGN9aYWl5ZXWtuF7a2Nza3tF399oijDkmLRyykFsuEoTRgLQklYxYESfIdxnpuOPrtN65J1zQMLiTk4jYPhoE1KMYSWU5+mFUsRz6YDmjakqjKryEmXUC05ujl42akQkugplDGeRqOvpXrx/i2CeBxAwJ0TWNSNoJ4pJiRqalXixIhPAYDUhXYYB8Iuwk22MKj5XTh17I1QkkzNzfEwnyhZj4rur0kRyK+Vpq/lfrxtK7sBMaRLEkAZ495MUMyhCmocA+5QRLNlGAMKfqrxAPEUdYquhKKgRzfuVFaJ/WzHqtfntWblzlcRTBATgCFWCCc9AAN6AJWgCDR/AMXsGb9qS9aO/ax6y1oOUz++CPtM8fUOyXDQ==</latexit>

p(Xi|Xj)p(Xj) = p(Xi, Xj)

<latexit sha1_base64="nMKnRQNWGWJQcKqEEnWTOI8uZoc=">AAACEnicbVDLSgMxFM3UV62vUZdugkVooZQZkepGKLpxWcG2A+0wZNJMGyfzIMkIZew3uPFX3LhQxK0rd/6N6XRAbT2QcHLOvdzc48aMCmkYX1phaXllda24XtrY3Nre0Xf3OiJKOCZtHLGIWy4ShNGQtCWVjFgxJyhwGem6/uXU794RLmgU3shxTOwADUPqUYykkhy9Glcsh9ag5dzeq8vP3n4VnsMfo5YZjl426kYGuEjMnJRBjpajf/YHEU4CEkrMkBA904ilnSIuKWZkUuongsQI+2hIeoqGKCDCTrOVJvBIKQPoRVydUMJM/d2RokCIceCqygDJkZj3puJ/Xi+R3pmd0jBOJAnxbJCXMCgjOM0HDignWLKxIghzqv4K8QhxhKVKsaRCMOdXXiSd47rZqDeuT8rNizyOIjgAh6ACTHAKmuAKtEAbYPAAnsALeNUetWftTXuflRa0vGcf/IH28Q3gSpp4</latexit>

p(Xi, Xj |Xk)p(Xk) = p(Xi, Xj , Xk)

<latexit sha1_base64="pbKcRD2He1JXJ2Ei1POZlA5kC8c=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WooCURqW6EohuXFWwbaEOYTCft2MkkzEyEUvsVbvwVNy4UcSvu/BsnaRbaemDg3HPu5c49fsyoVJb1bRQWFpeWV4qrpbX1jc0tc3unJaNEYNLEEYuE4yNJGOWkqahixIkFQaHPSNsfXqV++54ISSN+q0YxcUPU5zSgGCkteeZxXHE8+uB4d0fQ8YaHaZlTeAEzM61yyTPLVtXKAOeJnZMyyNHwzK9uL8JJSLjCDEnZsa1YuWMkFMWMTErdRJIY4SHqk46mHIVEuuPsrAk80EoPBpHQjyuYqb8nxiiUchT6ujNEaiBnvVT8z+skKjh3x5THiSIcTxcFCYMqgmlGsEcFwYqNNEFYUP1XiAdIIKx0kiUdgj178jxpnVTtWrV2c1quX+ZxFMEe2AcVYIMzUAfXoAGaAINH8AxewZvxZLwY78bHtLVg5DO74A+Mzx+pe5vt</latexit>

p(Xi|Xj , Xk)p(Xj , Xk) = p(Xi, Xj , Xk)

<latexit sha1_base64="pdJLtZ7ichNC1J1ruhuzZGzmtE8=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIVI9FLx4rmLbQhrLZbtqlm03YfRFK6G/w4kERr/4gb/4bt20OWh1YGGbesO9NmEph0HW/nNLa+sbmVnm7srO7t39QPTxqmyTTjPsskYnuhtRwKRT3UaDk3VRzGoeSd8LJ7dzvPHJtRKIecJryIKYjJSLBKFrJ7w8TNINqza27C5C/xCtIDQq0BtVPm2NZzBUySY3peW6KQU41Cib5rNLPDE8pm9AR71mqaMxNkC+WnZEzqwxJlGj7FJKF+jOR09iYaRzayZji2Kx6c/E/r5dhdB3kQqUZcsWWH0WZJJiQ+eVkKDRnKKeWUKaF3ZWwMdWUoe2nYkvwVk/+S9oXda9Rb9xf1po3RR1lOIFTOAcPrqAJd9ACHxgIeIIXeHWU8+y8Oe/L0ZJTZI7hF5yPb/T6js0=</latexit>. . .
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Calcul des probabilités

Problème considéré : calculer

Méthode générale : 
- exprimer la probabilité conditionnelle en termes de probabilités 

marginales

- utiliser les independences conditionnelles spécifiées par le modèle 

graphique pour calculer ces probabilités marginales

<latexit sha1_base64="l64RRmEmSkRaRWLK+bktNlPOQxw=">AAACKHicbVDLSgMxFM34rPU16tJNsAgVZJgpUt1ZdOOygn1AOwyZNNOmzTxIMkIZ53Pc+CtuRBTp1i8xnU5BWw+EnHvOvST3uBGjQprmRFtZXVvf2CxsFbd3dvf29YPDpghjjkkDhyzkbRcJwmhAGpJKRtoRJ8h3GWm5o9up33okXNAweJDjiNg+6gfUoxhJJTn6dVRuOwl1rPQcZqSiiGEYeTVKn9Q9nNvDuT0rWHrm6CXTMDPAZWLlpARy1B39vdsLceyTQGKGhOhYZiTtBHFJMSNpsRsLEiE8Qn3SUTRAPhF2ki2awlOl9KAXcnUCCTP190SCfCHGvqs6fSQHYtGbiv95nVh6V3ZCgyiWJMCzh7yYQRnCaWqwRznBko0VQZhT9VeIB4gjLFW2RRWCtbjyMmlWDKtqVO8vSrWbPI4COAYnoAwscAlq4A7UQQNg8AxewQf41F60N+1Lm8xaV7R85gj8gfb9A/36o4M=</latexit>

p(Xi1 , Xi2 , ..., Xik |Xj1 , Xj2 , ...Xjl)
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Loi Gaussienne multivariée
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Example Distributions

Distribution PDF or PMF Mean Variance

Bernoulli(p)

⇢
p, if x = 1
1� p, if x = 0.

p p(1� p)

Binomial(n, p)
�n
k

�
pk(1� p)n�k for k = 0, 1, ..., n np np(1� p)

Geometric(p) p(1� p)k�1 for k = 1, 2, ... 1
p

1�p
p2

Poisson(�) e���k

k! for k = 0, 1, ... � �

Uniform(a, b) 1
b�a for all x 2 (a, b) a+b

2
(b�a)2

12

Gaussian(µ,�2) 1
�
p
2⇡
e�

(x�µ)2

2�2 for all x 2 (�1,1) µ �2

Exponential(�) �e��x for all x � 0,� � 0 1
�

1
�2

Read review handout or Sheldon Ross for details 2

2Table reproduced from Maleki & Do’s review handout by Koochak & Irvin
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Random Vectors

Given n RV’s X1, ...,Xn, we can define a random vector X s.t.

X =

2

6664

X1

X2
...
Xn

3

7775

Note: all the notions of joint PDF/CDF will apply to X .

Given g : Rn ! Rm, we have:

g(x) =

2

6664

g1(x)
g2(x)
...

gm(x)

3

7775
,E[g(X )] =

2

6664

E[g1(X )]
E[g2(X )]

...
E[gm(X )]

3

7775
.
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Covariance Matrices

For a random vector X 2 Rn, we define its covariance matrix ⌃
as the n ⇥ n matrix whose ij-th entry contains the covariance
between Xi and Xj .

⌃ =

2

64
Cov [X1,X1] . . . Cov [X1,Xn]

...
. . .

...
Cov [Xn,X1] . . . Cov [Xn,Xn]

3

75

applying linearity of expectation and the fact that
Cov [Xi ,Xj ] = E[(Xi � E[Xi ])(Xj � E[Xj ])], we obtain

⌃ = E[(X � E[X ])(X � E[X ])T ]

Properties:

I ⌃ is symmetric and PSD

I If Xi ? Xj for all i , j , then ⌃ = diag(Var [X1], ...,Var [Xn])
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Multivariate Gaussian

The multivariate Gaussian X ⇠ N (µ,⌃), X 2 Rn:

p(x ;µ,⌃) =
1

det(⌃)
1
2 (2⇡)

n
2

exp

✓
�1

2
(x � µ)T⌃�1(x � µ)

◆

The univariate Gaussian X ⇠ N (µ,�2), X 2 R is just the special
case of the multivariate Gaussian when n = 1.

p(x ;µ,�2) =
1

�(2⇡)
1
2

exp

✓
� 1

2�2
(x � µ)2

◆

Notice that if ⌃ 2 R1⇥1, then ⌃ = Var [X1] = �2, and so

I ⌃�1 = 1
�2

I det(⌃)
1
2 = �
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Some Nice Properties of MV Gaussians

I Marginals and conditionals of a joint Gaussian are Gaussian

I A d-dimensional Gaussian X 2 N (µ,⌃ = diag(�2
1, ...,�

2
n)) is

equivalent to a collection of d independent Gaussians
Xi 2 N (µi ,�2

i ). This results in isocontours aligned with the
coordinate axes.

I In general, the isocontours of a MV Gaussian are
n-dimensional ellipsoids with principal axes in the directions of
the eigenvectors of covariance matrix ⌃ (remember, ⌃ is
PSD, so all n eigenvectors are non-negative). The axes’
relative lengths depend on the eigenvalues of ⌃.



Visualizations of MV Gaussians

E↵ect of changing variance
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Visualizations of MV Gaussians

If Var [X1] 6= Var [X2]:
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Visualizations of MV Gaussians

If X1 and X2 are positively correlated:
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Visualizations of MV Gaussians

If X1 and X2 are negatively correlated:
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Multivariate Gaussian
Définition générale

Distributions conditionnelles

Distributions marginales ?

⌃̄ = ⌃11 �⌃12⌃
+
22⌃21

<latexit sha1_base64="faNxzm/k53VvvkRayaFS2UWYylQ="></latexit>

µ̄ = µ1 +⌃12⌃
+
22(a� µ2)

<latexit sha1_base64="nol8nx+QBOKx7WHujoOtkMjKGcA="></latexit>

p(x1 | x2 = a) = N (µ̄, ⌃̄), with
<latexit sha1_base64="JGH0l1WMP2Qf3UVOnr+Ebv65CiQ="></latexit>


