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Abstract

The dominant paradigm of natural language processing consists of large-scale
pre-training on general domain data and adaptation to particular tasks or domains.
As we pre-train larger models, conventional fine-tuning, which retrains all model
parameters, becomes less feasible. Using GPT-3 175B as an example, deploying
many independent instances of fine-tuned models, each with 175B parameters, is
extremely expensive. We propose Low-Rank Adaptation, or LoRA, which freezes
the pre-trained model weights and injects trainable rank decomposition matrices
into each layer of the Transformer architecture, greatly reducing the number of
trainable parameters for downstream tasks. For GPT-3, LoRA can reduce the
number of trainable parameters by 10,000 times and the computation hardware
requirement by 3 times compared to full fine-tuning. LoRA performs on-par
or better than fine-tuning in model quality on both GPT-3 and GPT-2, despite
having fewer trainable parameters, a higher training throughput, and no additional
inference latency. We also provide an empirical investigation into rank-deficiency in
language model adaptations, which sheds light on the efficacy of LoRA. We release
our implementation in GPT-2 at https://github.com/microsoft/LoRA.

1 Introduction

Figure 1: Our reparametriza-
tion. We only train A and B.

Many applications in natural language processing rely on adapting
one large scale, pre-trained language model to multiple downstream
applications. Such adaptation is usually done via fine-tuning, which
updates all the parameters of the pre-trained model. The major
downside of fine-tuning is that it requires storing as many parameters
as in the original model. As larger models are trained every few
months, this changes from a mere “inconvenience” for GPT-2 [32]
or BERT-large [9] to a critical deployment challenge for GPT-3 [6]
with 175 billion trainable parameters.2

Many researchers sought to mitigate this by adapting only some
parameters or learning external modules for new tasks. This way, we
only need to load a small number of task-specific parameters to the
pre-trained model for each task, which greatly boosts the deployment
efficiency. However, in practice, existing techniques either introduce
inference latency [15, 34] by extending model depth or reduce the

⇤Equal contribution.
2While GPT-3 175B achieves non-trivial performance with few-shot learning, fine-tuning boosts its perfor-

mance significantly as shown in Appendix A.
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Différentes visions des opérations 
matricielles : application

<latexit sha1_base64="ubUlzzzhyl3VDc9VSlWbOzRvIRo="></latexit>

Adaptation de rang faible ? Que peut-on dire du rang de �W = AB ?
Rappel: le rang d’une matrice est le plus grand nombre de vecteurs linéairement

indépendants qu’on peut trouver au sein de l’ensemble des colonnes de la matrice
(vues comme des vecteurs).
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• Plusieurs interprétations des opérations matricielles


• Produit scalaire, orthogonalité, normes


• Décomposition en valeurs singulières


• Théorème spectral, positivité, déterminant, trace
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56 Highlights of Linear Algebra 

1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
The m left singular vectors u 1 , ... , Um are perpendicular to each other in Rm. 
The connection between n v's and m u's is not Ax = AX. That is for eigenvectors. 
For singular vectors, each A v equals 17U : 

jAvl = 171Ul .. Avr = 17rUr I IAvr+l = 0 .. Avn = oj (1) 

I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
last m- r u's are in the nullspace of AT. 

Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Décomposition en valeurs singulières



Correction exercice 15
Column and row interpretations

can write product C = AB as

C =
[

c1 · · · cp

]

= AB =
[

Ab1 · · ·Abp

]

i.e., ith column of C is A acting on ith column of B

similarly we can write

C =

⎡

⎣

c̃T
1
...

c̃T
m

⎤

⎦ = AB =

⎡

⎣

ãT
1 B
...

ãT
mB

⎤

⎦

i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37
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Inner product interpretation

inner product interpretation:

cij = ãT
i bj = ⟨ãi, bj⟩

i.e., entries of C are inner products of rows of A and columns of B

• cij = 0 means ith row of A is orthogonal to jth column of B

• Gram matrix of vectors f1, . . . , fn defined as Gij = fT
i fj

(gives inner product of each vector with the others)

• G = [f1 · · · fn]T [f1 · · · fn]

Linear functions and examples 2–38

C =
X

i

aib̃
T
i

<latexit sha1_base64="RjksuwO1MUnbqG3ZKHyHyHNvWFk="></latexit>
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Flashback: interpretation des opérations matricielles
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62 Highlights of Linear Algebra 

The Geometry of the SVD 
The SVD separates a matrix into A = U:EVT: (orthogonal) x (diagonal) x (orthogonal). 
In two dimensions we can draw those steps. The orthogonal matrices U and V rotate the 
plane. The diagonal matrix :E stretches it along the axes. Figure 1.11 shows rotation 
times stretching times rotation. Vectors x on the unit circle go to Ax on an ellipse. 

A 

-.... Ax 

Figure 1.10: U and V are rotations and possible reflections. :E stretches circle to ellipse. 

This picture applies to a 2 by 2 invertible matrix (because a 1 > 0 and a 2 > 0). First 
is a rotation of any x to VT x. Then :E stretches that vector to :EVT x. Then U rotates to 
Ax = U:EVT x. We kept all determinants positive to avoid reflections. The four numbers 
a, b, c, din the matrix connect to two angles() and¢ and two numbers a 1 and a 2 . 

-sin() ] [ a1 
cos() ] [ cos¢ sin¢ ] 

a2 - sin¢ cos¢ · (14) 

Question. If the matrix is symmetric then b = c and A has only 3 (not 4) parameters. 
How do the 4 numbers (), ¢, a1, a2 reduce to 3 numbers for a symmetric matrix S? 

The First Singular Vector v 1 

The next page will establish a new way to look at v 1 . The previous pages chose the v's 
as eigenvectors of AT A. Certainly that remains true. But there is a valuable way to 
understand these singular vectors one at a time of all at once. We start with v 1 
and the singular value a1. 

JJAxJJ Maximize the ratio Txll" The maximum is u 1 at the vector x = v1 • (15) 

The ellipse in Figure I.lO showed why the maximizing x is v 1 . When you follow v 1 
across the page, it ends at Av1 = a1 u1 (the longest axis of the ellipse). Its length started 
at lJv11J = 1 and ended at IJAv11J = a1. 

56 Highlights of Linear Algebra 

1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
The m left singular vectors u 1 , ... , Um are perpendicular to each other in Rm. 
The connection between n v's and m u's is not Ax = AX. That is for eigenvectors. 
For singular vectors, each A v equals 17U : 

jAvl = 171Ul .. Avr = 17rUr I IAvr+l = 0 .. Avn = oj (1) 

I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
last m- r u's are in the nullspace of AT. 

Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Décomposition en valeurs singulières



18 Highlights of Linear Algebra 

The equations AT y = 0 give "currents" Y1, Yz, Y3, Y4, Y5 on the five edges of the graph. 
Flows around loops obey Kirchhoff's Current Law : in = out. Those words apply 
to an electrical network. But the ideas behind the words apply all over engineering and 
science and economics and business. Balancing forces and flows and the budget. 

Graphs are the most important model in discrete applied mathematics. You see graphs 
everywhere: roads, pipelines, blood flow, the brain, the Web, the economy of a country 
or the world. We can understand their incidence matrices A and AT. In Section 111.6, 
the matrix AT A will be the "graph Laplacian". And Ohm's Law will lead to AT CA. 

Four subspaces for a connected graph with rn edges and n nodes : incidence matrix A 
N(A) 
C(AT) 
C(A) 
N(AT) 

The constant vectors (c, c, ... , c) make up the !-dimensional nullspace of A. 
The r edges of a tree give r independent rows of A : rank = r = n - 1. 
Voltage Law: The components of Ax add to zero around all loops. 
Current Law: ATy = (flow in)- (flow out)= 0 is solved by loop currents. 
There are rn - r = rn - n + 1 independent small loops in the graph. 

The big picture 

dimension n - r 
N(AT) 

dimension rn - r 

Figure 1.3: The Four Fundamental Subspaces: Their dimensions add ton and m. 
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56 Highlights of Linear Algebra 

1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
The m left singular vectors u 1 , ... , Um are perpendicular to each other in Rm. 
The connection between n v's and m u's is not Ax = AX. That is for eigenvectors. 
For singular vectors, each A v equals 17U : 

jAvl = 171Ul .. Avr = 17rUr I IAvr+l = 0 .. Avn = oj (1) 

I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
last m- r u's are in the nullspace of AT. 

Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Espaces associés à une matrice

39

Bases orthonormées



56 Highlights of Linear Algebra 

1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
The m left singular vectors u 1 , ... , Um are perpendicular to each other in Rm. 
The connection between n v's and m u's is not Ax = AX. That is for eigenvectors. 
For singular vectors, each A v equals 17U : 

jAvl = 171Ul .. Avr = 17rUr I IAvr+l = 0 .. Avn = oj (1) 

I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
last m- r u's are in the nullspace of AT. 

Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Espaces associés à une matrice

40

<latexit sha1_base64="uMhtqQ3SuV0k8cAV0o8vcD0AW9E="></latexit>

M =

0

@
1 2 3
4 5 6
7 8 9

1

APar exemple :

<latexit sha1_base64="UNALKo08evZ8IYS344u6WaUkDPw="></latexit>

U ⇡

0

@
�.21 �.89 .41
�.52 �.25 �.82
�.83 .39 .41

1

A

<latexit sha1_base64="wPiziMBmpQrbUSivU6O3vXg1L/o="></latexit>

V ⇡

0

@
�.48 �.57 �.66
.78 .08 �.62
.41 �.82 .41

1

A

<latexit sha1_base64="B2QEhRxlaronKt2oHoi3uZ1/dXk="></latexit>�
�1 �2 �3

�
⇡

�
16.85 1.07 0

�
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• Plusieurs interprétations des opérations matricielles


• Produit scalaire, orthogonalité, normes


• Décomposition en valeurs singulières et applications


• Théorème spectral et applications



Théorème spectral
Si S est une matrice symétrique, réelle de taille m ⇥ m, alors il existe une

matrice orthogonale réelle Q de taille m⇥m et une matrice diagonale réelle ⇤
de taille m⇥m telles que S = Q⇤QT .

<latexit sha1_base64="aGeSDR5IyBxZC0ToE1DeoY09Yhs="></latexit>
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Positivité

Relation d’ordre sur les matrices symétriques réelles:
S1 � S2 ssi S2 � S1 � 0
et
S1 � S2 ssi S2 � S1 ⌫ 0

<latexit sha1_base64="fO2/20Suukjr6J59ShYggv29/Y0="></latexit>

Une matrice symétrique réelle est dite définie positive, noté S � 0 ssi pour
toute matrice colonne u, uTSu > 0.

Une matrice symétrique réelle est dite semi-définie positive, S ⌫ 0, ssi pour
toute matrice colonne u, uTSu � 0.

<latexit sha1_base64="mY4+19C1XvHTQrShsGYUUVwTk8U="></latexit>
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Déterminant et trace

sgn(�) est la parité du nombre d’élement dans une décomposition de � en
une séquence de transpositions (échange de deux éléments).

<latexit sha1_base64="sSCxsLTNZnG6+m3gsnsjupMjj9Y="></latexit>

Tr(AB) = Tr(BA)
<latexit sha1_base64="hEkbiFERuSL7iqu1v7WxGemIiPg="></latexit>

det(AB) = det(A) det(B)
<latexit sha1_base64="1CwUgU4LT1vv7sKPa+8TCk+ytGI="></latexit>

A matrice carrée n⇥ n
<latexit sha1_base64="SHhZzYyIo/wWk51g4MRTbAbBWww="></latexit>

Tr(A) =
nX

i=1

ai,i
<latexit sha1_base64="aDqgMWZY33sC04o+hsJpgeIvbUE="></latexit>

Tr(A1A2 . . . Ak) = Tr(A2A3 . . . AkA1) = · · · = Tr(AkA1A2 . . . Ak�1)
<latexit sha1_base64="v68cCnBcciXewn8NSffq1mqp4JA="></latexit>
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<latexit sha1_base64="Ee80CxblCdzqjNynR4uyWcJ1T4s="></latexit>

det(A) =
X

�2Sn

 
sgn(�)

nY

i=1

ai,�i

!
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Optimisation
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?

Evaluation d’une hypothèse

Structure typique d’un problème d’apprentissage 
automatique

47

classifieur

classe prédite

Environnement de 
production 

Performance suffisante pour 
l’application considérée ?

Entraînement (procédure de recherche)

Données d’entraînement

Perte

Espace de recherche

Hypothèse/paramètre

Fonction de perte

???

Optimisation



• Minimisation d’une fonction sur un domaine


• Domaine “ouvert” ou non ?


• Domaine et fonction convexes ?


• Fonction lisse ou non ?

48

min
x

f(x) ?
<latexit sha1_base64="Jm6SFxl1VTF4t2vUHJnWgPnMTH4="></latexit>

f : D = dom(f) ⇢ Rn ! R
<latexit sha1_base64="VEaUI09uTPF0NhuhGcUq3XIMtuU="></latexit>

Optimisation



Optimisation
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1. Optimisation sans contraintes


2. Optimisation sous contraintes


3. Analyse convexe et dualité



Définitions

min
x

f(x) ?
<latexit sha1_base64="Jm6SFxl1VTF4t2vUHJnWgPnMTH4="></latexit>
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f : D = dom(f) ⇢ Rn ! R
<latexit sha1_base64="VEaUI09uTPF0NhuhGcUq3XIMtuU="></latexit>

x⇤ est un minimum global de f ssi pour tout x 2 dom(f), f(x⇤)  f(x)
<latexit sha1_base64="g6R13B9QXPYmM3BCl+vnW6Q/pGQ="></latexit>

x⇤ est un minimum local de f ssi il existe un ensemble ouvert U ⇢ dom(f)
contenant x⇤ tel que pour tout x 2 U , f(x⇤)  f(x)

<latexit sha1_base64="kIC91xJH+kz78b7Qm3zEvVRsyz8="></latexit>



Notions de base de 
topologie

Dans Rn, La boule ouverte Bo(x, ✏), centrée sur x et de rayon ✏ associée à
la norme Euclidienne est l’ensemble des points y de Rn tels que kx� yk2 < ✏

<latexit sha1_base64="mOhK02FS52kyVBkc+gAUov7OOPs="></latexit>

Dans Rn, La boule fermée Bf (x, ✏), centrée sur x et de rayon ✏ associée à la
norme Euclidienne est l’ensemble des points y de Rn tels que kx� yk2  ✏

<latexit sha1_base64="KxuGT0qAweQ9eb97DXuHTV2Lp6w="></latexit>

U est un ouvert de Rn ssi U ⇢ Rn et pour tout x dans U , il existe ✏ > 0,
tel que Bf (x, ✏) ⇢ U .

<latexit sha1_base64="CAykajiFtWs9Fib6nR/43Sa3Suo="></latexit>

U est un fermé de Rn ssi son complément dans Rn est un ouvert de Rn
<latexit sha1_base64="/P2OlJNO+XtaRgtzUsaiKdW4z8U="></latexit>
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Jacobienne, gradient
f : U ⇢ Rn ! Rm, de classe C1

<latexit sha1_base64="59n6eAb8Q0UghZ0cI6HrTMpbCP8="></latexit>

Dérivée partielle

Matrice Jacobienne (transposée du gradient si m=1)

f : x 7! (f1(x), f2(x), . . . , fm(x))
<latexit sha1_base64="Fmt4IWExWtg0U+5cckaqTAOwK8Q="></latexit>

@fi
@xj

: (a1, . . . , an) 7! lim
h!0

fi(a1, . . . , aj�1, aj + h, aj+1, . . . an)� fi(a1, . . . , aj , . . . , an)

h
<latexit sha1_base64="W3x2XBn/U24STtRXX8qLs+hJrcM="></latexit>

“Chain rule”
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<latexit sha1_base64="S2o/ZHVZ5hkJjjLRnrcXZ/7VYw8=">AAACJXicbVDLSsNAFJ3UV62vqEs3g0VoNyURqS4Uim6kqwr2AU0Ik+mkHTp5MDMRSsjPuPFX3LiwiODKX3HSZtGHBwbOnHMv997jRowKaRg/WmFjc2t7p7hb2ts/ODzSj086Iow5Jm0cspD3XCQIowFpSyoZ6UWcIN9lpOuOHzK/+0K4oGHwLCcRsX00DKhHMZJKcvTbppN4FqYcw2FasXwkR66XoLQK72DT8SrDRa3adJb+jl42asYMcJ2YOSmDHC1Hn1qDEMc+CSRmSIi+aUTSThCXFDOSlqxYkAjhMRqSvqIB8omwk9mVKbxQygB6IVcvkHCmLnYkyBdi4ruqMltRrHqZ+J/Xj6V3Yyc0iGJJAjwf5MUMyhBmkcEB5QRLNlEEYU7VrhCPEEdYqmBLKgRz9eR10rmsmfVa/emq3LjP4yiCM3AOKsAE16ABHkELtAEGr+AdfIKp9qZ9aF/a97y0oOU9p2AJ2u8f9ZakVQ==</latexit>

Jf�g(a) = Jf (g(a))Jg(a)



Conditions d’optimalité
Conditions nécessaires, premier ordre

<latexit sha1_base64="RdeHUBuyH3WJCjzpf254MozL0H8="></latexit>

Si x⇤ est un minimum local et f est de classe C1 sur un ouvert U ⇢ Rn

contenant x, alors rf(x⇤) = 0
<latexit sha1_base64="6gRqGUmyzp9Ob+27tMsy8TyUQlA="></latexit>
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Hessienne
f : U ⇢ Rn 7! R

<latexit sha1_base64="4EkOnBhej/fR7d99VC3p2Ri35Uc="></latexit>

r2f =
<latexit sha1_base64="+S4+4xFLMqmpeSFHfvcz+o3J1SU="></latexit>
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Conditions d’optimalité
Conditions nécessaires, premier ordre

<latexit sha1_base64="RdeHUBuyH3WJCjzpf254MozL0H8="></latexit>

Si x⇤ est un minimum local et f est de classe C1 sur un ouvert U ⇢ Rn

contenant x, alors rf(x⇤) = 0
<latexit sha1_base64="6gRqGUmyzp9Ob+27tMsy8TyUQlA="></latexit>

Conditions nécessaires, second ordre
<latexit sha1_base64="zRziKrTMfA3fe6wZHpsQ8H9h9fw="></latexit>

Si x⇤ est un minimum local et f est de classe C2 sur un ouvert U ⇢ Rn

contenant x, alors rf(x⇤) = 0 et r2f(x⇤) est semi-définie positive
<latexit sha1_base64="CfVqQRjt60SNsmTR6q+hM6rLsvM="></latexit>

Si f est de classe C2 sur un ouvert U ⇢ Rn contenant x, si rf(x⇤) = 0 et si
r2f(x⇤) est définie positive, alors x⇤ est un minimum local.

<latexit sha1_base64="v5lUDITSTZKKBgiG76bJ9bcsyPA="></latexit>

Conditions su�santes, second ordre
<latexit sha1_base64="BVC9qYXRPoq5bdFowKqGB8YDCOw="></latexit>

NECESSARY CONDITIONS FOR A LOCAL MIN 

• Zero slope at a local minimum x ∗ 

∇f(x ∗) = 0  

• Nonnegative curvature at a local minimum x ∗ 

∇2f(x ∗) :  Positive Semidefinite 

xx* = 0 

f(x) = |x|3 (convex) 

x 

f(x) = x3 f(x) = - |x|3 

x* = 0x* = 0 x

First and second order necessary optimality conditions for 

functions of one variable. 

55



Existence de minimum
Théorème de Weierstrass
Si f est définie et continue sur un sous-ensemble fermé et borné de Rn, alors

f admet un minimum global.
<latexit sha1_base64="H+09auwgxNTPw0DBnNfzwX1RsZQ="></latexit>

Si f est définie et continue sur Rn et coercive (i.e. f(x) ! +1 when
kxk ! +1, alors f admet un minimum global sur tout sous-ensemble fermé de
Rn.

<latexit sha1_base64="dxYlT+L+HYCbpjacol5/r2Y+wDg="></latexit>
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Théorème

Théorème
<latexit sha1_base64="mYqqELjhLXKIBBi8McTREM+WNmw="></latexit>

Si f est convexe et minorée, alors f admet un minimum global.



Optimisation
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1. Optimisation sans contraintes


2. Optimisation sous contraintes


3. Analyse convexe et dualité



Optimisation sous 
contraintes

x⇤ est une solution locale du problème ssi x⇤ 2 ⌦ et il existe un ensemble
ouvert U ⇢ Rn contenant x⇤ tel que pour tout x 2 U \ ⌦, f(x⇤)  f(x)

<latexit sha1_base64="bpdHvf1gjraz4XPLxrVScfFercI="></latexit>
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<latexit sha1_base64="rFGrWAE6m/7RVqAWsehW1Sp1bks="></latexit>

min
x2Rn

f(x) subject to

⇢
ci(x) = 0, i 2 E
ci(x)  0, i 2 I

<latexit sha1_base64="K/ymcn2gi0VW6VBqXJqf6pVdfYI="></latexit>

⌦ = {x 2 Rn | pour tout i 2 E , ci(x) = 0, pour tout j 2 I, cj(x)  0}



Condition nécessaire 
d’optimalité: intuition
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Definition 12.1.
The active set A(x) at any feasible x consists of the equality constraint indices from E

together with the indices of the inequality constraints i for which ci (x) ! 0; that is,

A(x) ! E ∪ {i ∈ I | ci (x) ! 0}.

At a feasible point x , the inequality constraint i ∈ I is said to be active if ci (x) ! 0
and inactive if the strict inequality ci (x) > 0 is satisfied.

A SINGLE EQUALITY CONSTRAINT

❏ EXAMPLE 12.1

Our first example is a two-variable problem with a single equality constraint:

min x1 + x2 s.t. x2
1 + x2

2 − 2 ! 0 (12.9)

(see Figure 12.3). In the language of (12.1), we have f (x) ! x1 + x2, I ! ∅, E ! {1}, and
c1(x) ! x2

1 + x2
2 − 2. We can see by inspection that the feasible set for this problem is the

circle of radius
√

2 centered at the origin—just the boundary of this circle, not its interior.
The solution x∗ is obviously (−1,−1)T . From any other point on the circle, it is easy to
find a way to move that stays feasible (that is, remains on the circle) while decreasing f .
For instance, from the point x ! (

√
2, 0)T any move in the clockwise direction around the

circle has the desired effect.

∆

∆

∆

∆

∆

∆

∆

1

x*

x2

f

f

x1

f

f

c1 c1

c

Figure 12.3
Problem (12.9), showing
constraint and function
gradients at various feasible
points.
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We also see from Figure 12.3 that at the solution x∗, the constraint normal ∇c1(x∗) is
parallel to ∇ f (x∗). That is, there is a scalar λ∗

1 (in this case λ∗
1 # −1/2) such that

∇ f (x∗) # λ∗
1∇c1(x∗). (12.10)

❐

We can derive (12.10) by examining first-order Taylor series approximations to the
objective and constraint functions. To retain feasibility with respect to the function c1(x) #
0, we require any small (but nonzero) step s to satisfy that c1(x + s) # 0; that is,

0 # c1(x + s) ≈ c1(x) + ∇c1(x)T s # ∇c1(x)T s. (12.11)

Hence, the step s retains feasibility with respect to c1, to first order, when it satisfies

∇c1(x)T s # 0. (12.12)

Similarly, if we want s to produce a decrease in f , we would have so that

0 > f (x + s) − f (x) ≈ ∇ f (x)T s,

or, to first order,

∇ f (x)T s < 0. (12.13)

Existence of a small step s that satisfies both (12.12) and (12.13) strongly suggests existence
of a direction d (where the size of d is not small; we could have d ≈ s/∥s∥ to ensure that
the norm of d is close to 1) with the same properties, namely

∇c1(x)T d # 0 and ∇ f (x)T d < 0. (12.14)

If, on the other hand, there is no direction d with the properties (12.14), then is it likely that
we cannot find a small step s with the properties (12.12) and (12.13). In this case, x∗ would
appear to be a local minimizer.

By drawing a picture, the reader can check that the only way that a d satisfying (12.14)
does not exist is if ∇ f (x) and ∇c1(x) are parallel, that is, if the condition ∇ f (x) # λ1∇c1(x)
holds at x , for some scalar λ1. If in fact ∇ f (x) and ∇c1(x) are not parallel, we can set

d̄ # −
(

I − ∇c1(x)∇c1(x)T

∥∇c1(x)∥2

)
∇ f (x); d # d̄

∥d̄∥
. (12.15)

It is easy to verify that this d satisfies (12.14).
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Cas d’une seule 
contrainte d’égalité

<latexit sha1_base64="3lqfJz1yfLUcXeZbelAaEUvQ4Pw=">AAACBHicbVDLSgMxFM34rPU16rKbYBEEpcwUX7gqunFZwT6gHYZMmmlDk8yQZMQydOHGX3HjQhG3foQ7/8ZMOwttvZBwcs693JwTxIwq7Tjf1sLi0vLKamGtuL6xubVt7+w2VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqG15neuidS0Ujc6VFMPI76goYUI20o3y6Fl/DBd4/NVYVdjmKlo4w4Mm/fLjsVZ1JwHrg5KIO86r791e1FOOFEaMyQUh3XibWXIqkpZmRc7CaKxAgPUZ90DBSIE+WlExNjeGCYHgwjaY7QcML+nkgRV2rEA9PJkR6oWS0j/9M6iQ4vvJSKONFE4OmiMGHQGM0SgT0qCdZsZADCkpq/QjxAEmFtciuaENxZy/OgWa24Z5XT25Ny7SqPowBKYB8cAhecgxq4AXXQABg8gmfwCt6sJ+vFerc+pq0LVj6zB/6U9fkDyrmWTA==</latexit>

f : x1, x2 7! x1 + x2

<latexit sha1_base64="VV1mRNkvVKXWYTi8Ge9EAoku2eI=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQyCIISZwe0iBL14jGAWSCZDT6eTNOlZ6O6RxCFf4sWDIl79FG/+jZ1kDpr4oODxXhVV9fyYM6ks69vIrayurW/kNwtb2zu7RXNvvy6jRBBaIxGPRNPHknIW0ppiitNmLCgOfE4b/vB26jceqZAsCh/UOKZugPsh6zGClZY8szjy7I5zOvKcjoOukeOZJatszYCWiZ2REmSoeuZXuxuRJKChIhxL2bKtWLkpFooRTieFdiJpjMkQ92lL0xAHVLrp7PAJOtZKF/UioStUaKb+nkhxIOU48HVngNVALnpT8T+vlajelZuyME4UDcl8US/hSEVomgLqMkGJ4mNNMBFM34rIAAtMlM6qoEOwF19eJnWnbF+Uz+/PSpWbLI48HMIRnIANl1CBO6hCDQgk8Ayv8GY8GS/Gu/Exb80Z2cwB/IHx+QPx7ZFW</latexit>

x2
1 + x2

2 = 2

Condition nécessaire 
d’optimalité



Condition nécessaire 
d’optimalité: intuition
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As before, we conjecture that a given feasible point x is not optimal if we can find a
small step s that both retains feasibility and decreases the objective function f to first order.
The main difference between problems (12.9) and (12.18) comes in the handling of the
feasibility condition. As in (12.13), the step s improves the objective function, to first order,
if ∇ f (x)T s < 0. Meanwhile, s retains feasibility if

0 ≤ c1(x + s) ≈ c1(x) + ∇c1(x)T s,

so, to first order, feasibility is retained if

c1(x) + ∇c1(x)T s ≥ 0. (12.19)

In determining whether a step s exists that satisfies both (12.13) and (12.19), we
consider the following two cases, which are illustrated in Figure 12.4.

Case I: Consider first the case in which x lies strictly inside the circle, so that the strict
inequality c1(x) > 0 holds. In this case, any step vector s satisfies the condition (12.19),
provided only that its length is sufficiently small. In fact, whenever ∇ f (x) ̸& 0, we can
obtain a step s that satisfies both (12.13) and (12.19) by setting

s & −α∇ f (x),

1

∆

s

f

∆

s
x

∆
c

x

f

Figure 12.4 Improvement directions s from two feasible points x for the problem
(12.18) at which the constraint is active and inactive, respectively.

1 2 . 1 . E X A M P L E S 313

The optimality conditions for both cases I and II can again be summarized neatly
with reference to the Lagrangian function L defined in (12.16). When no first-order feasible
descent direction exists at some point x∗, we have that

∇xL(x∗, λ∗
1) # 0, for some λ∗

1 ≥ 0, (12.22)

where we also require that

λ∗
1c1(x∗) # 0. (12.23)

Condition (12.23) is known as a complementarity condition; it implies that the Lagrange
multiplier λ1 can be strictly positive only when the corresponding constraint c1 is active.
Conditions of this type play a central role in constrained optimization, as we see in the
sections that follow. In case I, we have that c1(x∗) > 0, so (12.23) requires that λ∗

1 # 0.
Hence, (12.22) reduces to ∇ f (x∗) # 0, as required by (12.20). In case II, (12.23) allows λ∗

1

to take on a nonnegative value, so (12.22) becomes equivalent to (12.21).

TWO INEQUALITY CONSTRAINTS

❏ EXAMPLE 12.3

Suppose we add an extra constraint to the problem (12.18) to obtain

min x1 + x2 s.t. 2 − x2
1 − x2

2 ≥ 0, x2 ≥ 0, (12.24)

for which the feasible region is the half-disk illustrated in Figure 12.6. It is easy to see that
the solution lies at (−

√
2, 0)T , a point at which both constraints are active. By repeating the

arguments for the previous examples, we would expect a direction d of first-order feasible
descent to satisfy

∇ci (x)T d ≥ 0, i ∈ I # {1, 2}, ∇ f (x)T d < 0. (12.25)

However, it is clear from Figure 12.6 that no such direction can exist when x # (−
√

2, 0)T .
The conditions ∇ci (x)T d ≥ 0, i # 1, 2, are both satisfied only if d lies in the quadrant
defined by ∇c1(x) and ∇c2(x), but it is clear by inspection that all vectors d in this quadrant
satisfy ∇ f (x)T d ≥ 0.

Let us see how the Lagrangian and its derivatives behave for the problem (12.24) and
the solution point (−

√
2, 0)T . First, we include an additional term λi ci (x) in the Lagrangian

for each additional constraint, so the definition of L becomes

L(x, λ) # f (x) − λ1c1(x) − λ2c2(x),
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Cas d’une seule 
contrainte d’inégalité
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f : x1, x2 7! x1 + x2
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x2
1 + x2

2  2

Condition nécessaire 
d’optimalité

-
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rf(x⇤) = ��⇤
1rc1(x

⇤)
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The necessary conditions defined in the following theorem are called first-order con-
ditions because they are concerned with properties of the gradients (first-derivative vectors)
of the objective and constraint functions. These conditions are the foundation for many of
the algorithms described in the remaining chapters of the book.

Theorem 12.1 (First-Order Necessary Conditions).
Suppose that x∗ is a local solution of (12.1), that the functions f and ci in (12.1) are

continuously differentiable, and that the LICQ holds at x∗. Then there is a Lagrange multiplier
vector λ∗, with components λ∗

i , i ∈ E ∪ I , such that the following conditions are satisfied at
(x∗, λ∗)

∇xL(x∗, λ∗) % 0, (12.34a)

ci (x∗) % 0, for all i ∈ E, (12.34b)

ci (x∗) ≥ 0, for all i ∈ I, (12.34c)

λ∗
i ≥ 0, for all i ∈ I, (12.34d)

λ∗
i ci (x∗) % 0, for all i ∈ E ∪ I . (12.34e)

The conditions (12.34) are often known as the Karush–Kuhn–Tucker conditions, or
KKT conditions for short. The conditions (12.34e) are complementarity conditions; they
imply that either constraint i is active or λ∗

i % 0, or possibly both. In particular, the
Lagrange multipliers corresponding to inactive inequality constraints are zero, we can omit
the terms for indices i /∈ A(x∗) from (12.34a) and rewrite this condition as

0 % ∇xL(x∗, λ∗) % ∇ f (x∗) −
∑

i∈A(x∗)

λ∗
i ∇ci (x∗). (12.35)

A special case of complementarity is important and deserves its own definition.

Definition 12.5 (Strict Complementarity).
Given a local solution x∗ of (12.1) and a vector λ∗ satisfying (12.34), we say that the

strict complementarity condition holds if exactly one of λ∗
i and ci (x∗) is zero for each index

i ∈ I . In other words, we have that λ∗
i > 0 for each i ∈ I ∩ A(x∗).

Satisfaction of the strict complementarity property usually makes it easier for algorithms to
determine the active set A(x∗) and converge rapidly to the solution x∗.

For a given problem (12.1) and solution point x∗, there may be many vectors λ∗ for
which the conditions (12.34) are satisfied. When the LICQ holds, however, the optimal λ∗

is unique (see Exercise 12.17).
The proof of Theorem 12.1 is quite complex, but it is important to our understanding

of constrained optimization, so we present it in the next section. First, we illustrate the KKT
conditions with another example.

Cas général : KKT 
conditions
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Conditions de Karush-Kuhn-Tucker (KKT)
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ci(x
⇤)  0

<latexit sha1_base64="B5YCOtwnz6tTdv/hPLVIDEbJLss="></latexit>

L(x,�) = f(x) +
X

i2E[I
�ici(x)



62

Mangasarian-Fromovitz Constraint Qualification (MFCQ) 
(Plus d’exemples de qualifications des contraintes sur la feuille d’exercice numéro 1) 

Condition nécessaire 
d’optimalité: cas général

<latexit sha1_base64="uniALZGLCw4hwkGM2MQZW6laZ5U="></latexit>

Théorème : Si x⇤ est une solution locale et que la qualification des contraintes
de Mangasarian-Fromovitz est respectée en x⇤ alors les conditions KKT sont
vérifiées en x⇤.

<latexit sha1_base64="qcHGZrgby7BbFl5PO+Uh+323wAw="></latexit>

The gradients of the equality constraints are linearly independent at x⇤ and
there exists a vector d 2 Rn such that rci(x⇤)T d < 0 for all active inequality
constraints and rej(x⇤)T d = 0 for all equality constraints.


