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Questions pratiques

• Calendrier des cours sur le site IAAA + ENT AMU


• Questions, etc. mattermost M2 IAAA, canal MIA (coming soon?)


• Matériel de cours sur mon site web (https://thomas.schatz.cogserver.net/teaching/)


• Evaluation:  Note finale = Max(0.5*CC + 0.5*ET; ET)


• CC contrôle continu: 


• 1 point : scribe pour une séance


• 2 points : exercices à rendre (correction d’une sélection aléatoire)


• 7 points : partiel, mardi 23 septembre 10h15-12h15


• ET examen terminal: mardi 14 Octobre 10h15-12h15


• Partiel et examen terminal: 


• Ecrit, document manuscrits uniquement, pas d’ordinateur, tablette, calculette, montre, lunettes ou tout 
autre objet connecté…
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Scribes

• Document à me rendre au plus tard une semaine après la séance (rendre un 
seul document par groupe)


• 2/09 Clara Karkach, Jules Danielou


• 9/09 Mohamed Alloui, Cherifi Aymen


• 16/09 Raissa Mezine, Sajjad Ghasemian


• 24/09 Joe Hubi, Mohamed Alloui 


• 25/09 Idir Bellili, Saal Racim 


• 30/09 Anlaoudine Moindze Boina


• 7/10 Amal Bourahma Atchory Rameaux Mel
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Plan du cours (prévisionnel)

Introduction générale


1. Algèbre linéaire (2h)


2. Optimisation (4h)


Partiel


3. Modélisation probabiliste (2h)


4. Probabilités, statistique et théorie de l’apprentissage (4h)


Terminal
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Comment définir l’apprentissage automatique ?



Introduction générale
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Comment définir l’apprentissage automatique ?

Généralisation 
+ 

Calcul intensif
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Structure typique d’un problème d’apprentissage automatique

classifieur

classe prédite

Environnement de 
production 

Performance suffisante pour 
l’application considérée ?
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• Plusieurs interprétations des opérations matricielles


• Produit scalaire, orthogonalité, normes


• Décomposition en valeurs singulières


• Théorème spectral, positivité, déterminant, trace



Algèbre linéaire
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• Plusieurs interprétations des opérations matricielles


• Produit scalaire, orthogonalité, normes


• Décomposition en valeurs singulières


• Théorème spectral, positivité, déterminant, trace



Interpretation des opérations 
matricielles

Multiplication matrice/vecteur colonne:


Multiplication matrice-matrice:
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<latexit sha1_base64="8Lc56cGU/Sr9e/jGv25NZvnevyo=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFqJuSiDeEQtGNG6GCvUAbw2Q6baedTMLMpFBClm58FTcuFHHrI7jzbZy2WWjrDwMf/zmHM+f3QkalsqxvI7OwuLS8kl3Nra1vbG6Z2zs1GUQCkyoOWCAaHpKEUU6qiipGGqEgyPcYqXuD63G9PiRC0oDfq1FIHB91Oe1QjJS2XHO/cDs8cim8LMGWjHw37pfs5IFroP1k6FLXzFtFayI4D3YKeZCq4ppfrXaAI59whRmSsmlboXJiJBTFjCS5ViRJiPAAdUlTI0c+kU48OSSBh9ppw04g9OMKTtzfEzHypRz5nu70kerJ2drY/K/WjFTnwokpDyNFOJ4u6kQMqgCOU4FtKghWbKQBYUH1XyHuIYGw0tnldAj27MnzUDsu2mfF07uTfPkqjSML9sABKAAbnIMyuAEVUAUYPIJn8ArejCfjxXg3PqatGSOd2QV/ZHz+AGVemP8=</latexit>

(Mv)i :=
nX

j=1

mijvi
<latexit sha1_base64="c2tGSXmcVfJnzrTuaZuNz5Pf92k=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQN2VGfCEUat24rGAf0I5DJk3bdDKZIckIZZgvcOOvuHGhiFvX7vwb08dCWw9cODnnXnLv8SJGpbKsbyOztLyyupZdz21sbm3vmLt7DRnGApM6DlkoWh6ShFFO6ooqRlqRICjwGGl6/vXYbz4QIWnI79QoIk6A+pz2KEZKS65ZKF5Vj9yEDlN4WYYdGQdu4pft9J4jrfqpp5/D1DXzVsmaAC4Se0byYIaaa351uiGOA8IVZkjKtm1FykmQUBQzkuY6sSQRwj7qk7amHAVEOsnknBQWtNKFvVDo4gpO1N8TCQqkHAWe7gyQGsh5byz+57Vj1btwEsqjWBGOpx/1YgZVCMfZwC4VBCs20gRhQfWuEA+QQFjpBHM6BHv+5EXSOC7ZZ6XT25N8pTqLIwsOwCEoAhucgwq4ATVQBxg8gmfwCt6MJ+PFeDc+pq0ZYzazD/7A+PwBMfWbow==</latexit>

(AB)ij :=
nX

k=1

aikbkj



Interpretation des opérations matricielles 
Notation par bloc
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Interpretation des opérations 
matricielles
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Matrix multiplication as mixture of columns

write A ∈ Rm×n in terms of its columns:

A =
[

a1 a2 · · · an

]

where aj ∈ Rm

then y = Ax can be written as

y = x1a1 + x2a2 + · · · + xnan

(xj’s are scalars, aj’s are m-vectors)

• y is a (linear) combination or mixture of the columns of A

• coefficients of x give coefficients of mixture

Linear functions and examples 2–29
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Matrix multiplication as inner product with rows

write A in terms of its rows:

A =

⎡

⎢

⎢

⎣

ãT
1

ãT
2
...

ãT
n

⎤

⎥

⎥

⎦

where ãi ∈ Rn

then y = Ax can be written as

y =

⎡

⎢

⎢

⎣

ãT
1 x

ãT
2 x
...

ãT
mx

⎤

⎥

⎥

⎦

thus yi = ⟨ãi, x⟩, i.e., yi is inner product of ith row of A with x

Linear functions and examples 2–31
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Interpretation des opérations 
matricielles

Column and row interpretations

can write product C = AB as

C =
[

c1 · · · cp

]

= AB =
[

Ab1 · · ·Abp

]

i.e., ith column of C is A acting on ith column of B

similarly we can write

C =

⎡

⎣

c̃T
1
...

c̃T
m

⎤

⎦ = AB =

⎡

⎣

ãT
1 B
...

ãT
mB

⎤

⎦

i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37
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Inner product interpretation

inner product interpretation:

cij = ãT
i bj = ⟨ãi, bj⟩

i.e., entries of C are inner products of rows of A and columns of B

• cij = 0 means ith row of A is orthogonal to jth column of B

• Gram matrix of vectors f1, . . . , fn defined as Gij = fT
i fj

(gives inner product of each vector with the others)

• G = [f1 · · · fn]T [f1 · · · fn]

Linear functions and examples 2–38

C =
X

i

aib̃
T
i

<latexit sha1_base64="RjksuwO1MUnbqG3ZKHyHyHNvWFk="></latexit>
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Algèbre linéaire
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• Plusieurs interprétations des opérations matricielles


• Produit scalaire, orthogonalité, normes


• Décomposition en valeurs singulières


• Théorème spectral, positivité, déterminant, trace



Produit scalaire usuel et 
norme euclidienne
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<latexit sha1_base64="5F1BKG3mQAxJ8kHevciXMT89nbo="></latexit>

(a | b) =
nX

i=1

aibi = aT b = kak2kbk2cos(✓)

<latexit sha1_base64="cbZq6sa01BSLbV3lXhgaD84GkeQ=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0Wsm5IUqW6EohuXFfqCNobJdNIOnTycmUhK0k9w46+4caGIW5fu/BuTNoi2Hrhw5px7mXuP5TMqpKZ9Kbml5ZXVtfx6YWNza3tH3d1rCS/gmDSxxzzesZAgjLqkKalkpONzghyLkbY1ukr99j3hgnpuQ459Yjho4FKbYiQTyVSP4ziMY7MCL2BP3HEZhbeNcPLzKoUwhuHJpGCqRa2sTQEXiZ6RIshQN9XPXt/DgUNciRkSoqtrvjQixCXFjEwKvUAQH+ERGpBuQl3kEGFE04Mm8ChR+tD2eFKuhFP190SEHCHGjpV0OkgOxbyXiv953UDa50ZEXT+QxMWzj+yAQenBNB3Yp5xgycYJQZjTZFeIh4gjLJMM0xD0+ZMXSatS1qvl6s1psXaZxZEHB+AQlIAOzkANXIM6aAIMHsATeAGvyqPyrLwp77PWnJLN7IM/UD6+AT/QnBQ=</latexit>

||x||2 =
p
xTx =

p
(x|x)
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Soit E un espace vectoriel de dimension finie n muni d’un produit scalaire
( . | . ) et V = (v1, . . . , vn) une base orthonormale de E. Alors, pour tout v 2 E,

v =
nX

i=1

(v | vi)vi.
<latexit sha1_base64="fJatc7C3T9zqmPtdRV9jTGm6irU="></latexit>

Intérêt ?

Angles et orthogonalité
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28

• Plusieurs interprétations des opérations matricielles


• Produit scalaire, orthogonalité, normes
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Supposez que vous avez un réseau de neurone avec 
la matrice de poids 


pour la couche L. Comment comprendre comment les 
activations de la couche L-1 sont transformées au 
niveau de la couche L dans ce réseau ?

<latexit sha1_base64="F0Gmd7SXdIR/JvuQccB8r7RZ6+U="></latexit>

W =

0

@
1 2 3
4 5 6
7 8 9

1

A
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56 Highlights of Linear Algebra 

1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
The m left singular vectors u 1 , ... , Um are perpendicular to each other in Rm. 
The connection between n v's and m u's is not Ax = AX. That is for eigenvectors. 
For singular vectors, each A v equals 17U : 

jAvl = 171Ul .. Avr = 17rUr I IAvr+l = 0 .. Avn = oj (1) 

I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
last m- r u's are in the nullspace of AT. 

Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Décomposition en valeurs singulières


