
Statistique et probabilités

46

1. Motivation : estimation problems


2. Computing probabilities


3. Computing and controlling moments and tail 
probabilities



Moments

47

Linéarité de l’espérance

Variance
Moment
Moment centré
Covariance
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E[X] = E[E[X|Y ]]

<latexit sha1_base64="/SNk3W7dCVBD9vJlNw39SWQgPd4=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAI7cI6I942QlEKLivYOjIdSyZNazBzITkjDtM+hhtfxY0LRdx259uY1i609YfAz3fO4eT8XiS4AtP8MjIzs3PzC9nF3NLyyupafn2jocJYUlanoQil7RHFBA9YHTgIZkeSEd8T7Nq7Px/Wrx+YVDwMriCJmOuTbsA7nBLQqJXf6xaTEj7FTWCPIP20QWTfsXs3p4mradUp2rtVx3ZLt/s9PIStfMEsmyPhaWONTQGNVWvlB812SGOfBUAFUcqxzAjclEjgVLB+rhkrFhF6T7rM0TYgPlNuOjqsj3c0aeNOKPULAI/o74mU+Eolvqc7fQJ3arI2hP/VnBg6J27KgygGFtCfRZ1YYAjxMCXc5pJREIk2hEqu/4rpHZGEgs4yp0OwJk+eNo39snVUPrw8KFTOxnFk0RbaRkVkoWNUQReohuqIoif0gt7Qu/FsvBofxudPa8YYz2yiPzIG3+45ndU=</latexit>

g(y) = Var[X|Y = y] = E[(X � E[X])2|Y = y]

Espérance conditionnelle

Variance conditionnelle

Loi de l’espérance totale

Loi de la covariance totale
<latexit sha1_base64="npWSMQY4y1z4XKNc+/Q6OO5J+10=">AAACMnicbVDLSgMxFM3UV62vUZdugkUQLGVGRN0IRRF0p2B16nQomTRtQzMPkjtiGftNbvwSwYUuFHHrR5ipXdjWAyGHc+4hucePBVdgWa9Gbmp6ZnYuP19YWFxaXjFX165VlEjKqjQSkXR8opjgIasCB8GcWDIS+ILd+N2TzL+5Y1LxKLyCXsy8gLRD3uKUgJYa5nkd2D3IID2J7vquU6p5+AiPaKeu83DrlfCpW9O3h3c0Gw9lRsMsWmVrADxJ7CEpoiEuGuZzvRnRJGAhUEGUcm0rBi8lEjgVrF+oJ4rFhHZJm7mahiRgyksHK/fxllaauBVJfULAA/VvIiWBUr3A15MBgY4a9zLxP89NoHXopTyME2Ah/X2olQgMEc76w00uGQXR04RQyfVfMe0QSSjolgu6BHt85UlyvVu298v7l3vFyvGwjjzaQJtoG9noAFXQGbpAVUTRI3pB7+jDeDLejE/j63c0Zwwz62gExvcPTs+qMA==</latexit>
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1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires
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1. Espaces vectoriels et fonctions linéaires
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3. Angles et orthogonalité


4. Structure des applications linéaires



Fonction linéaire

• Objet central de l’algèbre linéaire (du point de vue conceptuel)


• Idée générale: fonction qui préserve les combinaisons linéaires


• Définition formelle

53

f :

����
E ! F
x 7! f(x)

<latexit sha1_base64="Fs92wTH4LVpd6mdaWq7eFHYARjA="></latexit>

E et F sont des espaces vectoriels sur un même corps K et pour toute paire
de scalaires (↵, �) 2 K2 et toute paire de vecteurs (u, v) 2 E2,

f(↵u+ �v) = ↵f(u) + �f(v)
<latexit sha1_base64="XmTpde+0muNKMNOWK45eXlfH5Xc="></latexit>

est une fonction linéaire si et seulement si
<latexit sha1_base64="OFlE7NunKT1pTdf9A3cI/c64TyY="></latexit>



Décomposition sur une base

54

Etant donné une base V = (vi)i2I de E, tout vecteur v 2 E peut-être
décomposé sur cette base et cette décomposition est unique.

<latexit sha1_base64="LWO1ilfluWOi+gUMCZGhoM+Xax0="></latexit>

Soit une base V = (vi)i2I de E et ⇤ = (�i)i2I 2 KI
une famille de scalaires

telle que au plus un nombre fini des �i soient di↵érents de 0.

On dit que ⇤ est une décomposition de v 2 E sur la base V si et seulement

si v =
P

i2I �ivi.
<latexit sha1_base64="vsj2g7lcL+XiDO5wp89FL3IH1C8="></latexit>

Définition (décomposition sur une base)

Théorème (existence et unicité de la décomposition)

Toute base peut donc servir de système de coordonnées pour E
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1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires
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Matrice d’une application linéaire Chapitre 4

M =

0
BBBBBBBBBBBBBBBBBBBBBBBB@

a11 a12 . . . a1j . . . a1p
a21 a22 . . . a2j . . . a2p
...

...
...

...
ai1 ai2 . . . aij . . . aip
...

...
...

...
an1 an2 . . . anj . . . anp

1
CCCCCCCCCCCCCCCCCCCCCCCCA

 f1
 f2

 f i

 fn

" " "
u(e1) u(ej ) u(ep)

Le terme aij représente la i ème coordonnée de u(ej ) dans la base B 0.

Définition 4. La matrice obtenue est appelée matrice de u relativement aux bases B et B 0.
On la note M(u,B,B 0).

Reprenons notre vecteur x = x1e1 + . . .+ xpep , on a vu que

u(x) = x1u(e1) + . . .+ xpu(ep) =
pX

j=1

xj u(ej )

=
pX

j=1

xj

0
BBBBB@

nX

i=1

aij f i

1
CCCCCA =

pX

j=1

nX

i=1

aij xj f i

=
nX

i=1

0
BBBBBB@

pX

j=1

aij xj

1
CCCCCCA f i

.

Posons y = u(x), y est un vecteur de F et donc se décompose de manière unique dans la base B 0 : y =

y1f1 + . . .+ ynfn =
nP
i=1

yif i .

En comparant cette écriture à celle de u(x) obtenue précédemment, on en déduit (unicité des coordonnées)

que : 8i 2 {1, . . . ,n}, yi =
pP

j=1
aij xj , ou encore :

8>>>>>><>>>>>>:

y1 = a11x1 + a12x2 + . . .+ a1pxp
y2 = a21x1 + a22x2 + . . .+ a2pxp
...
yn = an1x1 + an2x2 + . . .+ anpxp

Définition 5. Ces équations sont appelées équations de u relativement aux bases B et B 0.
Elles donnent les coordonnées yi , dans la base B 0, de l’image d’un vecteur quelconque de E, connu par ses

coordonnées xj , dans la base B.

1.3 Exemples

Exemple 3.
M(IdE,B,B) = Ip
M(0EF,B,B 0) = 0np

Exemple 4. Prenons :
E = R2 muni de la base canonique B = (e1, e2) et F = R3 muni de la base canonique B 0 = (f1, f2, f3).

4 M. Pelini, V. Ledda

• Objet central de l’algèbre linéaire (en pratique)


• Idée générale: simplement un tableau de nombres en deux dimensions


• Pourquoi est-ce utile ?


• Permet de représenter les fonctions linéaires en dimensions finie de manière 
simple à appréhender et pratique pour les calculs
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Matrice d’une application linéaire Chapitre 4
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 f2
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" " "
u(e1) u(ej ) u(ep)

Le terme aij représente la i ème coordonnée de u(ej ) dans la base B 0.

Définition 4. La matrice obtenue est appelée matrice de u relativement aux bases B et B 0.
On la note M(u,B,B 0).

Reprenons notre vecteur x = x1e1 + . . .+ xpep , on a vu que

u(x) = x1u(e1) + . . .+ xpu(ep) =
pX

j=1

xj u(ej )

=
pX

j=1

xj

0
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Posons y = u(x), y est un vecteur de F et donc se décompose de manière unique dans la base B 0 : y =

y1f1 + . . .+ ynfn =
nP
i=1

yif i .

En comparant cette écriture à celle de u(x) obtenue précédemment, on en déduit (unicité des coordonnées)

que : 8i 2 {1, . . . ,n}, yi =
pP

j=1
aij xj , ou encore :

8>>>>>><>>>>>>:

y1 = a11x1 + a12x2 + . . .+ a1pxp
y2 = a21x1 + a22x2 + . . .+ a2pxp
...
yn = an1x1 + an2x2 + . . .+ anpxp

Définition 5. Ces équations sont appelées équations de u relativement aux bases B et B 0.
Elles donnent les coordonnées yi , dans la base B 0, de l’image d’un vecteur quelconque de E, connu par ses

coordonnées xj , dans la base B.

1.3 Exemples

Exemple 3.
M(IdE,B,B) = Ip
M(0EF,B,B 0) = 0np

Exemple 4. Prenons :
E = R2 muni de la base canonique B = (e1, e2) et F = R3 muni de la base canonique B 0 = (f1, f2, f3).

4 M. Pelini, V. Ledda

• Objet central de l’algèbre linéaire (en pratique)


• Idée générale: simplement un tableau de nombres en deux dimensions


• Pourquoi est-ce utile ?


• Permet de représenter les fonctions linéaires en dimensions finie de manière 
simple à appréhender et pratique pour les calculs
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Matrice d’une application linéaire Chapitre 4

M =

0
BBBBBBBBBBBBBBBBBBBBBBBB@

a11 a12 . . . a1j . . . a1p
a21 a22 . . . a2j . . . a2p
...

...
...

...
ai1 ai2 . . . aij . . . aip
...

...
...

...
an1 an2 . . . anj . . . anp

1
CCCCCCCCCCCCCCCCCCCCCCCCA

 f1
 f2

 f i

 fn

" " "
u(e1) u(ej ) u(ep)

Le terme aij représente la i ème coordonnée de u(ej ) dans la base B 0.

Définition 4. La matrice obtenue est appelée matrice de u relativement aux bases B et B 0.
On la note M(u,B,B 0).

Reprenons notre vecteur x = x1e1 + . . .+ xpep , on a vu que

u(x) = x1u(e1) + . . .+ xpu(ep) =
pX

j=1

xj u(ej )

=
pX

j=1

xj

0
BBBBB@

nX

i=1

aij f i

1
CCCCCA =

pX

j=1

nX

i=1

aij xj f i

=
nX

i=1

0
BBBBBB@

pX

j=1

aij xj

1
CCCCCCA f i

.

Posons y = u(x), y est un vecteur de F et donc se décompose de manière unique dans la base B 0 : y =

y1f1 + . . .+ ynfn =
nP
i=1

yif i .

En comparant cette écriture à celle de u(x) obtenue précédemment, on en déduit (unicité des coordonnées)

que : 8i 2 {1, . . . ,n}, yi =
pP

j=1
aij xj , ou encore :

8>>>>>><>>>>>>:

y1 = a11x1 + a12x2 + . . .+ a1pxp
y2 = a21x1 + a22x2 + . . .+ a2pxp
...
yn = an1x1 + an2x2 + . . .+ anpxp

Définition 5. Ces équations sont appelées équations de u relativement aux bases B et B 0.
Elles donnent les coordonnées yi , dans la base B 0, de l’image d’un vecteur quelconque de E, connu par ses

coordonnées xj , dans la base B.

1.3 Exemples

Exemple 3.
M(IdE,B,B) = Ip
M(0EF,B,B 0) = 0np

Exemple 4. Prenons :
E = R2 muni de la base canonique B = (e1, e2) et F = R3 muni de la base canonique B 0 = (f1, f2, f3).

4 M. Pelini, V. Ledda

• Objet central de l’algèbre linéaire (en pratique)


• Idée générale: simplement un tableau de nombres en deux dimensions


• Pourquoi est-ce utile ?


• Permet de représenter les fonctions linéaires en dimensions finie de manière 
simple à appréhender et pratique pour les calculs
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Matrice d’une application linéaire Chapitre 4

M =

0
BBBBBBBBBBBBBBBBBBBBBBBB@

a11 a12 . . . a1j . . . a1p
a21 a22 . . . a2j . . . a2p
...

...
...

...
ai1 ai2 . . . aij . . . aip
...

...
...

...
an1 an2 . . . anj . . . anp

1
CCCCCCCCCCCCCCCCCCCCCCCCA

 f1
 f2

 f i

 fn

" " "
u(e1) u(ej ) u(ep)

Le terme aij représente la i ème coordonnée de u(ej ) dans la base B 0.

Définition 4. La matrice obtenue est appelée matrice de u relativement aux bases B et B 0.
On la note M(u,B,B 0).

Reprenons notre vecteur x = x1e1 + . . .+ xpep , on a vu que

u(x) = x1u(e1) + . . .+ xpu(ep) =
pX

j=1

xj u(ej )

=
pX

j=1

xj

0
BBBBB@

nX

i=1

aij f i

1
CCCCCA =

pX

j=1

nX

i=1

aij xj f i

=
nX

i=1

0
BBBBBB@

pX

j=1

aij xj

1
CCCCCCA f i

.

Posons y = u(x), y est un vecteur de F et donc se décompose de manière unique dans la base B 0 : y =

y1f1 + . . .+ ynfn =
nP
i=1

yif i .

En comparant cette écriture à celle de u(x) obtenue précédemment, on en déduit (unicité des coordonnées)

que : 8i 2 {1, . . . ,n}, yi =
pP

j=1
aij xj , ou encore :

8>>>>>><>>>>>>:

y1 = a11x1 + a12x2 + . . .+ a1pxp
y2 = a21x1 + a22x2 + . . .+ a2pxp
...
yn = an1x1 + an2x2 + . . .+ anpxp

Définition 5. Ces équations sont appelées équations de u relativement aux bases B et B 0.
Elles donnent les coordonnées yi , dans la base B 0, de l’image d’un vecteur quelconque de E, connu par ses

coordonnées xj , dans la base B.

1.3 Exemples

Exemple 3.
M(IdE,B,B) = Ip
M(0EF,B,B 0) = 0np

Exemple 4. Prenons :
E = R2 muni de la base canonique B = (e1, e2) et F = R3 muni de la base canonique B 0 = (f1, f2, f3).

4 M. Pelini, V. Ledda
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E, F espaces vectoriels de dimension finie
V = (v1, ..., vp) base de E
W = (w1, ..., wn) base de F
f : E ! F , fonction linéaire
M = M(f, V,W ) matrice de f de V vers W .
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Matrice d’une fonction linéaire

Multiplication matrice/vecteur colonne:


Multiplication matrice-matrice:
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aikbkj



Matrice d’une fonction linéaire

L’évaluation en un point d’une fonction linéaire et la 
composition d’application linéaire se réduit (en 
dimension finie) à l’application “mécanique” de règles de 
calcul matriciel


Pas trop “mécanique” quand même: 


Crimes contre les matrices

http://ee263.stanford.edu/notes/matrix_crimes.pdf
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Changement de base

Toute base peut servir de système de coordonnées pour E


Changement de base == changement de système de 
coordonnées


 Matrice de passage de V à W:


Définition: transforme un vecteur v exprimé en terme de ses 
coordonnées dans V, en le même vecteur exprimé en terme 
de ses coordonnées dans W


Pour la trouver: les colonnes de P(V,W) sont les 
coordonnées des éléments de V (dans un ordre fixé) dans W

P (V,W ) = M(IdE , V,W )
<latexit sha1_base64="YxfnmWqZ6W7jyns/GAWsAQeeP3M="></latexit>
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Matrice par blocs
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Interpretation des opérations 
matricielles

64

Matrix multiplication as mixture of columns

write A ∈ Rm×n in terms of its columns:

A =
[

a1 a2 · · · an

]

where aj ∈ Rm

then y = Ax can be written as

y = x1a1 + x2a2 + · · · + xnan

(xj’s are scalars, aj’s are m-vectors)

• y is a (linear) combination or mixture of the columns of A

• coefficients of x give coefficients of mixture

Linear functions and examples 2–29
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Matrix multiplication as inner product with rows

write A in terms of its rows:

A =

⎡

⎢

⎢

⎣

ãT
1

ãT
2
...

ãT
n

⎤

⎥

⎥

⎦

where ãi ∈ Rn

then y = Ax can be written as

y =

⎡

⎢

⎢

⎣

ãT
1 x

ãT
2 x
...

ãT
mx

⎤

⎥

⎥

⎦

thus yi = ⟨ãi, x⟩, i.e., yi is inner product of ith row of A with x

Linear functions and examples 2–31
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⎡

⎢
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ãT
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ãT
2 x
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ãT
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⎥
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thus yi = ⟨ãi, x⟩, i.e., yi is inner product of ith row of A with x

Linear functions and examples 2–31



Interpretation des opérations 
matricielles

Column and row interpretations

can write product C = AB as

C =
[

c1 · · · cp

]

= AB =
[

Ab1 · · ·Abp

]

i.e., ith column of C is A acting on ith column of B

similarly we can write

C =

⎡

⎣

c̃T
1
...

c̃T
m

⎤

⎦ = AB =

⎡

⎣

ãT
1 B
...

ãT
mB

⎤

⎦

i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37
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can write product C = AB as

C =
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c1 · · · cp

]

= AB =
[

Ab1 · · ·Abp

]

i.e., ith column of C is A acting on ith column of B

similarly we can write

C =

⎡

⎣

c̃T
1
...

c̃T
m

⎤

⎦ = AB =

⎡

⎣

ãT
1 B
...

ãT
mB

⎤

⎦

i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37

Inner product interpretation

inner product interpretation:

cij = ãT
i bj = ⟨ãi, bj⟩

i.e., entries of C are inner products of rows of A and columns of B

• cij = 0 means ith row of A is orthogonal to jth column of B

• Gram matrix of vectors f1, . . . , fn defined as Gij = fT
i fj

(gives inner product of each vector with the others)

• G = [f1 · · · fn]T [f1 · · · fn]

Linear functions and examples 2–38

C =
X

i

aib̃
T
i

<latexit sha1_base64="RjksuwO1MUnbqG3ZKHyHyHNvWFk="></latexit>
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Algèbre linéaire

66

1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires et matrices



Produit scalaire usuel

67
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(a | b) =
nX

i=1

aibi = aT b = kak2kbk2cos(✓)
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Soit E un espace vectoriel de dimension finie n muni d’un produit scalaire
( . | . ) et V = (v1, . . . , vn) une base orthonormale de E. Alors, pour tout v 2 E,

v =
nX

i=1

(v | vi)vi.
<latexit sha1_base64="fJatc7C3T9zqmPtdRV9jTGm6irU="></latexit>

Intérêt ?

Angles et orthogonalité



Algèbre linéaire
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1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires et matrices
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Décomposition en valeurs singulières
Etant donné une matrice rectangulaire quelconque


(à coefficients réels)


Quelle transformation linéaire représente-t-elle ?

A =

0

B@
a1,1 . . . a1,n
...

. . .
...

am,1 . . . am,n

1

CA

<latexit sha1_base64="fl8ke+DyyXDFX7CYC+3nLYdk3KU="></latexit>
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M =

0

@
1 2 3
4 5 6
7 8 9

1

APar exemple :



71

56 Highlights of Linear Algebra 

1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
The m left singular vectors u 1 , ... , Um are perpendicular to each other in Rm. 
The connection between n v's and m u's is not Ax = AX. That is for eigenvectors. 
For singular vectors, each A v equals 17U : 

jAvl = 171Ul .. Avr = 17rUr I IAvr+l = 0 .. Avn = oj (1) 

I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
last m- r u's are in the nullspace of AT. 

Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Décomposition en valeurs singulières



Flashback: interpretation des 
opérations matricielles
Column and row interpretations

can write product C = AB as

C =
[

c1 · · · cp

]

= AB =
[

Ab1 · · ·Abp

]

i.e., ith column of C is A acting on ith column of B

similarly we can write

C =

⎡

⎣

c̃T
1
...

c̃T
m

⎤

⎦ = AB =

⎡

⎣

ãT
1 B
...

ãT
mB

⎤

⎦

i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37
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ãT
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ãT
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⎤

⎦

i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37

Inner product interpretation

inner product interpretation:

cij = ãT
i bj = ⟨ãi, bj⟩

i.e., entries of C are inner products of rows of A and columns of B

• cij = 0 means ith row of A is orthogonal to jth column of B

• Gram matrix of vectors f1, . . . , fn defined as Gij = fT
i fj

(gives inner product of each vector with the others)

• G = [f1 · · · fn]T [f1 · · · fn]

Linear functions and examples 2–38

C =
X

i

aib̃
T
i
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62 Highlights of Linear Algebra 

The Geometry of the SVD 
The SVD separates a matrix into A = U:EVT: (orthogonal) x (diagonal) x (orthogonal). 
In two dimensions we can draw those steps. The orthogonal matrices U and V rotate the 
plane. The diagonal matrix :E stretches it along the axes. Figure 1.11 shows rotation 
times stretching times rotation. Vectors x on the unit circle go to Ax on an ellipse. 

A 

-.... Ax 

Figure 1.10: U and V are rotations and possible reflections. :E stretches circle to ellipse. 

This picture applies to a 2 by 2 invertible matrix (because a 1 > 0 and a 2 > 0). First 
is a rotation of any x to VT x. Then :E stretches that vector to :EVT x. Then U rotates to 
Ax = U:EVT x. We kept all determinants positive to avoid reflections. The four numbers 
a, b, c, din the matrix connect to two angles() and¢ and two numbers a 1 and a 2 . 

-sin() ] [ a1 
cos() ] [ cos¢ sin¢ ] 

a2 - sin¢ cos¢ · (14) 

Question. If the matrix is symmetric then b = c and A has only 3 (not 4) parameters. 
How do the 4 numbers (), ¢, a1, a2 reduce to 3 numbers for a symmetric matrix S? 

The First Singular Vector v 1 

The next page will establish a new way to look at v 1 . The previous pages chose the v's 
as eigenvectors of AT A. Certainly that remains true. But there is a valuable way to 
understand these singular vectors one at a time of all at once. We start with v 1 
and the singular value a1. 

JJAxJJ Maximize the ratio Txll" The maximum is u 1 at the vector x = v1 • (15) 

The ellipse in Figure I.lO showed why the maximizing x is v 1 . When you follow v 1 
across the page, it ends at Av1 = a1 u1 (the longest axis of the ellipse). Its length started 
at lJv11J = 1 and ended at IJAv11J = a1. 
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1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
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I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
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Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Décomposition en valeurs singulières



18 Highlights of Linear Algebra 

The equations AT y = 0 give "currents" Y1, Yz, Y3, Y4, Y5 on the five edges of the graph. 
Flows around loops obey Kirchhoff's Current Law : in = out. Those words apply 
to an electrical network. But the ideas behind the words apply all over engineering and 
science and economics and business. Balancing forces and flows and the budget. 

Graphs are the most important model in discrete applied mathematics. You see graphs 
everywhere: roads, pipelines, blood flow, the brain, the Web, the economy of a country 
or the world. We can understand their incidence matrices A and AT. In Section 111.6, 
the matrix AT A will be the "graph Laplacian". And Ohm's Law will lead to AT CA. 

Four subspaces for a connected graph with rn edges and n nodes : incidence matrix A 
N(A) 
C(AT) 
C(A) 
N(AT) 

The constant vectors (c, c, ... , c) make up the !-dimensional nullspace of A. 
The r edges of a tree give r independent rows of A : rank = r = n - 1. 
Voltage Law: The components of Ax add to zero around all loops. 
Current Law: ATy = (flow in)- (flow out)= 0 is solved by loop currents. 
There are rn - r = rn - n + 1 independent small loops in the graph. 

The big picture 

dimension n - r 
N(AT) 

dimension rn - r 

Figure 1.3: The Four Fundamental Subspaces: Their dimensions add ton and m. 
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Théorème spectral
Si S est une matrice symétrique, réelle de taille m ⇥ m, alors il existe une

matrice orthogonale réelle Q de taille m⇥m et une matrice diagonale réelle ⇤
de taille m⇥m telles que S = Q⇤QT .
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Positivité

Relation d’ordre sur les matrices symétriques réelles:
S1 � S2 ssi S2 � S1 � 0
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S1 � S2 ssi S2 � S1 ⌫ 0
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In a similar manner, when given a set of realizations {⇠[i]}ni=1 of ⇠ corresponding to a sample set
{(xi, yi)}ni=1, let us define the loss incurred by the parameter vector w with respect to the ith sample
as

fi(w) := f(w; ⇠[i]), (3.5)

and then write the empirical risk as the average of the sample losses:

(Empirical Risk) Rn(w) =
1

n

nX

i=1

fi(w). (3.6)

For future reference, we use ⇠[i] to denote the ith element of a fixed set of realizations of a random
variable ⇠, whereas, starting in §4, we will use ⇠k to denote the kth element of a sequence of random
variables.

3.2 Stochastic vs. Batch Optimization Methods

Let us now introduce some fundamental optimization algorithms for minimizing risk. For the
moment, since it is the typical setting in practice, we introduce two algorithm classes in the context
of minimizing the empirical risk measure Rn in (3.6). Note, however, that much of our later
discussion will focus on the performance of algorithms when considering the true measure of interest,
namely, the expected risk R in (3.4).

Optimization methods for machine learning fall into two broad categories. We refer to them as
stochastic and batch. The prototypical stochastic optimization method is the stochastic gradient
method (SG) [130], which, in the context of minimizing Rn and with w1 2 Rd given, is defined by

wk+1  wk � ↵krfik(wk). (3.7)

Here, for all k 2 N := {1, 2, . . . }, the index ik (corresponding to the seed ⇠[ik], i.e., the sample pair
(xik , yik)) is chosen randomly from {1, . . . , n} and ↵k is a positive stepsize. Each iteration of this
method is thus very cheap, involving only the computation of the gradient rfik(wk) corresponding
to one sample. The method is notable in that the iterate sequence is not determined uniquely by the
function Rn, the starting point w1, and the sequence of stepsizes {↵k}, as it would in a deterministic
optimization algorithm. Rather, {wk} is a stochastic process whose behavior is determined by the
random sequence {ik}. Still, as we shall see in our analysis in §4, while each direction �rfik(wk)
might not be one of descent from wk (in the sense of yielding a negative directional derivative for
Rn from wk), if it is a descent direction in expectation, then the sequence {wk} can be guided
toward a minimizer of Rn.

For many in the optimization research community, a batch approach is a more natural and well-
known idea. The simplest such method in this class is the steepest descent algorithm—also referred
to as the gradient, batch gradient, or full gradient method—which is defined by the iteration

wk+1  wk � ↵krRn(wk) = wk �
↵k

n

nX

i=1

rfi(wk). (3.8)

Computing the step �↵krRn(wk) in such an approach is more expensive than computing the step
�↵krfik(wk) in SG, though one may expect that a better step is computed when all samples are
considered in an iteration.
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Exemple de garantie de convergence
arbitrarily small by selecting a small stepsize, but doing so reduces the speed at which the norm of
the gradient approaches its limiting distribution.

We now turn to the case when the SG method is applied to a nonconvex objective with a
decreasing sequence of stepsizes satisfying the classical conditions (4.19). While not the strongest
result that one can prove in this context—and, in fact, we prove a stronger result below—the
following theorem is perhaps the easiest to interpret and remember. Hence, we state it first.

Theorem 4.9 (Nonconvex Objective, Diminishing Stepsizes). Under Assumptions 4.1 and
4.3, suppose that the SG method (Algorithm 4.1) is run with a stepsize sequence satisfying (4.19).
Then

lim inf
k!1

E[krF (wk)k22] = 0 . (4.29)

The proof of this theorem follows based on the results given in Theorem 4.10 below. A “lim inf”
result of this type should be familiar to those knowledgeable of the nonlinear optimization litera-
ture. After all, such a result is all that can be shown for certain important methods, such as the
nonlinear conjugate gradient method [114]. The intuition that one should gain from the statement
of Theorem 4.9 is that, for the SG method with diminishing stepsizes, the expected gradient norms
cannot stay bounded away from zero.

The following result characterizes more precisely the convergence property of SG.

Theorem 4.10 (Nonconvex Objective, Diminishing Stepsizes). Under Assumptions 4.1 and
4.3, suppose that the SG method (Algorithm 4.1) is run with a stepsize sequence satisfying (4.19).
Then, with AK :=

P
K

k=1 ↵k,

lim
K!1

E
"

KX

k=1

↵kkrF (wk)k22

#
< 1 (4.30a)

and therefore E
"

1

AK

KX

k=1

↵kkrF (wk)k22

#
K!1����! 0. (4.30b)

Proof. The second condition in (4.19) ensures that {↵k} ! 0, meaning that, without loss of gen-
erality, we may assume that ↵kLMG  µ for all k 2 N. Then, taking the total expectation of
(4.10b),

E[F (wk+1)] � E[F (wk)]  �(µ� 1
2↵kLMG)↵k E[krF (wk)k22] + 1

2↵
2
k
LM

 �1
2µ↵kE[krF (wk)k22] + 1

2↵
2
k
LM .

Summing both sides of this inequality for k 2 {1, . . . ,K} gives

Finf � E[F (w1)]  E[F (wK+1)] � E[F (w1)]  �1
2µ

KX

k=1

↵kE[krF (wk)k22] + 1
2LM

KX

k=1

↵
2
k
.

Dividing by µ/2 and rearranging the terms, we obtain

KX

k=1

↵kE[krF (wk)k22]  2(E[F (w1)] � Finf)

µ
+

LM

µ

KX

k=1

↵
2
k
.

The second condition in (4.19) implies that the right-hand side of this inequality converges to a
finite limit when K increases, proving (4.30a). Then, (4.30b) follows since the first condition in
(4.19) ensures that AK ! 1 as K ! 1.
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of stepsize decrease, we may invoke Theorem 4.6, from which it follows that to achieve the first
bound in (4.17) one needs

(1 � ↵rcµ)(kr+1�kr)(4F↵r
� F↵r

)  F↵r

=) kr+1 � kr �
log(1/3)

log(1 � ↵rcµ)
⇡ log(3)

↵rcµ
= O(2r).

(4.18)

In other words, each time the stepsize is cut in half, double the number of iterations are required.
This is a sublinear rate of stepsize decrease—e.g., if {kr} = {2r�1}, then ↵k = ↵1/k for all k 2
{2r}—which, from {F↵r

} = {↵rLM

2cµ } and (4.17), means that a sublinear convergence rate of the
suboptimality gap is achieved.

!"

#$

!

%
#
& '

#(
#$)*

" ")!

+

+,
-
-,

Fig. 4.1: Depiction of the strategy of halving the stepsize ↵ when the expected suboptimality gap
is smaller than twice the asymptotic limit F↵. In the figure, the segment B–B0 has one third of the
length of A–A0. This is the amount of decrease that must be made in the exponential term in (4.14)
by raising the contraction factor to the power of the number of steps during which one maintains
a given constant stepsize; see (4.18). Since the contraction factor is (1�↵cµ), the number of steps
must be proportional to ↵. Therefore, whenever the stepsize is halved, one must maintain it twice
as long. Overall, doubling the number of iterations halves the suboptimality gap each time, yielding
an e↵ective rate of O(1/k).

In fact, these conclusions can be obtained in a more rigorous manner that also allows more
flexibility in the choice of stepsize sequence. The following result harks back to the seminal work
of Robbins and Monro [130], where the stepsize requirement takes the form

1X

k=1

↵k = 1 and
1X

k=1

↵
2
k
< 1. (4.19)

Theorem 4.7 (Strongly Convex Objective, Diminishing Stepsizes). Under Assumptions 4.1,
4.3, and 4.5 (with Finf = F⇤), suppose that the SG method (Algorithm 4.1) is run with a stepsize
sequence such that, for all k 2 N,

↵k =
�

� + k
for some � >

1

cµ
and � > 0 such that ↵1 

µ

LMG

. (4.20)
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4.1 Two Fundamental Lemmas

Our approach for establishing convergence guarantees for SG is built upon an assumption of smooth-
ness of the objective function. (Alternative foundations are possible; see Appendix A.) This, and
an assumption about the first and second moments of the stochastic vectors {g(wk, ⇠k)} lead to two
fundamental lemmas from which all of our results will be derived.

Our first assumption is formally stated as the following. Recall that, as already mentioned in
(4.1), F can stand for either expected or empirical risk.

Assumption 4.1 (Lipschitz-continuous objective gradients). The objective function F :
Rd ! R is continuously di↵erentiable and the gradient function of F , namely, rF : Rd ! Rd, is
Lipschitz continuous with Lipschitz constant L > 0, i.e.,

krF (w) �rF (w)k2  Lkw � wk2 for all {w,w} ⇢ Rd
.

Intuitively, Assumption 4.1 ensures that the gradient of F does not change arbitrarily quickly
with respect to the parameter vector. Such an assumption is essential for convergence analyses of
most gradient-based methods; without it, the gradient would not provide a good indicator for how
far to move to decrease F . An important consequence of Assumption 4.1 is that

F (w)  F (w) + rF (w)T (w � w) + 1
2Lkw � wk22 for all {w,w} ⇢ Rd

. (4.3)

This inequality is proved in Appendix B, but note that it also follows immediately if F is twice
continuously di↵erentiable and the Hessian function r2

F : Rd ! Rd⇥d satisfies kr2
F (w)k2  L

for all w 2 Rd.
Under Assumption 4.1 alone, we obtain the following lemma. In the result, we use E⇠k

[·] to
denote an expected value taken with respect to the distribution of the random variable ⇠k given wk.
Therefore, E⇠k

[F (wk+1)] is a meaningful quantity since wk+1 depends on ⇠k through the update in
Step 6 of Algorithm 4.1.

Lemma 4.2. Under Assumption 4.1, the iterates of SG (Algorithm 4.1) satisfy the following in-
equality for all k 2 N:

E⇠k
[F (wk+1)] � F (wk)  �↵krF (wk)

TE⇠k
[g(wk, ⇠k)] + 1

2↵
2
k
LE⇠k

[kg(wk, ⇠k)k22]. (4.4)

Proof. By Assumption 4.1, the iterates generated by SG satisfy

F (wk+1) � F (wk)  rF (wk)
T (wk+1 � wk) + 1

2Lkwk+1 � wkk22
 �↵krF (wk)

T
g(wk, ⇠k) + 1

2↵
2
k
Lkg(wk, ⇠k)k22.

Taking expectations in these inequalities with respect to the distribution of ⇠k, and noting that
wk+1—but not wk—depends on ⇠k, we obtain the desired bound.

This lemma shows that, regardless of how SG arrived at wk, the expected decrease in the
objective function yielded by the kth step is bounded above by a quantity involving: (i) the expected
directional derivative of F at wk along �g(xk, ⇠k) and (ii) the second moment of g(xk, ⇠k). For
example, if g(wk, ⇠k) is an unbiased estimate of rF (wk), then it follows from Lemma 4.2 that

E⇠k
[F (wk+1)] � F (wk)  �↵kkrF (wk)k22 + 1

2↵
2
k
LE⇠k

[kg(wk, ⇠k)k22]. (4.5)

23

plus des conditions de régularité pas très contraignantes 

(cf. Bottou, Curtis et Nocedal (2018) Optimisation Methods for Large-Scale Machine Learning)
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Example Distributions

Distribution PDF or PMF Mean Variance

Bernoulli(p)

⇢
p, if x = 1
1� p, if x = 0.

p p(1� p)

Binomial(n, p)
�n
k

�
pk(1� p)n�k for k = 0, 1, ..., n np np(1� p)

Geometric(p) p(1� p)k�1 for k = 1, 2, ... 1
p

1�p
p2

Poisson(�) e���k

k! for k = 0, 1, ... � �

Uniform(a, b) 1
b�a for all x 2 (a, b) a+b

2
(b�a)2

12

Gaussian(µ,�2) 1
�
p
2⇡
e�

(x�µ)2

2�2 for all x 2 (�1,1) µ �2

Exponential(�) �e��x for all x � 0,� � 0 1
�

1
�2

Read review handout or Sheldon Ross for details 2

2Table reproduced from Maleki & Do’s review handout by Koochak & Irvin
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Random Vectors

Given n RV’s X1, ...,Xn, we can define a random vector X s.t.

X =

2

6664

X1

X2
...
Xn

3

7775

Note: all the notions of joint PDF/CDF will apply to X .

Given g : Rn ! Rm, we have:

g(x) =

2

6664

g1(x)
g2(x)
...

gm(x)

3

7775
,E[g(X )] =

2

6664

E[g1(X )]
E[g2(X )]

...
E[gm(X )]

3

7775
.
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Covariance Matrices

For a random vector X 2 Rn, we define its covariance matrix ⌃
as the n ⇥ n matrix whose ij-th entry contains the covariance
between Xi and Xj .

⌃ =

2

64
Cov [X1,X1] . . . Cov [X1,Xn]

...
. . .

...
Cov [Xn,X1] . . . Cov [Xn,Xn]

3

75

applying linearity of expectation and the fact that
Cov [Xi ,Xj ] = E[(Xi � E[Xi ])(Xj � E[Xj ])], we obtain

⌃ = E[(X � E[X ])(X � E[X ])T ]

Properties:

I ⌃ is symmetric and PSD

I If Xi ? Xj for all i , j , then ⌃ = diag(Var [X1], ...,Var [Xn])
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Multivariate Gaussian

The multivariate Gaussian X ⇠ N (µ,⌃), X 2 Rn:

p(x ;µ,⌃) =
1

det(⌃)
1
2 (2⇡)

n
2

exp

✓
�1

2
(x � µ)T⌃�1(x � µ)

◆

The univariate Gaussian X ⇠ N (µ,�2), X 2 R is just the special
case of the multivariate Gaussian when n = 1.

p(x ;µ,�2) =
1

�(2⇡)
1
2

exp

✓
� 1

2�2
(x � µ)2

◆

Notice that if ⌃ 2 R1⇥1, then ⌃ = Var [X1] = �2, and so

I ⌃�1 = 1
�2

I det(⌃)
1
2 = �
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Some Nice Properties of MV Gaussians

I Marginals and conditionals of a joint Gaussian are Gaussian

I A d-dimensional Gaussian X 2 N (µ,⌃ = diag(�2
1, ...,�

2
n)) is

equivalent to a collection of d independent Gaussians
Xi 2 N (µi ,�2

i ). This results in isocontours aligned with the
coordinate axes.

I In general, the isocontours of a MV Gaussian are
n-dimensional ellipsoids with principal axes in the directions of
the eigenvectors of covariance matrix ⌃ (remember, ⌃ is
PSD, so all n eigenvectors are non-negative). The axes’
relative lengths depend on the eigenvalues of ⌃.



Visualizations of MV Gaussians

E↵ect of changing variance
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Visualizations of MV Gaussians

If Var [X1] 6= Var [X2]:
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Visualizations of MV Gaussians

If X1 and X2 are positively correlated:
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Visualizations of MV Gaussians

If X1 and X2 are negatively correlated:
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Multivariate Gaussian
Définition générale

Distributions conditionnelles

Distributions marginales ?

⌃̄ = ⌃11 �⌃12⌃
+
22⌃21

<latexit sha1_base64="faNxzm/k53VvvkRayaFS2UWYylQ="></latexit>

µ̄ = µ1 +⌃12⌃
+
22(a� µ2)

<latexit sha1_base64="nol8nx+QBOKx7WHujoOtkMjKGcA="></latexit>

p(x1 | x2 = a) = N (µ̄, ⌃̄), with
<latexit sha1_base64="JGH0l1WMP2Qf3UVOnr+Ebv65CiQ="></latexit>


