
Optimisation
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1. Optimisation sans contraintes


2. Optimisation sous contraintes


3. Analyse convexe et dualité



Convexité
L’ensemble X est convexe ssi pour tout x, y dans X, le segment [x, y] :=

{tx+ (1� t)y | t 2 [0, 1]} est inclus dans X
<latexit sha1_base64="iZwIgwvYn2SOHBaQ49Fh0XYnjgE="></latexit>

Une fonction f : X ⇢ Rn ! R est convexe ssi X est convexe et pour tout
x, y dans X et pour tout t 2 [0, 1],

f(tx+ (1� t)y)  tf(x) + (1� t)f(y).

Si l’inégalité est stricte pour t 2]0, 1[, la fonction est dite strictement convexe.
<latexit sha1_base64="qvuRGivRroZLl7PFxSx1A9kbvOI="></latexit>
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Convexité
Reconnaître une fonction convexe

- les fonctions linéaires sont convexes

- les combinaisons linéaires positives de fonctions convexes sont convexes

- le maximum (point par point) d’un ensemble de fonctions convexes est convexe

- …

Si f est de classe C2, f est convexe si et seulement si r2f est semi-définie
positive sur l’intérieur de X. Si r2f est définie positive sur l’intérieur de X, f
est strictement convexe.

<latexit sha1_base64="E7ZDt5Gx7Gh9i1Xwn0DlLlfcVUo="></latexit>
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<latexit sha1_base64="sJ70q/7NCiBJfDwzGZKrKaVceeY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREfG2EohuXFewD2lAm00k7dCYJMzdiDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePBdfgON9WbmFxaXklv1pYW9/Y3LK3d+o6ShRlNRqJSDV9opngIasBB8GasWJE+oI1/MH12G/cM6V5FN7BMGaeJL2QB5wSMFLH3is18SVuA3sAJdNuJEc4OOrYRafsTIDniZuRIspQ7dhf7W5EE8lCoIJo3XKdGLyUKOBUsFGhnWgWEzogPdYyNCSSaS+dXD/Ch0bp4iBSpkLAE/X3REqk1kPpm05JoK9nvbH4n9dKILjwUh7GCbCQThcFicAQ4XEUuMsVoyCGhhCquLkV0z5RhIIJrGBCcGdfnif147J7Vj69PSlWrrI48mgfHaASctE5qqAbVEU1RNEjekav6M16sl6sd+tj2pqzspld9AfW5w8Z+JRh</latexit>

(X = domf)



Existence et unicité du 
minimum

Si f est une fonction strictement convexe définie sur un ensemble convexe
X ⇢ Rn, alors f admet au plus un minimum global.

<latexit sha1_base64="bLWOyqMzyEYH+jZlIRdaDsng31o="></latexit>
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Si f est une fonction convexe définie sur un ensemble convexe X ⇢ Rn, alors
tout minimum local de f est aussi un minimum global de f . Si X est ouvert,
alors rf(x⇤) = 0 est équivaut à x⇤ est un minimum global de f

<latexit sha1_base64="QvrNLWOkoVxRMZXw5iHpHaPvvG8="></latexit>

Théorèmes
<latexit sha1_base64="mYqqELjhLXKIBBi8McTREM+WNmw="></latexit>

Si f est convexe et minorée, alors f admet un minimum global.



Dualité

f : Rn ! R
<latexit sha1_base64="nLQEYDuJfEI+PW1PfiOzi4S+TDE="></latexit>

gj : R
n ! R

<latexit sha1_base64="xfeXps1yzHxyIbDUn4nzEXbOuu4="></latexit>

X ⇢ Rn
<latexit sha1_base64="SSJZ8OEvYz62yQXFm8jxvarCpOU="></latexit>

�1 < f⇤ < +1
<latexit sha1_base64="dkm9qqXGTZQ+7DJvG/eOp07fuE0="></latexit>

Il existe x⇤, tel que f(x⇤) = f⇤
<latexit sha1_base64="AcBCVA+5zz6uL68vU24/3MRAR/k="></latexit>
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Problème considéré



Dualité
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Lagrangien associé au problème



Dualité
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Fonction duale

Problème dual

Résultats



Dualité
 Dualité forte et qualification des contraintes

Example :  

Si f est convexe et les contraintes gj sont linéaires, alors il n’y a pas d’écart
dual: q⇤ = f⇤

<latexit sha1_base64="HsVB6Ko9rG8n2wXV0sz5bvsZ5Ss="></latexit>
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Dualité
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<latexit sha1_base64="kfVTRVnCC3VdIXuqnFTpczwcZ90="></latexit>

If conditions for strong duality are met and (x⇤, µ⇤) are such that
L(x⇤, µ⇤) = f⇤ = q⇤, then (x⇤, µ⇤) is said to be an optimal solution Lagrange
multiplier pair.



Un mot sur l’optimisation 
non lisse

30



Statistique et probabilités
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1. Motivation : estimation problems


2. Computing probabilities


3. Computing and controlling moments and tail 
probabilities



• Estimation

Problèmes d’estimation
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P
<latexit sha1_base64="GH4lnl7xiOBJEv5hdGjYXKo68Lw=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDkbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AiGeRag==</latexit>

Modèle statistique
<latexit sha1_base64="aIHsIl+W1zraQvxmA88EAkeKhOY=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBU5iJBz0GvXgRIpgFkhB7OpWkSc/02F0jxCH4K148KOLV//Dm39hZDpr4oODxXhVV9YJYCoOe9+1klpZXVtey67mNza3tHXd3r2pUojlUuJJK1wNmQIoIKihQQj3WwMJAQi0YXI792gNoI1R0i8MYWiHrRaIrOEMrtd2Da9Vp3oEEatBKBsV9Am037xW8Cegi8WckT2Yot92vZkfxJIQIuWTGNHwvxlbKNAouYZRrJgZixgesBw1LIxaCaaWT60f02Cod2lXaVoR0ov6eSFlozDAMbGfIsG/mvbH4n9dIsHveSkUUJwgRny7qJpKiouMoaEdo4CiHljCuhb2V8j7TjKMNLGdD8OdfXiTVYsE/LRRvivnSxSyOLDkkR+SE+OSMlMgVKZMK4eSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w+7xpVn</latexit>

Observations
<latexit sha1_base64="YXy3JFld41rc4LguT0NZ4F2+g24=">AAAB83icbZA9SwNBEIbn4leMX1FLm8UgWIW7WGgZtLEzgvmA5Ah7m7lkyd7esbsXCEf+ho2FIrb+GTv/jZvkCk18YeHhnRlm9g0SwbVx3W+nsLG5tb1T3C3t7R8cHpWPT1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/N6+0JKs1j+WSmCfoRHUoeckaNtXoPgUY1WbDulytu1V2IrIOXQwVyNfrlr94gZmmE0jBBte56bmL8jCrDmcBZqZdqTCgb0yF2LUoaofazxc0zcmGdAQljZZ80ZOH+nshopPU0CmxnRM1Ir9bm5n+1bmrCGz/jMkkNSrZcFKaCmJjMAyADrpAZMbVAmeL2VsJGVFFmbEwlG4K3+uV1aNWq3lW19lir1G/zOIpwBudwCR5cQx3uoQFNYJDAM7zCm5M6L86787FsLTj5zCn8kfP5A3TOkfM=</latexit>

O ⇠ P
<latexit sha1_base64="o8iDVvgK0OP9ZsskzKA8tnwXDRY=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7JbBT0WvXizgrWFdpFs+rYNTbJLkhVK6Y/w4kERr/4eb/4b03YP2joQGGbmkfcmSgU31ve/vcLK6tr6RnGztLW9s7tX3j94MEmmGTZZIhLdjqhBwRU2LbcC26lGKiOBrWh4PfVbT6gNT9S9HaUYStpXPOaMWie1bruGS9J4LFf8qj8DWSZBTiqQw+W/ur2EZRKVZYIa0wn81IZjqi1nAielbmYwpWxI+9hxVFGJJhzP1p2QE6f0SJxo95QlM/X3xJhKY0YycklJ7cAselPxP6+T2fgyHHOVZhYVm38UZ4LYhExvJz2ukVkxcoQyzd2uhA2opsy6hkquhGDx5GXyUKsGZ9Xa3XmlfpXXUYQjOIZTCOAC6nADDWgCgyE8wyu8ean34r17H/NowctnDuEPvM8ftpCPKA==</latexit>

Distribution
<latexit sha1_base64="bKDyDfrSA3AmrYkMYqY5yCQNT1U=">AAAB83icbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWga1sIxgHpAsYXYymwyZmV3mIYQlv2FjoYitP2Pn3zibbKGJBwbOPede7p0TpZxp4/vf3tr6xubWdmmnvLu3f3BYOTpu68QqQlsk4YnqRlhTziRtGWY47aaKYhFx2okmt7nfeaJKs0Q+mmlKQ4FHksWMYOOk/p3boFhk82JQqfo1fw60SoKCVKFAc1D56g8TYgWVhnCsdS/wUxNmWBlGOJ2V+1bTFJMJHtGeoxILqsNsfvMMnTtliOJEuScNmqu/JzIstJ6KyHUKbMZ62cvF/7yeNfF1mDGZWkMlWSyKLUcmQXkAaMgUJYZPHcFEMXcrImOsMDEuprILIVj+8ipp12vBZa3+UK82boo4SnAKZ3ABAVxBA+6hCS0gkMIzvMKbZ70X7937WLSuecXMCfyB9/kDdmiR9A==</latexit> P 2 P

<latexit sha1_base64="rDnb235s3FX2WBsNNmNmQCEHA6c=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmqoMuiG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBna1hTwmkBdhPSaYZ63ZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidVbxU0QSTCR7RvqECR1T52Tz6DJ0aZYjCWJonNJqrvzcyHCk1jQIzmUdUy14u/uf1Ux1e+RkTSaqpIItDYcqRjlHeAxoySYnmU0MwkcxkRWSMJSbatFUxJbjLX14lnUbdPa837i5qzeuijjIcwwmcgQuX0IRbaEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD6HVk5o=</latexit>

f̂(O) ⇡ f(P )
<latexit sha1_base64="+p5uZ34mLC8R+zpJTOnzhfU8CmM=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSxCuylJFXRZdOPOCvYBTSiT6aQdOpkJMxOxhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JE0aVdt1va2l5ZXVtvbBhb25t7+w6e/tNJVKJSQMLJmQ7RIowyklDU81IO5EExSEjrXB4NfFb90QqKvidHiUkiFGf04hipI3UdQ5tf4B0Fo1LN2XooySR4gFGpXq56xTdijsFXCReToogR73rfPk9gdOYcI0ZUqrjuYkOMiQ1xYyMbT9VJEF4iPqkYyhHMVFBNv1gDE+M0oORkKa4hlP190SGYqVGcWg6Y6QHat6biP95nVRHF0FGeZJqwvFsUZQyqAWcxAF7VBKs2cgQhCU1t0I8QBJhbUKzTQje/MuLpFmteKeV6u1ZsXaZx1EAR+AYlIAHzkENXIM6aAAMHsEzeAVv1pP1Yr1bH7PWJSufOQB/YH3+AEbilX0=</latexit>

<latexit sha1_base64="jmHVtrcLZUIi9eG2ly+OTmdl0MM=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2AruJAyI3jBVVEUlxXsBdpSMumZNphJhiSjlKEv4cZXceNCEbeCO9/GTNuFtx8CH/85h5zzBzFn2njep5ObmZ2bX8gvFpaWV1bX3PWNupaJolCjkkvVDIgGzgTUDDMcmrECEgUcGsHNWVZv3ILSTIprM4yhE5G+YCGjxFir6+5dSEEzFMA54FKIT3A7ImZACU+ro7Zi/YEhSsk7fF7qukWv7I2F/4I/hSKaqtp1P9o9SZMIhKGcaN3yvdh0UqIMoxxGhXaiISb0hvShZVGQCHQnHV81wjvW6eFQKvuEwWP3+0RKIq2HUWA7s4X171pm/ldrJSY87qRMxIkBQScfhQnHRuIsItxjCqjhQwuEKmZ3xXRAFKHGBlmwIfi/T/4L9f2yf1g+uNovVk6nceTRFtpGu8hHR6iCLlEV1RBF9+gRPaMX58F5cl6dt0lrzpnObKIfct6/ALcznos=</latexit>

Fonctionnelle f : P ! E
<latexit sha1_base64="raos0gv0h4WXlDOgSL1y2Trgy/Q=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZmCj2VRBJcV7APboWTSO21oJjMkGaEM/Qs3LhRx69+4829M21lo64HA4Zx7ybknSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHssHM07Qj+hA8pAzaqz0eKsNj6jBVPVKZbfizkCWiZeTMuSo90pf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9miSfk1Cp9EsbKPmnITP29kdFI63EU2Ekbb6gXvan4n9dJTXjlZ1wmqUHJ5h+FqSAmJtPzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4C2evEya1Yp3UTm/r5Zr13kdBTiGEzgDDy6hBndQhwYwkPAMr/DmaOfFeXc+5qMrTr5zBH/gfP4A1qGRCQ==</latexit>

Estimateur
<latexit sha1_base64="kUs1Dsb74jgkDaK//ZP3GGZ99N0=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2OIF48RzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD/UU+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6CfkY1Cib5tNhLDU8oG9Mh71qqaMSNn81PnZJzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieONnQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTtCF4yy+vkla14l1VLu+r5Vo9j6MAp3AGF+DBNdTgDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBDBo3L</latexit>

But

Cadre général

<latexit sha1_base64="g/ay7Go09JDKui9wKD7TTiGurRY=">AAACCXicbVDJSgNBEO2JW4xb1KOXxiB4CjPihqegCN6MYBbIhFDT6Uma9Cx01yhhmKsXf8WLB0W8+gfe/Bs7y0GjDwoe71VRVc+LpdBo219Wbm5+YXEpv1xYWV1b3yhubtV1lCjGayySkWp6oLkUIa+hQMmbseIQeJI3vMHFyG/ccaVFFN7iMObtAHqh8AUDNFKnSN0+YOpnZ24A2Gcg0+vMVaLXR1AquqeXnWLJLttj0L/EmZISmaLaKX663YglAQ+RSdC65dgxtlNQKJjkWcFNNI+BDaDHW4aGEHDdTsefZHTPKF3qR8pUiHSs/pxIIdB6GHimc3SvnvVG4n9eK0H/tJ2KME6Qh2yyyE8kxYiOYqFdoThDOTQEmBLmVsr6oIChCa9gQnBmX/5L6gdl57h8dHNYqpxP48iTHbJL9olDTkiFXJEqqRFGHsgTeSGv1qP1bL1Z75PWnDWd2Sa/YH18AzlRmq0=</latexit>

f̂ : O ! E



Deux questions fondamentales 
pour un problème d’estimation
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A. Trouver un estimateur  
computationnellement 
efficace

<latexit sha1_base64="g/ay7Go09JDKui9wKD7TTiGurRY=">AAACCXicbVDJSgNBEO2JW4xb1KOXxiB4CjPihqegCN6MYBbIhFDT6Uma9Cx01yhhmKsXf8WLB0W8+gfe/Bs7y0GjDwoe71VRVc+LpdBo219Wbm5+YXEpv1xYWV1b3yhubtV1lCjGayySkWp6oLkUIa+hQMmbseIQeJI3vMHFyG/ccaVFFN7iMObtAHqh8AUDNFKnSN0+YOpnZ24A2Gcg0+vMVaLXR1AquqeXnWLJLttj0L/EmZISmaLaKX663YglAQ+RSdC65dgxtlNQKJjkWcFNNI+BDaDHW4aGEHDdTsefZHTPKF3qR8pUiHSs/pxIIdB6GHimc3SvnvVG4n9eK0H/tJ2KME6Qh2yyyE8kxYiOYqFdoThDOTQEmBLmVsr6oIChCa9gQnBmX/5L6gdl57h8dHNYqpxP48iTHbJL9olDTkiFXJEqqRFGHsgTeSGv1qP1bL1Z75PWnDWd2Sa/YH18AzlRmq0=</latexit>

f̂ : O ! E

f̂(O) ⇡ f(P )
<latexit sha1_base64="+p5uZ34mLC8R+zpJTOnzhfU8CmM=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSxCuylJFXRZdOPOCvYBTSiT6aQdOpkJMxOxhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JE0aVdt1va2l5ZXVtvbBhb25t7+w6e/tNJVKJSQMLJmQ7RIowyklDU81IO5EExSEjrXB4NfFb90QqKvidHiUkiFGf04hipI3UdQ5tf4B0Fo1LN2XooySR4gFGpXq56xTdijsFXCReToogR73rfPk9gdOYcI0ZUqrjuYkOMiQ1xYyMbT9VJEF4iPqkYyhHMVFBNv1gDE+M0oORkKa4hlP190SGYqVGcWg6Y6QHat6biP95nVRHF0FGeZJqwvFsUZQyqAWcxAF7VBKs2cgQhCU1t0I8QBJhbUKzTQje/MuLpFmteKeV6u1ZsXaZx1EAR+AYlIAHzkENXIM6aAAMHsEzeAVv1pP1Yr1bH7PWJSufOQB/YH3+AEbilX0=</latexit>

B.   Evaluer sa qualité statistique

Dans le cas où on estime une 
distribution : 
Implique des calculs de 
probabilités (e.g. méthode du 
maximum de vraisemblance)

Implique calcul ou  
contrôle de 
moments (e.g. biais, 
variance, risque 
espéré)



Exemple A 

Estimateur du maximum de vraisemblance
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P
<latexit sha1_base64="GH4lnl7xiOBJEv5hdGjYXKo68Lw=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDkbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AiGeRag==</latexit>

Modèle statistique
<latexit sha1_base64="aIHsIl+W1zraQvxmA88EAkeKhOY=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBU5iJBz0GvXgRIpgFkhB7OpWkSc/02F0jxCH4K148KOLV//Dm39hZDpr4oODxXhVV9YJYCoOe9+1klpZXVtey67mNza3tHXd3r2pUojlUuJJK1wNmQIoIKihQQj3WwMJAQi0YXI792gNoI1R0i8MYWiHrRaIrOEMrtd2Da9Vp3oEEatBKBsV9Am037xW8Cegi8WckT2Yot92vZkfxJI QIuWTGNHwvxlbKNAouYZRrJgZixgesBw1LIxaCaaWT60f02Cod2lXaVoR0ov6eSFlozDAMbGfIsG/mvbH4n9dIsHveSkUUJwgRny7qJpKiouMoaEdo4CiHljCuhb2V8j7TjKMNLGdD8OdfXiTVYsE/LRRvivnSxSyOLDkkR+SE+OSMlMgVKZMK4eSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w+7xpVn</latexit>

Observations
<latexit sha1_base64="YXy3JFld41rc4LguT0NZ4F2+g24=">AAAB83icbZA9SwNBEIbn4leMX1FLm8UgWIW7WGgZtLEzgvmA5Ah7m7lkyd7esbsXCEf+ho2FIrb+GTv/jZvkCk18YeHhnRlm9g0SwbVx3W+nsLG5tb1T3C3t7R8cHpWPT1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/N6+0JKs1j+WSmCfoRHUoeckaNtXoPgUY1WbDulytu1V2IrIOXQwVyNfrlr94gZmmE0jBBte56bm L8jCrDmcBZqZdqTCgb0yF2LUoaofazxc0zcmGdAQljZZ80ZOH+nshopPU0CmxnRM1Ir9bm5n+1bmrCGz/jMkkNSrZcFKaCmJjMAyADrpAZMbVAmeL2VsJGVFFmbEwlG4K3+uV1aNWq3lW19lir1G/zOIpwBudwCR5cQx3uoQFNYJDAM7zCm5M6L86787FsLTj5zCn8kfP5A3TOkfM=</latexit>

O ⇠ P
<latexit sha1_base64="o8iDVvgK0OP9ZsskzKA8tnwXDRY=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7JbBT0WvXizgrWFdpFs+rYNTbJLkhVK6Y/w4kERr/4eb/4b03YP2joQGGbmkfcmSgU31ve/vcLK6tr6RnGztLW9s7tX3j94MEmmGTZZIhLdjqhBwRU2LbcC26lGKiOBrWh4PfVbT6gNT9S9HaUYStpXPOaMWie1bruGS9J4LFf8qj8DWSZBTiqQw+W/ur2EZRKVZYIa0wn81IZjqi1nAielbmYwpWxI+9hxVFGJJhzP1p2QE6f0SJxo95QlM/X3xJhKY0YycklJ7cAselPxP6+T2fgyHHOVZhYVm38UZ4LYhExvJz2ukVkxcoQyzd2uhA2opsy6hkquhGDx5GXyUKsGZ9Xa3XmlfpXXUYQjOIZTCOAC6nADDWgCgyE8wyu8ean34r17H/NowctnDuEPvM8ftpCPKA==</latexit>

Distribution
<latexit sha1_base64="bKDyDfrSA3AmrYkMYqY5yCQNT1U=">AAAB83icbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWga1sIxgHpAsYXYymwyZmV3mIYQlv2FjoYitP2Pn3zibbKGJBwbOPede7p0TpZxp4/vf3tr6xubWdmmnvLu3f3BYOTpu68QqQlsk4YnqRlhTziRtGWY47aaKYhFx2okmt7nfeaJKs0Q+mmlKQ4FHksWMYOOk/p3boFhk82JQqfo1fw60SoKCVKFAc1D56g8TYgWVhnCsdS/wUx NmWBlGOJ2V+1bTFJMJHtGeoxILqsNsfvMMnTtliOJEuScNmqu/JzIstJ6KyHUKbMZ62cvF/7yeNfF1mDGZWkMlWSyKLUcmQXkAaMgUJYZPHcFEMXcrImOsMDEuprILIVj+8ipp12vBZa3+UK82boo4SnAKZ3ABAVxBA+6hCS0gkMIzvMKbZ70X7937WLSuecXMCfyB9/kDdmiR9A==</latexit> P 2 P

<latexit sha1_base64="rDnb235s3FX2WBsNNmNmQCEHA6c=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmqoMuiG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBna1hTwmkBdhPSaYZ63ZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidVbxU0QSTCR7RvqECR1T52Tz6DJ0aZYjCWJonNJqrvzcyHCk1jQIzmUdUy14u/uf1Ux1e+RkTSaqpIItDYcqRjlHeAxoySYnmU0MwkcxkRWSMJSbatFUxJbjLX14lnUbdPa837i5qzeuijjIcwwmcgQuX0IRbaEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD6HVk5o=</latexit>

<latexit sha1_base64="raos0gv0h4WXlDOgSL1y2Trgy/Q=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZmCj2VRBJcV7APboWTSO21oJjMkGaEM/Qs3LhRx69+4829M21lo64HA4Zx7ybknSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHssHM07Qj+hA8pAzaqz0eKsNj6jBVPVKZbfizkCWiZeTMuSo90pf3X7M0gilYYJq3fHcxP gZVYYzgZNiN9WYUDaiA+xYKmmE2s9miSfk1Cp9EsbKPmnITP29kdFI63EU2Ekbb6gXvan4n9dJTXjlZ1wmqUHJ5h+FqSAmJtPzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4C2evEya1Yp3UTm/r5Zr13kdBTiGEzgDDy6hBndQhwYwkPAMr/DmaOfFeXc+5qMrTr5zBH/gfP4A1qGRCQ==</latexit>

Estimateur

<latexit sha1_base64="jmHVtrcLZUIi9eG2ly+OTmdl0MM=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2AruJAyI3jBVVEUlxXsBdpSMumZNphJhiSjlKEv4cZXceNCEbeCO9/GTNuFtx8CH/85h5zzBzFn2njep5ObmZ2bX8gvFpaWV1bX3PWNupaJolCjkkvVDIgGzgTUDDMcmrECEgUcGsHNWVZv3ILSTIprM4yhE5G+YCGjxFir6+5dSEEzFMA54FKIT3A7ImZACU+ro7Zi/YEhSsk7fF7quk Wv7I2F/4I/hSKaqtp1P9o9SZMIhKGcaN3yvdh0UqIMoxxGhXaiISb0hvShZVGQCHQnHV81wjvW6eFQKvuEwWP3+0RKIq2HUWA7s4X171pm/ldrJSY87qRMxIkBQScfhQnHRuIsItxjCqjhQwuEKmZ3xXRAFKHGBlmwIfi/T/4L9f2yf1g+uNovVk6nceTRFtpGu8hHR6iCLlEV1RBF9+gRPaMX58F5cl6dt0lrzpnObKIfct6/ALcznos=</latexit>

Fonctionnelle f : P ! E
<latexit sha1_base64="g/ay7Go09JDKui9wKD7TTiGurRY=">AAACCXicbVDJSgNBEO2JW4xb1KOXxiB4CjPihqegCN6MYBbIhFDT6Uma9Cx01yhhmKsXf8WLB0W8+gfe/Bs7y0GjDwoe71VRVc+LpdBo219Wbm5+YXEpv1xYWV1b3yhubtV1lCjGayySkWp6oLkUIa+hQMmbseIQeJI3vMHFyG/ccaVFFN7iMObtAHqh8AUDNFKnSN0+YOpnZ24A2Gcg0+vMVaLXR1AquqeXnWLJLttj0L/EmZISmaLaKX663YglAQ+RSdC65dgxtlNQKJjkWcFNNI+BDaDHW4aGEHDdTsefZHTPKF3qR8pUiHSs/pxIIdB6GHimc3SvnvVG4n9eK0H/tJ2KME6Qh2yyyE8kxYiOYqFdoThDOTQEmBLmVsr6oIChCa9gQnBmX/5L6gdl57h8dHNYqpxP48iTHbJL9olDTkiFXJEqqRFGHsgTeSGv1qP1bL1Z75PWnDWd2Sa/YH18AzlRmq0=</latexit>

f̂ : O ! E

<latexit sha1_base64="S4CNYgnZ/KvSNS0EvR6v8uMtJ34=">AAACFXicbVDLSsNAFJ3UV62vqEs3g0VwISURqW6EohuXFewDmlAm00k7dPJg5kYsIT/hxl9x40IRt4I7/8ZJm4W2Hhg4nHMvd87xYsEVWNa3UVpaXlldK69XNja3tnfM3b22ihJJWYtGIpJdjygmeMhawEGwbiwZCTzBOt74Ovc790wqHoV3MImZG5BhyH1OCWipb544AYERJSJtZvgSO6kD7AFkkBIh8EDfl9xL8lGVOVnfrFo1awq8SOyCVFGBZt/8cgYRTQIWAhVEqZ5txeCmRAKngmUVJ1EsJnRMhqynaUgCptx0mirDR1oZYD+S+oWAp+rvjZQESk0CT0/mGdS8l4v/eb0E/As35WGcAAvp7JCfCAwRzivSsSWjICaaECq5/iumIyIJBV1kRZdgz0deJO3Tml2v1W/Pqo2roo4yOkCH6BjZ6Bw10A1qohai6BE9o1f0ZjwZL8a78TEbLRnFzj76A+PzB/UKn/0=</latexit>

P = {all distributions}

<latexit sha1_base64="ajKMeSXZZBMi5NH4+P1pndlOFcs=">AAAB73icbVDLSgMxFL1TX7W+qi7dBItQN2VGpLoRim5cVrAPaItk0kwbmsmMyR2hDP0JNy4UcevvuPNvTNtZaOuBwOGcc8m9x4+lMOi6305uZXVtfSO/Wdja3tndK+4fNE2UaMYbLJKRbvvUcCkUb6BAydux5jT0JW/5o5up33ri2ohI3eM45r2QDpQIBKNopXZQrp+SK1J/KJbcijsDWSZeRkqQwea/uv2IJSFXyCQ1puO5MfZSqlEwySeFbmJ4TNmIDnjHUkVDbnrpbN8JObFKnwSRtk8hmam/J1IaGjMOfZsMKQ7NojcV//M6CQaXvVSoOEGu2PyjIJEEIzI9nvSF5gzl2BLKtLC7EjakmjK0FRVsCd7iycukeVbxqpXq3Xmpdp3VkYcjOIYyeHABNbiFOjSAgYRneIU359F5cd6dj3k052Qzh/AHzucPAsWOqQ==</latexit>

f(P ) = P

<latexit sha1_base64="j0x24ZMfZnIx1BgfcAtOhyIc9Yk=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFclUSkuhGKbrqsYB/QhDCZTtqhk0mYmVhKzN6Nv+LGhSJu/QF3/o2TNgttPXDhcM693HuPHzMqlWV9Gyura+sbm6Wt8vbO7t6+eXDYkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/vsn97j0Rkkb8Tk1j4oZoyGlAMVJa8syKEyI1woilzQxeQSdteekkc+CDAycO5bDrZJ5ZtWrWDHCZ2AWpggItz/xyBhFOQsIVZkjKvm3Fyk2RUBQzkpWdRJIY4TEakr6mHIVEuunslwyeaGUAg0jo4grO1N8TKQqlnIa+7swvl4teLv7n9RMVXLop5XGiCMfzRUHCoIpgHgwcUEGwYlNNEBZU3wrxCAmElY6vrEOwF19eJp2zml2v1W/Pq43rIo4SOAYVcApscAEaoAlaoA0weATP4BW8GU/Gi/FufMxbV4xi5gj8gfH5A/Y4mmA=</latexit>

H = {Pw | w 2 W}

<latexit sha1_base64="EYOpT0g1vjDAxRVhlH1fbJnHE/Y="></latexit>

pw : densité de Pw (par rapport à une mesure fixe)

<latexit sha1_base64="H5e/IF8Y66IhxDgDWecHFZmnX4w="></latexit>

f̂H : O 7! Pargmaxw2W (pw(O))

<latexit sha1_base64="hC4qJVwJy2v9SE5E7Rz2V9sKiQA=">AAACK3icbZBNSwMxEIZn/az1q+rRS7SInupuDyqeil48VrAq1FKy6dSGZjdLkhVK8f948a940IMfeBX8GU7bPWjrQCYP78yQzBsmSlrn++/e1PTM7Nx8biG/uLS8slpYW7+0OjUCa0Irba5DblHJGGtOOoXXiUEehQqvwu7poH51h8ZKHV+4XoKNiN/Gsi0FdyTpwhYcAwMECwlwEEQMWsNsKAvoUDbZvU+VXaIe9WpwRN80h81C0S/5w2CTEGRQhCyqzcLzTUuLNMLYCcWtrQd+4hp9bpwUCu/zN6nFhIsuv8U6YcwjtI3+cNd7tkNKi7W1oRM7NlR/T/R5ZG0vCqkz4q5jx2sD8b9aPXXto0ZfxknqMBajh9qpYk6zgXGsJQ0Kp3oEXBhJf2Wiww0XjuzNkwnB+MqTcFkuBQelg/NysXKS2ZGDTdiGPQjgECpwBlWokd0P8ASv8OY9ei/eh/c5ap3yspkN+BPe1w+Cd5vK</latexit>

: espace de recherche/d’hypothèse



• biais


• variance


• risque

Exemple B 
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bP (f̂) = EO⇠P [f̂(O)]� f(P )
<latexit sha1_base64="IqLf9ymgpKT2/xy7iKO8E4Xvi+M=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoF9akCroRiiK4awT7gDSEyXTSDp08mJkIJeQz3Pgrblwo4rY7/8Zpm4W2HrhwOOde7r3HixkV0jC+tcLK6tr6RnGztLW9s7un7x+0RZRwTFo4YhHvekgQRkPSklQy0o05QYHHSMcb3U79zhPhgkbhoxzHxAnQIKQ+xUgqydXPPNeq9IZIpn5Whdfwzk2bPUEDaGWpneuVZtXJ4Cn0K1bV1ctGzZgBLhMzJ2WQw3L1Sa8f4SQgocQMCWGbRiydFHFJMSNZqZcIEiM8QgNiKxqigAgnnT2WwROl9KEfcVWhhDP190SKAiHGgac6AySHYtGbiv95diL9KyelYZxIEuL5Ij9hUEZwmhLsU06wZGNFEOZU3QrxEHGEpcqypEIwF19eJu16zTyv1R8uyo2bPI4iOALHoAJMcAka4B5YoAUweAav4B18aC/am/apfc1bC1o+cwj+QJv8AGRjnhY=</latexit>

kbP (f̂)k2
<latexit sha1_base64="e5PMPrnsfgDoO2wt4MynX7Jx7GM=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16CRahXkpSBT0WvXisYFuhCWGz3bRLN5uwuxFLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmBQmjUtn2t1FaW9/Y3CpvV3Z29/YPzMNqV8apwKSDYxaLhwBJwignHUUVIw+JICgKGOkF45uZ33skQtKY36tJQrwIDTkNKUZKS75ZdaeB3667I6SyMD9zp37TN2t2w57DWiVOQWpQoO2bX+4gxmlEuMIMSdl37ER5GRKKYkbyiptKkiA8RkPS15SjiEgvm9+eW6daGVhhLHRxZc3V3xMZiqScRIHujJAayWVvJv7n9VMVXnkZ5UmqCMeLRWHKLBVbsyCsARUEKzbRBGFB9a0WHiGBsNJxVXQIzvLLq6TbbDjnjebdRa11XcRRhmM4gTo4cAktuIU2dADDEzzDK7wZufFivBsfi9aSUcwcwR8Ynz9ZIpP9</latexit>

VarP (f̂) = VarO⇠P [f̂(O)]
<latexit sha1_base64="w4MLHQ0rHY94xD6hKYC9JIx6klY=">AAACJXicbVDLSsNAFJ34tr6qLt0MFqHdlEQFXSgU3bhrBfuAJpTJdGIHZ5IwcyOWkJ9x46+4caGI4MpfcdpmYVsPDBzOOZc79/ix4Bps+9taWFxaXlldWy9sbG5t7xR391o6ShRlTRqJSHV8opngIWsCB8E6sWJE+oK1/Yfrkd9+ZErzKLyDYcw8Se5DHnBKwEi94oUL7AmUTFtEZb1G2R0QSIOsgi/xlJPWXc0lbmTdPFGuV7xesWRX7THwPHFyUkI5Gr3ih9uPaCJZCFQQrbuOHYOXEgWcCpYV3ESzmNAHcs+6hoZEMu2l4yszfGSUPg4iZV4IeKz+nUiJ1HoofZOUBAZ61huJ/3ndBIJzL+VhnAAL6WRRkAgMER5VhvtcMQpiaAihipu/YjogilAwxRZMCc7syfOkdVx1TqrHt6el2lVexxo6QIeojBx0hmroBjVQE1H0jF7RO/qwXqw369P6mkQXrHxmH03B+vkFZ5qlxw==</latexit>

RP (f̂) = EO⇠P [`(f(P ), f̂(O))]
<latexit sha1_base64="voCwZi9bqUKb84ZH40KdwLQHLk4=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgpSElaQTdCUQR3jWIf0IQwmU7aoZMHMxOhhH6IG3/FjQtF3LgQ/BunbRbaemDgcM653LnHTxgV0jS/taXlldW19cJGcXNre2dX39tviTjlmDRxzGLe8ZEgjEakKalkpJNwgkKfkbY/vJr47QfCBY2jezlKiBuifkQDipFUkqfXineebTgDJLNgXIYX8NrLGo6gIbTHXYcwZgSGXT6BecJolMuup5fMijkFXCRWTkogh+3pn04vxmlIIokZEqJrmYl0M8QlxYyMi04qSILwEPVJV9EIhUS42fS4MTxWSg8GMVcvknCq/p7IUCjEKPRVMkRyIOa9ifif101lcO5mNEpSSSI8WxSkDMoYTpqCPcoJlmykCMKcqr9CPEAcYan6LKoSrPmTF0mrWrFqlertaal+mddRAIfgCBjAAmegDm6ADZoAg0fwDF7Bm/akvWjv2scsuqTlMwfgD7SvH1MSnwk=</latexit>

<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

` Fonction de coût

<latexit sha1_base64="5RIcYbkOJLMQHSr7WxHUmNKPWa4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQktSfOGq6MZlBfuAJobJdNIOnUnCzEQa2q7c+CtuXCji1m9w5984bbPQ6oGBwzn3cuccP2ZUKsv6MnJz8wuLS/nlwsrq2vqGublVl1EiMKnhiEWi6SNJGA1JTVHFSDMWBHGfkYbfuxr7jXsiJI3CW5XGxOWoE9KAYqS05Jm7DmHsAvYPYepwFEsVQWfYP0qdoVe+K3tm0SpZE8C/xM5IEWSoeuan045wwkmoMENStmwrVu4ACUUxI6OCk0gSI9xDHdLSNEScSHcwiTGC+1ppwyAS+oUKTtSfGwPEpUy5ryc5Ul05643F/7xWooJzd0DDOFEkxNNDQcKgDjvuBLapIFixVBOEBdV/hbiLBMJKN1fQJdizkf+Serlkn5ZObo6LlcusjjzYAXvgANjgDFTANaiCGsDgATyBF/BqPBrPxpvxPh3NGdnONvgF4+Mbt7WYBg==</latexit>

` : x, y 7! kx� yk22Décomposition biais-variance du risque dans le cas
<latexit sha1_base64="RCSwOFEJ5D92smjSoTcclEaN888=">AAACJnicbVDJSgNBEO1xjXGLevTSGISIEGaC2yUQ9OIxilkgE4eeTk/SpGehu0YMk3yNF3/Fi4eIiDc/xc5yiIkPCh7vVVFVz40EV2Ca38bS8srq2npqI725tb2zm9nbr6owlpRVaChCWXeJYoIHrAIcBKtHkhHfFazmdm9Gfu2JScXD4AF6EWv6pB1wj1MCWnIyxXunnLM7BBJvcIKL2Ab2DNJPqkQOZp1TbPfdGcHuO4XHgpPJmnlzDLxIrCnJoinKTmZot0Ia+ywAKohSDcuMoJkQCZwKNkjbsWIRoV3SZg1NA+Iz1UzGbw7wsVZa2AulrgDwWJ2dSIivVM93dadPoKPmvZH4n9eIwbtqJjyIYmABnSzyYoEhxKPMcItLRkH0NCFUcn0rph0iCQWdbFqHYM2/vEiqhbx1kT+/O8uWrqdxpNAhOkI5ZKFLVEK3qIwqiKIX9IaG6MN4Nd6NT+Nr0rpkTGcO0B8YP79woqSK</latexit>

RP (f̂) = VarP (f̂) + kbP (f̂)k22



Statistique et probabilités
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1. Motivation : estimation problems


2. Computing probabilities


3. Computing and controlling moments and tail 
probabilities



Univers et mesure de 
probabilité
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<latexit sha1_base64="qJnjVQdoVJfQRkyBz8p7859k43k=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPYUbcjkEv3oxgFkiG0NPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KsKGcSVq3zHLaSjTFIuK0GQ1vJn7ziWrDlHywo4SGAvclixnB1kmNzp2gfdwtlf2KPwVaJEFOypCj1i19dXqKpIJKSzg2ph34iQ0zrC0jnI6LndTQBJMh7tO2oxILasJseu0YHTulh2KlXUmLpurviQwLY0Yicp0C24GZ9ybif147tfFVmDGZpJZKMlsUpxxZhSavox7TlFg+cgQTzdytiAywxsS6gIouhGD+5UXSOK0EF5Xz+7Ny9TqPowCHcAQnEMAlVOEWalAHAo/wDK/w5invxXv3PmatS14+cwB/4H3+AGJxjwU=</latexit>

⌦
<latexit sha1_base64="KY2TZBR+SaOfy3knhA58iFqs1Uc=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQyCpzAjbseoF29GMAtkhtDTqSRNumeGXoQ45Eu8eFDEq5/izb+xk8xBow8KHu9VUVUvSjlT2vO+nMLS8srqWnG9tLG5tV12d3abKjGSQoMmPJHtiCjgLIaGZppDO5VARMShFY2up37rAaRiSXyvxymEggxi1meUaCt13fJloEykQOPgVsCAdN2KV/VmwH+Jn5MKylHvup9BL6FGQKwpJ0p1fC/VYUakZpTDpBQYBSmhIzKAjqUxEaDCbHb4BB9apYf7ibQVazxTf05kRCg1FpHtFEQP1aI3Ff/zOkb3L8KMxanRENP5or7hWCd4mgLuMQlU87ElhEpmb8V0SCSh2mZVsiH4iy//Jc3jqn9WPb07qdSu8jiKaB8doCPko3NUQzeojhqIIoOe0At6dR6dZ+fNeZ+3Fpx8Zg/9gvPxDVKZkuM=</latexit>

A ⇢ ⌦

<latexit sha1_base64="/fJu4Q0GCUow2P/6lSILHF6wxbI=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUVwVRLxhauiIC6r2Ac0oUymk3boZCbMTJQSsnfjr7hxoYhbf8Cdf+MkzUJbD1w4nHMv997jR5RIZdvfRmlhcWl5pbxaWVvf2Nwyt3fakscC4RbilIuuDyWmhOGWIoribiQwDH2KO/74MvM791hIwtmdmkTYC+GQkYAgqLTUN6vNczeEaoQgTa5SV5DhSEEh+EOu+kFym/bNml23c1jzxClIDRRo9s0vd8BRHGKmEIVS9hw7Ul4ChSKI4rTixhJHEI3hEPc0ZTDE0kvyX1JrXysDK+BCF1NWrv6eSGAo5ST0dWd2oZz1MvE/rxer4MxLCItihRmaLgpiailuZcFYAyIwUnSiCUSC6FstNIICIqXjq+gQnNmX50n7sO6c1I9vjmqNiyKOMtgDVXAAHHAKGuAaNEELIPAInsEreDOejBfj3fiYtpaMYmYX/IHx+QMgS5vE</latexit>

P : F ! R
<latexit sha1_base64="B+vkaZCvteQ1NUrodoNcVJcaMvs=">AAACDnicbVDLSgMxFM34rPVVdekmWAoVpMyIr2WrIC4r2Ad0hpJJb9vQTGZMMkIZ+gVu/BU3LhRx69qdf2PazkJbDwQO59xLzj1+xJnStv1tLSwuLa+sZtay6xubW9u5nd26CmNJoUZDHsqmTxRwJqCmmebQjCSQwOfQ8AdXY7/xAFKxUNzpYQReQHqCdRkl2kjtXMHthpJwjisuE9gNiO5TwpPr0ZGLq8XKoduDe2y3c3m7ZE+A54mTkjxKUW3nvtxOSOMAhKacKNVy7Eh7CZGaUQ6jrBsriAgdkB60DBUkAOUlk3NGuGCUDja5zBMaT9TfGwkJlBoGvpkc51Wz3lj8z2vFunvhJUxEsQZBpx91Y451iMfd4A6TQDUfGkKoZCYrpn0iCdWmwawpwZk9eZ7Uj0vOWen09iRfvkzryKB9dICKyEHnqIxuUBXVEEWP6Bm9ojfryXqx3q2P6eiCle7soT+wPn8At1+ang==</latexit>

8A 2 F , P (A) � 0
<latexit sha1_base64="6jwU8myOTPlaflR1gzl9korST/w=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKr4sQ9OLNCOYByRJmJ73JkJnZdWY2EJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13VxBzpo3rfjtLyyura+u5jfzm1vbObmFvv66jRFGo0YhHqhkQDZxJqBlmODRjBUQEHBrB4HbiN4agNIvkoxnF4AvSkyxklBgr+dVS+15Aj5zga+x1CkW37E6BF4mXkSLKUO0UvtrdiCYCpKGcaN3y3Nj4KVGGUQ7jfDvREBM6ID1oWSqJAO2n06PH+NgqXRxGypY0eKr+nkiJ0HokAtspiOnreW8i/ue1EhNe+SmTcWJA0tmiMOHYRHiSAO4yBdTwkSWEKmZvxbRPFKHG5pS3IXjzLy+S+mnZuyifP5wVKzdZHDl0iI5QCXnoElXQHaqiGqLoCT2jV/TmDJ0X5935mLUuOdnMAfoD5/MHc3WQmg==</latexit>

P (⌦) = 1
<latexit sha1_base64="arTrd1yjDgN75ilX1qUknXN2Ehg="></latexit>

Pour tout ensemble dénombrable d’événements disjoints A1, A2, . . . ,
<latexit sha1_base64="lzwAvI03zZsZxJiHIeNEriUMboQ="></latexit>

P

 
+1[

i=1

Ai

!
=

+1X

i=1

P (Ai)

Univers

Evénement

Ensemble des événements (tribu)

Mesure de probabilité

Stable par union dénombrable et

par passage au complémentaire

<latexit sha1_base64="cIqTvbn1Ye7ciOnb8GDszmK4zgk=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiTia1kUxJ0V7AOaUCbTm3bo5MHMRCihX+DGX3HjQhG3rt35N07aINp64MLhnHu59x4v5kwqy/oyFhaXlldWC2vF9Y3NrW1zZ7cpo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPLzG/dg5AsCu/UKAY3IP2Q+YwSpaWuWXYCogaU8PRq7MjEk6B+lPq44twE0CeHXbNkVa0J8Dyxc1JCOepd89PpRTQJIFSUEyk7thUrNyVCMcphXHQSCTGhQ9KHjqYhCUC66eSdMS5rpYf9SOgKFZ6ovydSEkg5CjzdmZ0qZ71M/M/rJMo/d1MWxomCkE4X+QnHKsJZNrjHBFDFR5oQKpi+FdMBEYQqnWBRh2DPvjxPmkdV+7R6cntcql3kcRTQPjpAFWSjM1RD16iOGoiiB/SEXtCr8Wg8G2/G+7R1wchn9tAfGB/f4smcoQ==</latexit>

F ⇢ P(⌦)



Variable aléatoire
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<latexit sha1_base64="qJnjVQdoVJfQRkyBz8p7859k43k=">AAAB7XicbVDJSgNBEK1xjXGLevTSGARPYUbcjkEv3oxgFkiG0NPpSdr0MnT3CGHIP3jxoIhX/8ebf2MnmYMmPih4vFdFVb0o4cxY3//2lpZXVtfWCxvFza3tnd3S3n7DqFQTWieKK92KsKGcSVq3zHLaSjTFIuK0GQ1vJn7ziWrDlHywo4SGAvclixnB1kmNzp2gfdwtlf2KPwVaJEFOypCj1i19dXqKpIJKSzg2ph34iQ0zrC0jnI6LndTQBJMh7tO2oxILasJseu0YHTulh2KlXUmLpurviQwLY0Yicp0C24GZ9ybif147tfFVmDGZpJZKMlsUpxxZhSavox7TlFg+cgQTzdytiAywxsS6gIouhGD+5UXSOK0EF5Xz+7Ny9TqPowCHcAQnEMAlVOEWalAHAo/wDK/w5invxXv3PmatS14+cwB/4H3+AGJxjwU=</latexit>

⌦Univers

Ensemble des événements (tribu) Stable par union dénombrable et

par passage au complémentaire

<latexit sha1_base64="cIqTvbn1Ye7ciOnb8GDszmK4zgk=">AAACDnicbVDLSsNAFJ34rPUVdelmsBTqpiTia1kUxJ0V7AOaUCbTm3bo5MHMRCihX+DGX3HjQhG3rt35N07aINp64MLhnHu59x4v5kwqy/oyFhaXlldWC2vF9Y3NrW1zZ7cpo0RQaNCIR6LtEQmchdBQTHFoxwJI4HFoecPLzG/dg5AsCu/UKAY3IP2Q+YwSpaWuWXYCogaU8PRq7MjEk6B+lPq44twE0CeHXbNkVa0J8Dyxc1JCOepd89PpRTQJIFSUEyk7thUrNyVCMcphXHQSCTGhQ9KHjqYhCUC66eSdMS5rpYf9SOgKFZ6ovydSEkg5CjzdmZ0qZ71M/M/rJMo/d1MWxomCkE4X+QnHKsJZNrjHBFDFR5oQKpi+FdMBEYQqnWBRh2DPvjxPmkdV+7R6cntcql3kcRTQPjpAFWSjM1RD16iOGoiiB/SEXtCr8Wg8G2/G+7R1wchn9tAfGB/f4smcoQ==</latexit>

F ⇢ P(⌦)

Variable aléatoire
<latexit sha1_base64="TJ+69ZlyY0rmlXZZrBsNavQOjW8=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHqpiTia1kUwWWFvqAJZTKdtEMnD2YmQgldu/FX3LhQxK1f4M6/cdIG0dYDFw7n3Mu993gxZ1JZ1pexsLi0vLJaWCuub2xubZs7u00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8obXmd+6p0KyKKyrUUzdAPdD5jOClZa65oETYDUgmKf1sSMTT1KFfqTauHxz3DVLVsWaAM0TOyclyFHrmp9OLyJJQENFOJayY1uxclMsFCOcjotOImmMyRD3aUfTEAdUuunklTE60koP+ZHQFSo0UX9PpDiQchR4ujO7Us56mfif10mUf+mmLIwTRUMyXeQnHKkIZbmgHhOUKD7SBBPB9K2IDLDAROn0ijoEe/bledI8qdjnlbO701L1Ko+jAPtwCGWw4QKqcAs1aACBB3iCF3g1Ho1n4814n7YuGPnMHvyB8fENUeiapw==</latexit>

T ⇢ P(E) Tribu sur l’espace d’arrivée

<latexit sha1_base64="e3y11CLvC7qF30wRz1uz30wgN1U=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEfOGqKII7K9gHNKFMppN06MwkzEyUErvwV9y4UMStv+HOv3HaZqGtBy4czrmXe+8JEkaVdpxvqzA3v7C4VFwurayurW/Ym1sNFacSkzqOWSxbAVKEUUHqmmpGWokkiAeMNIP+5chv3hOpaCzu9CAhPkeRoCHFSBupY++0zr0bTiIEPUmjnkZSxg/wqmOXnYozBpwlbk7KIEetY3953RinnAiNGVKq7TqJ9jMkNcWMDEteqkiCcB9FpG2oQJwoPxvfP4T7RunCMJamhIZj9fdEhrhSAx6YTo50T017I/E/r53q8MzPqEhSTQSeLApTBnUMR2HALpUEazYwBGFJza0Q95BEWJvISiYEd/rlWdI4rLgnlePbo3L1Io+jCHbBHjgALjgFVXANaqAOMHgEz+AVvFlP1ov1bn1MWgtWPrMN/sD6/AEpl5WS</latexit>

X : ⌦ ! E

<latexit sha1_base64="/apa2hIGx/mwWf4IlQglGSCEjZQ=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0WooCWR+lgWBXFZoS9oaplMJ+3QySTMTIQS8iNu/BU3LhRx4Ub8GydtEG09MHA4517m3OOGjEplWV9GbmFxaXklv1pYW9/Y3DK3d5oyiAQmDRywQLRdJAmjnDQUVYy0Q0GQ7zLSckdXqd+6J0LSgNfVOCRdHw049ShGSks9s+J4gUCMwbpDueMjNcSIxfXkyIHtu/jYTkr1Q6gt+ONdJ4WeWbTK1gRwntgZKYIMtZ754fQDHPmEK8yQlB3bClU3RkJRzEhScCJJQoRHaEA6mnLkE9mNJ9cl8EArfahj6scVnKi/N2LkSzn2XT2ZZpSzXir+53Ui5V10Y8rDSBGOpx95EYMqgGlVsE8FwYqNNUFYUJ0V4iESCCtdaFqCPXvyPGmelO2z8ultpVi9zOrIgz2wD0rABuegCm5ADTQABg/gCbyAV+PReDbejPfpaM7IdnbBHxif37XOoQw=</latexit>

8T 2 T , X�1(T ) 2 F

Loi de X (mesure de probabilité induite sur E)

<latexit sha1_base64="/fJu4Q0GCUow2P/6lSILHF6wxbI=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUVwVRLxhauiIC6r2Ac0oUymk3boZCbMTJQSsnfjr7hxoYhbf8Cdf+MkzUJbD1w4nHMv997jR5RIZdvfRmlhcWl5pbxaWVvf2Nwyt3fakscC4RbilIuuDyWmhOGWIoribiQwDH2KO/74MvM791hIwtmdmkTYC+GQkYAgqLTUN6vNczeEaoQgTa5SV5DhSEEh+EOu+kFym/bNml23c1jzxClIDRRo9s0vd8BRHGKmEIVS9hw7Ul4ChSKI4rTixhJHEI3hEPc0ZTDE0kvyX1JrXysDK+BCF1NWrv6eSGAo5ST0dWd2oZz1MvE/rxer4MxLCItihRmaLgpiailuZcFYAyIwUnSiCUSC6FstNIICIqXjq+gQnNmX50n7sO6c1I9vjmqNiyKOMtgDVXAAHHAKGuAaNEELIPAInsEreDOejBfj3fiYtpaMYmYX/IHx+QMgS5vE</latexit>

P : F ! RMesure de probabilité

<latexit sha1_base64="+AdrRImngoBNoLM+qe9dTmKSEkU=">AAACF3icbVDLSsNAFJ3UV62vqks3g0VoQUsivjZC0Y3LCmkbaGqYTCft0MkkzEyEEvIXbvwVNy4Ucas7/8Zpm4VWDwycOfde7rnHjxmVyjS/jMLC4tLySnG1tLa+sblV3t5pyygRmLRwxCLh+EgSRjlpKaoYcWJBUOgz0vFH15N6554ISSNuq3FMeiEacBpQjJSWvHLdDSKBGIO2S7kbIjXEiKV2dujCpudU7dolbFadu/TIyvSn5pUrZt2cAv4lVk4qIEfTK3+6/QgnIeEKMyRl1zJj1UuRUBQzkpXcRJIY4REakK6mHIVE9tLpXRk80EofaoP6cQWn6s+JFIVSjkNfd06cy/naRPyv1k1UcNFLKY8TRTieLQoSBlUEJyHBPhUEKzbWBGFBtVeIh0ggrHSUJR2CNX/yX9I+rltn9dPbk0rjKo+jCPbAPqgCC5yDBrgBTdACGDyAJ/ACXo1H49l4M95nrQUjn9kFv2B8fANvd52J</latexit>

8T 2 T , PX(T ) = P (X�1(T ))



Conditionnement, 
indépendance
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<latexit sha1_base64="mb+ACHZLRplE9Fg0NS84cyUl5No=">AAACDnicbZDLSgMxFIbPeK31NurSTbAU6qbMiDcEodaNywr2Ap1SMmmmDc1cSDJCGfsEbnwVNy4UcevanW9jpp2Fth5I+Pj/c0jO70acSWVZ38bC4tLyympuLb++sbm1be7sNmQYC0LrJOShaLlYUs4CWldMcdqKBMW+y2nTHV6nfvOeCsnC4E6NItrxcT9gHiNYaalrFmulKwc9OKh6iC4ukeMJTJJUIzjS2lizvrtmwSpbk0LzYGdQgKxqXfPL6YUk9mmgCMdStm0rUp0EC8UIp+O8E0saYTLEfdrWGGCfyk4yWWeMilrpIS8U+gQKTdTfEwn2pRz5ru70sRrIWS8V//PasfLOOwkLoljRgEwf8mKOVIjSbFCPCUoUH2nARDD9V0QGWCeidIJ5HYI9u/I8NI7K9mn55Pa4UKlmceRgHw6gBDacQQVuoAZ1IPAIz/AKb8aT8WK8Gx/T1gUjm9mDP2V8/gAxAJkV</latexit>

P (A | B) :=
P (A \B)

P (B)
<latexit sha1_base64="6nCwCKZn/JiYx4BJwWZadyMGjYw=">AAACIXicbVDJSgNBEO1xjXGLevTSGITkEmbEJRch6sVjRLNAJgw9nZ6kSU/P0F0jhCG/4sVf8eJBkdzEn7GzIJr4oODxXhVV9fxYcA22/WktLa+srq1nNrKbW9s7u7m9/bqOEkVZjUYiUk2faCa4ZDXgIFgzVoyEvmANv38z9huPTGkeyQcYxKwdkq7kAacEjOTlylVXsAAKrs+7lMReyl0u8f3wyuOu4t0eFPEldmMVdX6sasGYRS+Xt0v2BHiRODOSRzNUvdzI7UQ0CZkEKojWLceOoZ0SBZwKNsy6iWYxoX3SZS1DJQmZbqeTD4f42CgdHETKlAQ8UX9PpCTUehD6pjMk0NPz3lj8z2slEJTbKZdxAkzS6aIgERgiPI4Ld7hiFMTAEEIVN7di2iOKUDChZk0IzvzLi6R+UnLOS2d3p/nK9SyODDpER6iAHHSBKugWVVENUfSEXtAbereerVfrwxpNW5es2cwB+gPr6xsZwKLW</latexit>

P

 
\

i2S

Ai

!
=
Y

i2S

P (Ai)
<latexit sha1_base64="ez9sst+0UoOg/TTn6WzAKOpsolE=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVFVS8RorWBiLoA+piSrHdVurjhPZN0hV1D9g4VdYGECIlZWNv8FtM0DLkSwdnXOPfO8JYsE1OM63lVtaXlldy68XNja3tnfs3b2GjhJFWZ1GIlKtgGgmuGR14CBYK1aMhIFgzWB4PfGbD0xpHsl7GMXMD0lf8h6nBIzUsY+9XqSIEPgOezoJNAPspW4JV0peNwJdwtIblzzcsYtO2ZkCLxI3I0WUodaxv0yeJiGTQAXRuu06MfgpUcCpYOOCl2gWEzokfdY2VJKQaT+d3jPGR0bpYrOYeRLwVP2dSEmo9SgMzGRIYKDnvYn4n9dOoHfpp1zGCTBJZx/1EoEhwpNycJcrRkGMDCFUcbMrpgOiCAVTYcGU4M6fvEgalbJ7Xj67PS1Wr7I68ugAHaIT5KILVEU3qIbqiKJH9Ixe0Zv1ZL1Y79bHbDRnZZl99AfW5w/1I5q1</latexit>

8S ⇢ {1, 2, . . . , n},

<latexit sha1_base64="TJ+69ZlyY0rmlXZZrBsNavQOjW8=">AAACCnicbVDLSsNAFL3xWesr6tLNaBHqpiTia1kUwWWFvqAJZTKdtEMnD2YmQgldu/FX3LhQxK1f4M6/cdIG0dYDFw7n3Mu993gxZ1JZ1pexsLi0vLJaWCuub2xubZs7u00ZJYLQBol4JNoelpSzkDYUU5y2Y0Fx4HHa8obXmd+6p0KyKKyrUUzdAPdD5jOClZa65oETYDUgmKf1sSMTT1KFfqTauHxz3DVLVsWaAM0TOyclyFHrmp9OLyJJQENFOJayY1uxclMsFCOcjotOImmMyRD3aUfTEAdUuunklTE60koP+ZHQFSo0UX9PpDiQchR4ujO7Us56mfif10mUf+mmLIwTRUMyXeQnHKkIZbmgHhOUKD7SBBPB9K2IDLDAROn0ijoEe/bledI8qdjnlbO701L1Ko+jAPtwCGWw4QKqcAs1aACBB3iCF3g1Ho1n4814n7YuGPnMHvyB8fENUeiapw==</latexit>

T ⇢ P(E)
Tribus sur les espaces d’arrivée

<latexit sha1_base64="e3y11CLvC7qF30wRz1uz30wgN1U=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJVEfOGqKII7K9gHNKFMppN06MwkzEyUErvwV9y4UMStv+HOv3HaZqGtBy4czrmXe+8JEkaVdpxvqzA3v7C4VFwurayurW/Ym1sNFacSkzqOWSxbAVKEUUHqmmpGWokkiAeMNIP+5chv3hOpaCzu9CAhPkeRoCHFSBupY++0zr0bTiIEPUmjnkZSxg/wqmOXnYozBpwlbk7KIEetY3953RinnAiNGVKq7TqJ9jMkNcWMDEteqkiCcB9FpG2oQJwoPxvfP4T7RunCMJamhIZj9fdEhrhSAx6YTo50T017I/E/r53q8MzPqEhSTQSeLApTBnUMR2HALpUEazYwBGFJza0Q95BEWJvISiYEd/rlWdI4rLgnlePbo3L1Io+jCHbBHjgALjgFVXANaqAOMHgEz+AVvFlP1ov1bn1MWgtWPrMN/sD6/AEpl5WS</latexit>

X : ⌦ ! E
<latexit sha1_base64="ZH32BqckFwjCQxy23pyb8PqC3Eo=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURX7gqCuLOCvYhTSiT6SQdOpMJMxOlhIK/4saFIm79Dnf+jdM2C209cOFwzr3ce0+QMKq043xbhbn5hcWl4nJpZXVtfcPe3GookUpM6lgwIVsBUoTRmNQ11Yy0EkkQDxhpBv3Lkd98IFJREd/pQUJ8jqKYhhQjbaSOvXN/7t1wEiFP0qinkZTiEV517LJTccaAs8TNSRnkqHXsL68rcMpJrDFDSrVdJ9F+hqSmmJFhyUsVSRDuo4i0DY0RJ8rPxucP4b5RujAU0lSs4Vj9PZEhrtSAB6aTI91T095I/M9rpzo88zMaJ6kmMZ4sClMGtYCjLGCXSoI1GxiCsKTmVoh7SCKsTWIlE4I7/fIsaRxW3JPK8e1RuXqRx1EEu2APHAAXnIIquAY1UAcYZOAZvII368l6sd6tj0lrwcpntsEfWJ8/0oKVag==</latexit>

Y : ⌦ ! F
<latexit sha1_base64="ZQEYYBYobb63FK2Z8/8mvodWt+s=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSLUTUnE17IoiMuK9gFNKJPppB06k4SZiRBK/RU3LhRx64e482+ctllo64ELh3Pu5d57goQzpR3n21paXlldWy9sFDe3tnd27b39popTSWiDxDyW7QAryllEG5ppTtuJpFgEnLaC4fXEbz1SqVgcPegsob7A/YiFjGBtpK5d8u5ZX2DkqTRQVKN65ea4a5edqjMFWiRuTsqQo961v7xeTFJBI004VqrjOon2R1hqRjgdF71U0QSTIe7TjqERFlT5o+nxY3RklB4KY2kq0miq/p4YYaFUJgLTKbAeqHlvIv7ndVIdXvojFiWpphGZLQpTjnSMJkmgHpOUaJ4Zgolk5lZEBlhiok1eRROCO//yImmeVN3z6tndabl2lcdRgAM4hAq4cAE1uIU6NIBABs/wCm/Wk/VivVsfs9YlK58pwR9Ynz82wpPZ</latexit>

⌃ ⇢ P (F )

Indépendance mutuelle d’événements

Probabilité conditionnelle

Loi de probabilité conditionnelle

Origine des dépendances : Omega !
<latexit sha1_base64="bEvzht3d0BUfXPIYgxTxMIBB95Y="></latexit>

PX|Y (T |S) = P (X�1(T )|Y �1(S)) =
P (X�1(T ) \ Y �1(S))

P (Y �1(S))

<latexit sha1_base64="VUXgpSBFBqohEtFxgDwqHzcY4HA=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiRi1WXRjcsKfUETymQ6aYdOJmFmUiihf+LGhSJu/RN3/o2TNgttPTBwOOde7pkTJJwp7TjfVmljc2t7p7xb2ds/ODyyj086Kk4loW0S81j2AqwoZ4K2NdOc9hJJcRRw2g0mD7nfnVKpWCxaepZQP8IjwUJGsDbSwLZbHhPIi7AeE8yz1nxgV52aswBaJ25BqlCgObC/vGFM0ogKTThWqu86ifYzLDUjnM4rXqpogskEj2jfUIEjqvxskXyOLowyRGEszRMaLdTfGxmOlJpFgZnMI6pVLxf/8/qpDu/8jIkk1VSQ5aEw5UjHKK8BDZmkRPOZIZhIZrIiMsYSE23KqpgS3NUvr5POVc29qdWfrquN+6KOMpzBOVyCC7fQgEdoQhsITOEZXuHNyqwX6936WI6WrGLnFP7A+vwBWFaTfg==</latexit>

T 2 T
<latexit sha1_base64="Y/IOmo/5ivgOU13kuiY7/1bGaU8=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiTia1l047JS+4AklMl00g6dmYSZiVBCP8ONC0Xc+jXu/BunbRZaPXDhcM693HtPlHKmjet+OaWV1bX1jfJmZWt7Z3evun/Q0UmmCG2ThCeqF2FNOZO0bZjhtJcqikXEaTca38787iNVmiXywUxSGgo8lCxmBBsr+a2ASRS02FDgfrXm1t050F/iFaQGBZr96mcwSEgmqDSEY619z01NmGNlGOF0WgkyTVNMxnhIfUslFlSH+fzkKTqxygDFibIlDZqrPydyLLSeiMh2CmxGetmbif95fmbi6zBnMs0MlWSxKM44Mgma/Y8GTFFi+MQSTBSztyIywgoTY1Oq2BC85Zf/ks5Z3busX9yf1xo3RRxlOIJjOAUPrqABd9CENhBI4Ale4NUxzrPz5rwvWktOMXMIv+B8fAO0opDl</latexit>

S 2 ⌃

Variables aléatoires indépendantes
<latexit sha1_base64="hfP9HVY65rbsK5JlxIqhMLVBTeM=">AAACFnicbVDLSgMxFM3UV62vUZdugkVwUcuM+FoW3bis9AmdUu6kaRuayQxJRihDv8KNv+LGhSJuxZ1/Y6atoK0HAodz7iXnHj/iTGnH+bIyS8srq2vZ9dzG5tb2jr27V1dhLAmtkZCHsumDopwJWtNMc9qMJIXA57ThD29Sv3FPpWKhqOpRRNsB9AXrMQLaSB37xOuFEjjHVY8JLwA9IMCT6rjg4R+nkjoV1g+g0LHzTtGZAC8Sd0byaIZyx/70uiGJAyo04aBUy3Ui3U5AakY4Hee8WNEIyBD6tGWogICqdjI5a4yPjNLFJoV5QuOJ+nsjgUCpUeCbyTS4mvdS8T+vFeveVTthIoo1FWT6US/mWIc47Qh3maRE85EhQCQzWTEZgASiTZM5U4I7f/IiqZ8W3Yvi+d1ZvnQ9qyOLDtAhOkYuukQldIvKqIYIekBP6AW9Wo/Ws/VmvU9HM9ZsZx/9gfXxDcNknx8=</latexit>

8T 2 T , 8S 2 ⌃,
<latexit sha1_base64="2ccumuDvFJfpSBKHdWQ8DyFupMs=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFaKCURXxuh6MZlpG/aECbTSTt08mBmIpTQnRt/xY0LRdz6C+78GydtFtp6YODcc+7lzj1uxKiQhvGtLS2vrK6t5zbym1vbO7v63n5ThDHHpIFDFvK2iwRhNCANSSUj7YgT5LuMtNzRbeq3HggXNAzqchwR20eDgHoUI6kkRz+ynKRd7kyK9TKsleA1TGtVlSynU6yVHL1gVIwp4CIxM1IAGSxH/+r1Qxz7JJCYISG6phFJO0FcUszIJN+LBYkQHqEB6SoaIJ8IO5neMYEnSulDL+TqBRJO1d8TCfKFGPuu6vSRHIp5LxX/87qx9K7shAZRLEmAZ4u8mEEZwjQU2KecYMnGiiDMqforxEPEEZYqurwKwZw/eZE0TyvmReX8/qxQvcniyIFDcAyKwASXoArugAUaAINH8AxewZv2pL1o79rHrHVJy2YOwB9onz9hIZZ2</latexit>

PX,Y (T, S) = PX(T )PY (S)



Variables aléatoires réelles
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<latexit sha1_base64="97NlfWc98VRXwiDBWHXOP/02L5I=">AAAB/HicbZDLSsNAFIZPvNZ6i3bpZrAI7aYk4m0jFN24rGAv0IQwmU7boZMLMxNpCPVV3LhQxK0P4s63cdpmoa0/DHz85xzOmd+POZPKsr6NldW19Y3NwlZxe2d3b988OGzJKBGENknEI9HxsaSchbSpmOK0EwuKA5/Ttj+6ndbbj1RIFoUPKo2pG+BByPqMYKUtzyzFXqcyrqJr1NDgZGNnUvXMslWzZkLLYOdQhlwNz/xyehFJAhoqwrGUXduKlZthoRjhdFJ0EkljTEZ4QLsaQxxQ6Waz4yfoRDs91I+EfqFCM/f3RIYDKdPA150BVkO5WJua/9W6iepfuRkL40TRkMwX9ROOVISmSaAeE5QonmrARDB9KyJDLDBROq+iDsFe/PIytE5r9kXt/P6sXL/J4yjAERxDBWy4hDrcQQOaQCCFZ3iFN+PJeDHejY9564qRz5Tgj4zPH3Rsk2A=</latexit>

pX(x) = PX({x})
<latexit sha1_base64="17zzAQuiTkXp6NnYyqtqaSwxBTU=">AAACCHicbZDLSsNAFIYnXmu9RV26cLAI7aYk4m0jFAVxWcFeoAlhMp22QyeTODORhtilG1/FjQtF3PoI7nwbp20W2vrDwMd/zuHM+f2IUaks69uYm19YXFrOreRX19Y3Ns2t7boMY4FJDYcsFE0fScIoJzVFFSPNSBAU+Iw0/P7lqN64J0LSkN+qJCJugLqcdihGSlueuXflNYuDEjyHVQ1OmjjwwYGJw8gdHDjDkmcWrLI1FpwFO4MCyFT1zC+nHeI4IFxhhqRs2Vak3BQJRTEjw7wTSxIh3Edd0tLIUUCkm44PGcID7bRhJxT6cQXH7u+JFAVSJoGvOwOkenK6NjL/q7Vi1TlzU8qjWBGOJ4s6MYMqhKNUYJsKghVLNCAsqP4rxD0kEFY6u7wOwZ4+eRbqh2X7pHx8c1SoXGRx5MAu2AdFYINTUAHXoApqAINH8AxewZvxZLwY78bHpHXOyGZ2wB8Znz+Sh5fS</latexit>

FX(x) = PX({y | y  x})

<latexit sha1_base64="V8s/hXb6zujMiW8z9WQajZ4EvuQ=">AAACEXicbVDJSgNBEO2JW4xb1KOXxiDkFGbEDU9BEbwZxSyQCaGnU5M06VnorlHCkF/w4q948aCIV2/e/Bs7y0GjDwoe71VRVc+LpdBo219WZm5+YXEpu5xbWV1b38hvbtV0lCgOVR7JSDU8pkGKEKooUEIjVsACT0Ld65+P/PodKC2i8BYHMbQC1g2FLzhDI7XzxcapexVAl7lKdHvIlIru6QV1deJpQOoGDHuen94M2/mCXbLHoH+JMyUFMkWlnf90OxFPAgiRS6Z107FjbKVMoeAShjk30RAz3mddaBoasgB0Kx1/NKR7RulQP1KmQqRj9edEygKtB4FnOkcX6llvJP7nNRP0T1qpCOMEIeSTRX4iKUZ0FA/tCAUc5cAQxpUwt1LeY4pxNCHmTAjO7Mt/SW2/5ByVDq8PCuWzaRxZskN2SZE45JiUySWpkCrh5IE8kRfyaj1az9ab9T5pzVjTmW3yC9bHN3RInXA=</latexit>

X : ⌦ ! E ⇢ R

Fonction de répartition

Fonction de masse

Densité de probabilité

Espérance (intégrale de Lebesgue)

<latexit sha1_base64="QHB31McErtUDIfOFS9YSvSPvLAs=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUnE10YoCuKygm0DbQiTyaQdOnkwMxFLCG78FTcuFHHrV7jzb5w+Ftp64MLhnHu59x4/5Uwqy/o25uYXFpeWSyvl1bX1jU1za7spk0wQ2iAJT4TjY0k5i2lDMcWpkwqKI5/Tlt+/GvqteyokS+I7NUipG+FuzEJGsNKSZ+6mXh44BbpAnVBgkgfXnlPkwUOBPLNiVa0R0CyxJ6QCE9Q986sTJCSLaKwIx1K2bStVbo6FYoTTotzJJE0x6eMubWsa44hKNx+9UKADrQQoTISuWKGR+nsix5GUg8jXnRFWPTntDcX/vHamwnM3Z3GaKRqT8aIw40glaJgHCpigRPGBJpgIpm9FpId1FEqnVtYh2NMvz5LmUdU+rZ7cHldql5M4SrAH+3AINpxBDW6gDg0g8AjP8ApvxpPxYrwbH+PWOWMyswN/YHz+AJ+hlvQ=</latexit>

pdX =
dFX

dx
<latexit sha1_base64="PLwtWcRKVHHva9T3K5iNXdarBeA=">AAAB/nicbVDLSsNAFJ34rPUVFVduBotQNyURXxuhKILLCrYNpCFMJpN26GQSZibSEgr+ihsXirj1O9z5N07bLLT1wIXDOfdy7z1ByqhUlvVtLCwuLa+sltbK6xubW9vmzm5LJpnApIkTlggnQJIwyklTUcWIkwqC4oCRdtC/GfvtRyIkTfiDGqbEi1GX04hipLTkm/u3ruPBK9ihXOWDhu9Uw8HxyDcrVs2aAM4TuyAVUKDhm1+dMMFZTLjCDEnp2laqvBwJRTEjo3InkyRFuI+6xNWUo5hIL5+cP4JHWglhlAhdXMGJ+nsiR7GUwzjQnTFSPTnrjcX/PDdT0aWXU55minA8XRRlDKoEjrOAIRUEKzbUBGFB9a0Q95BAWOnEyjoEe/bledI6qdnntbP700r9uoijBA7AIagCG1yAOrgDDdAEGOTgGbyCN+PJeDHejY9p64JRzOyBPzA+fwCb45Sk</latexit>

E[X] =

Z
xPX(dx)

<latexit sha1_base64="A7X0VC2tG8ob5UCObe93yL8oqN8=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1iEuimJ+NoIRRFcVrAPSEOZTCbt0MkkzEykJQQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89XsyoVJb1bRQWFpeWV4qrpbX1jc0tc3unKaNEYNLAEYtE20OSMMpJQ1HFSDsWBIUeIy1vcD32Ww9ESBrxezWKiRuiHqcBxUhpqWvu3ThtF17CDuUqHcbd1G9nleGRP8y6ZtmqWhPAeWLnpAxy1LvmV8ePcBISrjBDUjq2FSs3RUJRzEhW6iSSxAgPUI84mnIUEummkxcyeKgVHwaR0MUVnKi/J1IUSjkKPd0ZItWXs95Y/M9zEhVcuCnlcaIIx9NFQcKgiuA4D+hTQbBiI00QFlTfCnEfCYSVTq2kQ7BnX54nzeOqfVY9vTsp167yOIpgHxyACrDBOaiBW1AHDYDBI3gGr+DNeDJejHfjY9paMPKZXfAHxucPSQKWwA==</latexit>

E[X] =

Z
xpdX(x)dx Cas continu

Cas discret
<latexit sha1_base64="7bcFJzOUkG5b893UXwXWzIVbtQw=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkoivjZCUQSXFWwbSEOYTCft0JkkzEykJQTc+CtuXCji1p9w5984fSy09cCFwzn3cu89QcKoVJb1bRQWFpeWV4qrpbX1jc0tc3unKeNUYNLAMYuFEyBJGI1IQ1HFiJMIgnjASCvoX4/81gMRksbRvRomxOOoG9GQYqS05Jt7N67jwUvYlin3s0GeDRI/c/LK4Cj3zbJVtcaA88SekjKYou6bX+1OjFNOIoUZktK1rUR5GRKKYkbyUjuVJEG4j7rE1TRCnEgvG/+Qw0OtdGAYC12RgmP190SGuJRDHuhOjlRPznoj8T/PTVV44WU0SlJFIjxZFKYMqhiOAoEdKghWbKgJwoLqWyHuIYGw0rGVdAj27MvzpHlctc+qp3cn5drVNI4i2AcHoAJscA5q4BbUQQNg8AiewSt4M56MF+Pd+Ji0FozpzC74A+PzB2Jvl2M=</latexit>

E[X] =
X

x

xpX(x)



4.3

Soient a et b deux réels tels que a < b et soit X une variable aléatoire réelle de loi uniforme

sur l’intervalle [a, b]. Soit c un réel de l’intervalle [a, b].

1) Quelle est la probabilité que X soit supérieur à c ? Et celle que X soit strictement

supérieur à c ?

Les deux probabilités sont identiques et valent
b�c
b�a .

4.4

On a représente sur le graphe ci-dessous la densité de probabilité d’une variable aléatoire

réelle X.

1) La densité de probabilité de X prend une valeur supérieure 1 en X = 0.4. Cela vous

parait-il normal ? Justifiez votre réponse.

L’aire sous la courbe doit être égale à 1 mais la densité en un point particulier peut être

supérieure et même arbitrairement grande.

Soit x une réalisation de X.

2) Quelle est la probabilité d’avoir x = 0.1 ? Quelle est la probabilité d’avoir x = 0.4 ? Est

il plus probable d’observer x = 0.4 ou x = 0.1 ? A quel point (approximativement) ?

La probabilité que x soit 0.1 ou 0.4 est 0. Par contre, il est environ 5 fois plus probable

d’observer X = 0.4 que x = 0.1.
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Soient a et b deux réels tels que a < b et soit X une variable aléatoire réelle de loi uniforme

sur l’intervalle [a, b]. Soit c un réel de l’intervalle [a, b].

1) Quelle est la probabilité que X soit supérieur à c ? Et celle que X soit strictement

supérieur à c ?

Les deux probabilités sont identiques et valent
b�c
b�a .

4.4

On a représente sur le graphe ci-dessous la densité de probabilité d’une variable aléatoire

réelle X.

1) La densité de probabilité de X prend une valeur supérieure 1 en X = 0.4. Cela vous

parait-il normal ? Justifiez votre réponse.

L’aire sous la courbe doit être égale à 1 mais la densité en un point particulier peut être

supérieure et même arbitrairement grande.
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il plus probable d’observer x = 0.4 ou x = 0.1 ? A quel point (approximativement) ?
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d’observer X = 0.4 que x = 0.1.

9

42



4.3

Soient a et b deux réels tels que a < b et soit X une variable aléatoire réelle de loi uniforme

sur l’intervalle [a, b]. Soit c un réel de l’intervalle [a, b].

1) Quelle est la probabilité que X soit supérieur à c ? Et celle que X soit strictement

supérieur à c ?

Les deux probabilités sont identiques et valent
b�c
b�a .

4.4

On a représente sur le graphe ci-dessous la densité de probabilité d’une variable aléatoire

réelle X.

1) La densité de probabilité de X prend une valeur supérieure 1 en X = 0.4. Cela vous

parait-il normal ? Justifiez votre réponse.

L’aire sous la courbe doit être égale à 1 mais la densité en un point particulier peut être

supérieure et même arbitrairement grande.

Soit x une réalisation de X.

2) Quelle est la probabilité d’avoir x = 0.1 ? Quelle est la probabilité d’avoir x = 0.4 ? Est

il plus probable d’observer x = 0.4 ou x = 0.1 ? A quel point (approximativement) ?

La probabilité que x soit 0.1 ou 0.4 est 0. Par contre, il est environ 5 fois plus probable

d’observer X = 0.4 que x = 0.1.
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Plusieurs variables 
aléatoires réelles
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Fonction de répartition (jointe)

Fonction de masse (jointe)

Densité de probabilité (jointe)

Espérance

Cas continu

Cas discret

<latexit sha1_base64="oneol0U+NKEJ3R9O2FzaaVQhnYE="></latexit>

X = (X1, X2, . . . , Xn) : ⌦ ! Rn

<latexit sha1_base64="RZG0FHR6MHbnCKOp5PgGBkOb1zg=">AAACNXicbVDLSgMxFM3UV62vqks3wSK0UMpM8bURim5cuKhgH9ApQybNtKGZzJBkpGWYn3Ljf7jShQtF3PoLpg/Rth4IHM45l9x73JBRqUzzxUgtLa+srqXXMxubW9s72d29ugwigUkNBywQTRdJwignNUUVI81QEOS7jDTc/tXIb9wTIWnA79QwJG0fdTn1KEZKS072JnRi20eq53pxM0nyA8cqDpxy0e4EShbhwOEFeAGrsy E7/onB35ydFJxsziyZY8BFYk1JDkxRdbJPeh5HPuEKMyRlyzJD1Y6RUBQzkmTsSJIQ4T7qkpamHPlEtuPx1Qk80koHeoHQjys4Vv9OxMiXcui7OjnaXc57I/E/rxUp77wdUx5GinA8+ciLGFQBHFUIO1QQrNhQE4QF1btC3EMCYaWLzugSrPmTF0m9XLJOSye3x7nK5bSONDgAhyAPLHAGKuAaVEENYPAAnsEbeDcejVfjw/icRFPGdGYfzMD4+gYdTKpm</latexit>

pX(x1, x2, . . . , xn) = PX({x1, x2, . . . , xn})
<latexit sha1_base64="xx7JTUFJWGqgxxUw5K4idGyDQ9Y="></latexit>

FX(x1, x2, . . . , xn) = PX({y1, y2, . . . , yn | y1  x1, y2  x2, . . . , yn  xn})
<latexit sha1_base64="cFvvmM74Biyyr935v2WhGOuXMTE=">AAACYXicbVFdS8MwFE3r9/yq89GX4BAUZLTiFz4NBfFRwelgHSVNUw1L05CkslH6J33zxRf/iLdz4Me8EDick3tu7kmsBDfW998cd25+YXFpeaWxura+seltNR9MXmjKujQXue7FxDDBJetabgXrKc1IFgv2GA+vav3xhWnDc3lvx4oNMvIkecopsUBF3khFZRJmxD7Hadmrqgs8ioLDUXR0GCa5NYAkBlkZm+Mw1YSWoSLaci LwdVT+aKy+BXBIwGFigAHJan/G9CDyWn7bnxSeBcEUtNC0biPvFZppkTFpqSDG9ANf2UFZz6SCVY2wMEwROiRPrA9QkoyZQTlJqMJ7wCQ4zTUcafGE/dlRksyYcRbDzXol81eryf+0fmHT80HJpSosk/RrUFoIDHHVceOEa0atGAMgVHN4K6bPBHK08CkNCCH4u/IseDhqB6ftk7vjVudyGscy2kG7aB8F6Ax10A26RV1E0bsz76w7G86Hu+J6bvPrqutMe7bRr3J3PgGeZLc5</latexit>

pdX : x1, x2, . . . , xn 7! @FX

@x1dx2 . . . dxn
(x1, x2, . . . , xn)

<latexit sha1_base64="MG02ThxIlM4LdP9doqOftqSZtsA="></latexit>

E[f(X)] =
X

x1

X

x2

· · ·
X

xn

f(x1, x2, . . . , xn)pX(x1, x2, . . . , xn)

<latexit sha1_base64="zf3FoWOB/BvHDi/awdkW/Hl3t4E="></latexit>

E[f(X)] =

Z

x1

Z

x2

· · ·
Z

xn

f(x1, x2, . . . , xn)pdX(x1, x2, . . . , xn)dx1dx2 . . . dxn

Origine des dépendances : Omega !

<latexit sha1_base64="y0zhxMcIdqCtXtgmNaOsDrUUQug=">AAACDHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIL1wV3bisYh/QGUsmzbShmcyQZJQy9APc+CtuXCji1g9w59+YaQtq64HA4Zxzyb3HjzlT2ra/rNzc/MLiUn65sLK6tr5R3NyqqyiRhNZIxCPZ9LGinAla00xz2owlxaHPacPvX2R+445KxSJxowcx9ULcFSxgBGsjtYul4MwNse75QXo9vBWuZN2exlJG9z+ySdllewQ0S5wJKcEE1Xbx0+1EJAmp0IRjpVqOHWsvxVIzwumw4CaKxpj0cZe2DBU4pMpLR8cM0Z5ROiiIpHlCo5H6eyLFoVKD0DfJbEM17WXif14r0cGplzIRJ5oKMv4oSDjSEcqaQR0mKdF8YAgmkpldEelhiYk2/RVMCc70ybOkflB2jstHV4elyvmkjjzswC7sgwMnUIFLqEINCDzAE7zAq/VoPVtv1vs4mrMmM9vwB9bHNyH0nFQ=</latexit>

f : Rn ! R
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Modèles graphiques

p(X1, X2, . . . , Xn) =
nY

i=1

P (Xi|X⇡i)
<latexit sha1_base64="YgRnz6suJiyNYpTdrgYaa/UU6U8="></latexit>



Statistique et probabilités
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1. Motivation : estimation problems


2. Computing probabilities


3. Computing and controlling moments and tail 
probabilities



Moments
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Linéarité de l’espérance

Variance
Moment
Moment centré
Covariance

<latexit sha1_base64="tyscH4K0p42Q7KZjJzsanUau2KI=">AAACI3icbZDLSsNAFIYn9VbrrerSzWAR6qYk4g1BEKXgUsFqIYlhMp20QyeTMHMilNB3ceOruHGhiBsXvouT2oW2Hhj4+b9zOHP+MBVcg21/WqWZ2bn5hfJiZWl5ZXWtur5xq5NMUdaiiUhUOySaCS5ZCzgI1k4VI3Eo2F3Yvyj43QNTmifyBgYp82PSlTzilICxgupJ0xMsAtfTWRzk/NQZ3sucBLwd8KGneLcH/in+DQ1r1g3drQTVmt2wR4WnhTMWNTSuq6D67nUSmsVMAhVEa9exU/BzooBTwYYVL9MsJbRPusw1UpKYaT8f3TjEO8bp4ChR5knAI/f3RE5irQdxaDpjAj09yQrzP+ZmEB37OZdpBkzSn0VRJjAkuAgMd7hiFMTACEIVN3/FtEcUoWBiLUJwJk+eFrd7DeewcXC9Xzs7H8dRRltoG9WRg47QGbpEV6iFKHpEz+gVvVlP1ov1bn38tJas8cwm+lPW1zfQpaRU</latexit>

E

"
nX

i=1

aiXi

#
=

nX

i=1

aiE(Xi)

<latexit sha1_base64="bdjrnxNfHxVBfB2yQe/XgkdYPN0=">AAACCHicbZC7SgNBFIZn4y3GW9TSwsEgxMKwG7w1QlAClhFMsrBZw+xkNhkye2HmrBiWlDa+io2FIrY+gp1v4+RSaPSHgY//nMOZ83ux4ApM88vIzM0vLC5ll3Mrq2vrG/nNrYaKEklZnUYikrZHFBM8ZHXgIJgdS0YCT7Cm178c1Zt3TCoehTcwiJkbkG7IfU4JaKud320BuwcZpA0ih47t4nNcdYr2YVXzwW3ZbecLZskcC/8FawoFNFWtnf9sdSKaBCwEKohSjmXG4KZEAqeCDXOtRLGY0D7pMkdjSAKm3HR8yBDva6eD/UjqFwIeuz8nUhIoNQg83RkQ6KnZ2sj8r+Yk4J+5KQ/jBFhIJ4v8RGCI8CgV3OGSURADDYRKrv+KaY9IQkFnl9MhWLMn/4VGuWSdlI6vjwqVi2kcWbSD9lARWegUVdAVqqE6ougBPaEX9Go8Gs/Gm/E+ac0Y05lt9EvGxzdzOZhR</latexit>

Var[X] = E[(X � E[X])2]
<latexit sha1_base64="NV987KfFTxluU5j9G2V+sIQ+J0Y=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2NQBI8RzAM2a5idzCZjZmeWmVkhLPkHLx4U8er/ePNvnCR70MSChqKqm+6uMOFMG9f9dgpLyyura8X10sbm1vZOeXevqWWqCG0QyaVqh1hTzgRtGGY4bSeK4jjktBUOryd+64kqzaS4N6OEBjHuCxYxgo2Vmjd++2EYdMsVt+pOgRaJl5MK5Kh3y1+dniRpTIUhHGvte25iggwrwwin41In1TTBZIj71LdU4JjqIJteO0ZHVumhSCpbwqCp+nsiw7HWozi0nTE2Az3vTcT/PD810WWQMZGkhgoyWxSlHBmJJq+jHlOUGD6yBBPF7K2IDLDCxNiASjYEb/7lRdI8qXrn1bO700rtKo+jCAdwCMfgwQXU4Bbq0AACj/AMr/DmSOfFeXc+Zq0FJ5/Zhz9wPn8AJsmO3g==</latexit>

E[Xk]
<latexit sha1_base64="/j+A4gN1LjixtQhXKMrPFr1zPOc=">AAAB9HicbVBNS8NAEJ34WetX1aOXxSLUgyURv45FKXisYNtAGstmu2mXbjZxd1Mopb/DiwdFvPpjvPlv3LY5aOuDgcd7M8zMCxLOlLbtb2tpeWV1bT23kd/c2t7ZLeztN1ScSkLrJOaxdAOsKGeC1jXTnLqJpDgKOG0G/duJ3xxQqVgsHvQwoX6Eu4KFjGBtJL/qldzTquf6J499v10o2mV7CrRInIwUIUOtXfhqdWKSRlRowrFSnmMn2h9hqRnhdJxvpYommPRxl3qGChxR5Y+mR4/RsVE6KIylKaHRVP09McKRUsMoMJ0R1j01703E/zwv1eG1P2IiSTUVZLYoTDnSMZokgDpMUqL50BBMJDO3ItLDEhNtcsqbEJz5lxdJ46zsXJYv7s+LlZssjhwcwhGUwIErqMAd1KAOBJ7gGV7hzRpYL9a79TFrXbKymQP4A+vzB/6CkPc=</latexit>

E[(X � E[X])k]
<latexit sha1_base64="sOyROvbzyv4TIrMfGUddhxvdMfw=">AAACEHicbVDLSgMxFM3UV62vqks3wSJOQcuM+NoIRRFcVrDtlOlQMmmqwcyD5I5Yhn6CG3/FjQtF3Lp059+YtrPQ6oHLPZxzL8k9fiy4Asv6MnJT0zOzc/n5wsLi0vJKcXWtoaJEUlankYik4xPFBA9ZHTgI5sSSkcAXrOnfng395h2TikfhFfRj5gXkOuQ9TgloqVPcbgO7BxmkZ9HdwHR2WmV8gs9d09k9dx2vbLZ0b3llr1MsWRVrBPyX2BkpoQy1TvGz3Y1oErAQqCBKubYVg5cSCZwKNii0E8ViQm/JNXM1DUnAlJeODhrgLa10cS+SukLAI/XnRkoCpfqBrycDAjdq0huK/3luAr1jL+VhnAAL6fihXiIwRHiYDu5yySiIviaESq7/iukNkYSCzrCgQ7AnT/5LGnsV+7BycLlfqp5mceTRBtpEJrLREaqiC1RDdUTRA3pCL+jVeDSejTfjfTyaM7KddfQLxsc3itKaWw==</latexit>

Cov(X,Y ) = E[(X � E[X])(Y � E[Y ])]

Bilinéarité de la covariance
<latexit sha1_base64="Tmf+FFIbwth08RkOjMW1uve+ItI="></latexit>

Cov

0

@
nX

i=1

aiXi,
mX

j=1

bjYj

1

A =
nX

i=1

mX

j=1

aibjCov(Xi, Yj)
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<latexit sha1_base64="72JuNdNqa6WY3V1U80pG34E7RoE=">AAACD3icbZDLSsNAFIYn9VbrrerSzWBR2k1JxNumUBTBZQV7kTSUyXTSDp1MwsxEGmLfwI2v4saFIm7duvNtnKZdaOsPAx//OYcz53dDRqUyzW8js7C4tLySXc2trW9sbuW3dxoyiAQmdRywQLRcJAmjnNQVVYy0QkGQ7zLSdAeX43rznghJA36r4pA4Pupx6lGMlLY6+UOvGJdgBV7ZrYe7SuxobFOukmGtk6TOqNgdlkadfMEsm6ngPFhTKICpap38V7sb4MgnXGGGpLQtM1ROgoSimJFRrh1JEiI8QD1ia+TIJ9JJ0ntG8EA7XegFQj+uYOr+nkiQL2Xsu7rTR6ovZ2tj87+aHSnv3EkoDyNFOJ4s8iIGVQDH4cAuFQQrFmtAWFD9V4j7SCCsdIQ5HYI1e/I8NI7K1mn55Oa4UL2YxpEFe2AfFIEFzkAVXIMaqAMMHsEzeAVvxpPxYrwbH5PWjDGd2QV/ZHz+AF3tmwk=</latexit>

f(y) = E[X|Y = y] =

Z
xPX|Y=y(dx)

<latexit sha1_base64="tCzYmXyoi4v9id/e6DXHYgDhK9s=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuCqJeNsIRSm4rGAvkoYymU7aoZNJmJkUSuybuHGhiFvfxJ1v47TNQqs/DHz85xzOmT9IOFPacb6swtLyyupacb20sbm1vWPv7jVVnEpCGyTmsWwHWFHOBG1opjltJ5LiKOC0FQxvpvXWiErFYnGvxwn1I9wXLGQEa2N1bbvmtX10hWqegccH3+/aZafizIT+gptDGXLVu/ZnpxeTNKJCE46V8lwn0X6GpWaE00mpkyqaYDLEfeoZFDiiys9ml0/QkXF6KIyleUKjmftzIsORUuMoMJ0R1gO1WJua/9W8VIeXfsZEkmoqyHxRmHKkYzSNAfWYpETzsQFMJDO3IjLAEhNtwiqZENzFL/+F5knFPa+c3Z2Wq9d5HEU4gEM4BhcuoAq3UIcGEBjBE7zAq5VZz9ab9T5vLVj5zD78kvXxDYI9kk4=</latexit>

E[X] = E[E[X|Y ]]

<latexit sha1_base64="/SNk3W7dCVBD9vJlNw39SWQgPd4=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAI7cI6I942QlEKLivYOjIdSyZNazBzITkjDtM+hhtfxY0LRdx259uY1i609YfAz3fO4eT8XiS4AtP8MjIzs3PzC9nF3NLyyupafn2jocJYUlanoQil7RHFBA9YHTgIZkeSEd8T7Nq7Px/Wrx+YVDwMriCJmOuTbsA7nBLQqJXf6xaTEj7FTWCPIP20QWTfsXs3p4mradUp2rtVx3ZLt/s9PIStfMEsmyPhaWONTQGNVWvlB812SGOfBUAFUcqxzAjclEjgVLB+rhkrFhF6T7rM0TYgPlNuOjqsj3c0aeNOKPULAI/o74mU+Eolvqc7fQJ3arI2hP/VnBg6J27KgygGFtCfRZ1YYAjxMCXc5pJREIk2hEqu/4rpHZGEgs4yp0OwJk+eNo39snVUPrw8KFTOxnFk0RbaRkVkoWNUQReohuqIoif0gt7Qu/FsvBofxudPa8YYz2yiPzIG3+45ndU=</latexit>

g(y) = Var[X|Y = y] = E[(X � E[X])2|Y = y]

Espérance conditionnelle

Variance conditionnelle

Loi de l’espérance totale

Loi de la covariance totale
<latexit sha1_base64="npWSMQY4y1z4XKNc+/Q6OO5J+10=">AAACMnicbVDLSgMxFM3UV62vUZdugkUQLGVGRN0IRRF0p2B16nQomTRtQzMPkjtiGftNbvwSwYUuFHHrR5ipXdjWAyGHc+4hucePBVdgWa9Gbmp6ZnYuP19YWFxaXjFX165VlEjKqjQSkXR8opjgIasCB8GcWDIS+ILd+N2TzL+5Y1LxKLyCXsy8gLRD3uKUgJYa5nkd2D3IID2J7vquU6p5+AiPaKeu83DrlfCpW9O3h3c0Gw9lRsMsWmVrADxJ7CEpoiEuGuZzvRnRJGAhUEGUcm0rBi8lEjgVrF+oJ4rFhHZJm7mahiRgyksHK/fxllaauBVJfULAA/VvIiWBUr3A15MBgY4a9zLxP89NoHXopTyME2Ah/X2olQgMEc76w00uGQXR04RQyfVfMe0QSSjolgu6BHt85UlyvVu298v7l3vFyvGwjjzaQJtoG9noAFXQGbpAVUTRI3pB7+jDeDLejE/j63c0Zwwz62gExvcPTs+qMA==</latexit>

Cov[X,Y ] = Cov[E[X|Z], E[Y |Z]] + E[Cov[X,Y |Z]]
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1. Motivation : estimation problems


2. Computing probabilities


3. Computing and controlling moments and tail 
probabilities


