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1. Optimisation sans contraintes


2. Optimisation sous contraintes


3. Analyse convexe et dualité



Optimisation sous 
contraintes

x⇤ est une solution locale du problème ssi x⇤ 2 ⌦ et il existe un ensemble
ouvert U ⇢ Rn contenant x⇤ tel que pour tout x 2 U \ ⌦, f(x⇤)  f(x)

<latexit sha1_base64="bpdHvf1gjraz4XPLxrVScfFercI="></latexit>
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<latexit sha1_base64="rFGrWAE6m/7RVqAWsehW1Sp1bks="></latexit>

min
x2Rn

f(x) subject to

⇢
ci(x) = 0, i 2 E
ci(x)  0, i 2 I

<latexit sha1_base64="K/ymcn2gi0VW6VBqXJqf6pVdfYI="></latexit>

⌦ = {x 2 Rn | pour tout i 2 E , ci(x) = 0, pour tout j 2 I, cj(x)  0}



Condition nécessaire 
d’optimalité: intuition
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Definition 12.1.
The active set A(x) at any feasible x consists of the equality constraint indices from E

together with the indices of the inequality constraints i for which ci (x) ! 0; that is,

A(x) ! E ∪ {i ∈ I | ci (x) ! 0}.

At a feasible point x , the inequality constraint i ∈ I is said to be active if ci (x) ! 0
and inactive if the strict inequality ci (x) > 0 is satisfied.

A SINGLE EQUALITY CONSTRAINT

❏ EXAMPLE 12.1

Our first example is a two-variable problem with a single equality constraint:

min x1 + x2 s.t. x2
1 + x2

2 − 2 ! 0 (12.9)

(see Figure 12.3). In the language of (12.1), we have f (x) ! x1 + x2, I ! ∅, E ! {1}, and
c1(x) ! x2

1 + x2
2 − 2. We can see by inspection that the feasible set for this problem is the

circle of radius
√

2 centered at the origin—just the boundary of this circle, not its interior.
The solution x∗ is obviously (−1,−1)T . From any other point on the circle, it is easy to
find a way to move that stays feasible (that is, remains on the circle) while decreasing f .
For instance, from the point x ! (

√
2, 0)T any move in the clockwise direction around the

circle has the desired effect.
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Figure 12.3
Problem (12.9), showing
constraint and function
gradients at various feasible
points.
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We also see from Figure 12.3 that at the solution x∗, the constraint normal ∇c1(x∗) is
parallel to ∇ f (x∗). That is, there is a scalar λ∗

1 (in this case λ∗
1 # −1/2) such that

∇ f (x∗) # λ∗
1∇c1(x∗). (12.10)

❐

We can derive (12.10) by examining first-order Taylor series approximations to the
objective and constraint functions. To retain feasibility with respect to the function c1(x) #
0, we require any small (but nonzero) step s to satisfy that c1(x + s) # 0; that is,

0 # c1(x + s) ≈ c1(x) + ∇c1(x)T s # ∇c1(x)T s. (12.11)

Hence, the step s retains feasibility with respect to c1, to first order, when it satisfies

∇c1(x)T s # 0. (12.12)

Similarly, if we want s to produce a decrease in f , we would have so that

0 > f (x + s) − f (x) ≈ ∇ f (x)T s,

or, to first order,

∇ f (x)T s < 0. (12.13)

Existence of a small step s that satisfies both (12.12) and (12.13) strongly suggests existence
of a direction d (where the size of d is not small; we could have d ≈ s/∥s∥ to ensure that
the norm of d is close to 1) with the same properties, namely

∇c1(x)T d # 0 and ∇ f (x)T d < 0. (12.14)

If, on the other hand, there is no direction d with the properties (12.14), then is it likely that
we cannot find a small step s with the properties (12.12) and (12.13). In this case, x∗ would
appear to be a local minimizer.

By drawing a picture, the reader can check that the only way that a d satisfying (12.14)
does not exist is if ∇ f (x) and ∇c1(x) are parallel, that is, if the condition ∇ f (x) # λ1∇c1(x)
holds at x , for some scalar λ1. If in fact ∇ f (x) and ∇c1(x) are not parallel, we can set

d̄ # −
(

I − ∇c1(x)∇c1(x)T

∥∇c1(x)∥2

)
∇ f (x); d # d̄

∥d̄∥
. (12.15)

It is easy to verify that this d satisfies (12.14).
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Cas d’une seule 
contrainte d’égalité
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f : x1, x2 7! x1 + x2
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x2
1 + x2

2 = 2

Condition nécessaire 
d’optimalité



Condition nécessaire 
d’optimalité: intuition
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As before, we conjecture that a given feasible point x is not optimal if we can find a
small step s that both retains feasibility and decreases the objective function f to first order.
The main difference between problems (12.9) and (12.18) comes in the handling of the
feasibility condition. As in (12.13), the step s improves the objective function, to first order,
if ∇ f (x)T s < 0. Meanwhile, s retains feasibility if

0 ≤ c1(x + s) ≈ c1(x) + ∇c1(x)T s,

so, to first order, feasibility is retained if

c1(x) + ∇c1(x)T s ≥ 0. (12.19)

In determining whether a step s exists that satisfies both (12.13) and (12.19), we
consider the following two cases, which are illustrated in Figure 12.4.

Case I: Consider first the case in which x lies strictly inside the circle, so that the strict
inequality c1(x) > 0 holds. In this case, any step vector s satisfies the condition (12.19),
provided only that its length is sufficiently small. In fact, whenever ∇ f (x) ̸& 0, we can
obtain a step s that satisfies both (12.13) and (12.19) by setting

s & −α∇ f (x),
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Figure 12.4 Improvement directions s from two feasible points x for the problem
(12.18) at which the constraint is active and inactive, respectively.
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The optimality conditions for both cases I and II can again be summarized neatly
with reference to the Lagrangian function L defined in (12.16). When no first-order feasible
descent direction exists at some point x∗, we have that

∇xL(x∗, λ∗
1) # 0, for some λ∗

1 ≥ 0, (12.22)

where we also require that

λ∗
1c1(x∗) # 0. (12.23)

Condition (12.23) is known as a complementarity condition; it implies that the Lagrange
multiplier λ1 can be strictly positive only when the corresponding constraint c1 is active.
Conditions of this type play a central role in constrained optimization, as we see in the
sections that follow. In case I, we have that c1(x∗) > 0, so (12.23) requires that λ∗

1 # 0.
Hence, (12.22) reduces to ∇ f (x∗) # 0, as required by (12.20). In case II, (12.23) allows λ∗

1

to take on a nonnegative value, so (12.22) becomes equivalent to (12.21).

TWO INEQUALITY CONSTRAINTS

❏ EXAMPLE 12.3

Suppose we add an extra constraint to the problem (12.18) to obtain

min x1 + x2 s.t. 2 − x2
1 − x2

2 ≥ 0, x2 ≥ 0, (12.24)

for which the feasible region is the half-disk illustrated in Figure 12.6. It is easy to see that
the solution lies at (−

√
2, 0)T , a point at which both constraints are active. By repeating the

arguments for the previous examples, we would expect a direction d of first-order feasible
descent to satisfy

∇ci (x)T d ≥ 0, i ∈ I # {1, 2}, ∇ f (x)T d < 0. (12.25)

However, it is clear from Figure 12.6 that no such direction can exist when x # (−
√

2, 0)T .
The conditions ∇ci (x)T d ≥ 0, i # 1, 2, are both satisfied only if d lies in the quadrant
defined by ∇c1(x) and ∇c2(x), but it is clear by inspection that all vectors d in this quadrant
satisfy ∇ f (x)T d ≥ 0.

Let us see how the Lagrangian and its derivatives behave for the problem (12.24) and
the solution point (−

√
2, 0)T . First, we include an additional term λi ci (x) in the Lagrangian

for each additional constraint, so the definition of L becomes

L(x, λ) # f (x) − λ1c1(x) − λ2c2(x),
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Cas d’une seule 
contrainte d’inégalité
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f : x1, x2 7! x1 + x2
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x2
1 + x2

2  2

Condition nécessaire 
d’optimalité

-
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rf(x⇤) = ��⇤
1rc1(x

⇤)
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The necessary conditions defined in the following theorem are called first-order con-
ditions because they are concerned with properties of the gradients (first-derivative vectors)
of the objective and constraint functions. These conditions are the foundation for many of
the algorithms described in the remaining chapters of the book.

Theorem 12.1 (First-Order Necessary Conditions).
Suppose that x∗ is a local solution of (12.1), that the functions f and ci in (12.1) are

continuously differentiable, and that the LICQ holds at x∗. Then there is a Lagrange multiplier
vector λ∗, with components λ∗

i , i ∈ E ∪ I , such that the following conditions are satisfied at
(x∗, λ∗)

∇xL(x∗, λ∗) % 0, (12.34a)

ci (x∗) % 0, for all i ∈ E, (12.34b)

ci (x∗) ≥ 0, for all i ∈ I, (12.34c)

λ∗
i ≥ 0, for all i ∈ I, (12.34d)

λ∗
i ci (x∗) % 0, for all i ∈ E ∪ I . (12.34e)

The conditions (12.34) are often known as the Karush–Kuhn–Tucker conditions, or
KKT conditions for short. The conditions (12.34e) are complementarity conditions; they
imply that either constraint i is active or λ∗

i % 0, or possibly both. In particular, the
Lagrange multipliers corresponding to inactive inequality constraints are zero, we can omit
the terms for indices i /∈ A(x∗) from (12.34a) and rewrite this condition as

0 % ∇xL(x∗, λ∗) % ∇ f (x∗) −
∑

i∈A(x∗)

λ∗
i ∇ci (x∗). (12.35)

A special case of complementarity is important and deserves its own definition.

Definition 12.5 (Strict Complementarity).
Given a local solution x∗ of (12.1) and a vector λ∗ satisfying (12.34), we say that the

strict complementarity condition holds if exactly one of λ∗
i and ci (x∗) is zero for each index

i ∈ I . In other words, we have that λ∗
i > 0 for each i ∈ I ∩ A(x∗).

Satisfaction of the strict complementarity property usually makes it easier for algorithms to
determine the active set A(x∗) and converge rapidly to the solution x∗.

For a given problem (12.1) and solution point x∗, there may be many vectors λ∗ for
which the conditions (12.34) are satisfied. When the LICQ holds, however, the optimal λ∗

is unique (see Exercise 12.17).
The proof of Theorem 12.1 is quite complex, but it is important to our understanding

of constrained optimization, so we present it in the next section. First, we illustrate the KKT
conditions with another example.

Cas général : KKT 
conditions
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Conditions de Karush-Kuhn-Tucker (KKT)
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ci(x
⇤)  0

<latexit sha1_base64="B5YCOtwnz6tTdv/hPLVIDEbJLss="></latexit>

L(x,�) = f(x) +
X

i2E[I
�ici(x)
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Mangasarian-Fromovitz Constraint Qualification (MFCQ) 
(Plus d’exemples de qualifications des contraintes sur la feuille d’exercice numéro 1) 

Condition nécessaire 
d’optimalité: cas général

<latexit sha1_base64="uniALZGLCw4hwkGM2MQZW6laZ5U="></latexit>

Théorème : Si x⇤ est une solution locale et que la qualification des contraintes
de Mangasarian-Fromovitz est respectée en x⇤ alors les conditions KKT sont
vérifiées en x⇤.

<latexit sha1_base64="qcHGZrgby7BbFl5PO+Uh+323wAw="></latexit>

The gradients of the equality constraints are linearly independent at x⇤ and
there exists a vector d 2 Rn such that rci(x⇤)T d < 0 for all active inequality
constraints and rej(x⇤)T d = 0 for all equality constraints.
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1. Optimisation sans contraintes


2. Optimisation sous contraintes


3. Analyse convexe et dualité



Convexité
L’ensemble X est convexe ssi pour tout x, y dans X, le segment [x, y] :=

{tx+ (1� t)y | t 2 [0, 1]} est inclus dans X
<latexit sha1_base64="iZwIgwvYn2SOHBaQ49Fh0XYnjgE="></latexit>

Une fonction f : X ⇢ Rn ! R est convexe ssi X est convexe et pour tout
x, y dans X et pour tout t 2 [0, 1],

f(tx+ (1� t)y)  tf(x) + (1� t)f(y).

Si l’inégalité est stricte pour t 2]0, 1[, la fonction est dite strictement convexe.
<latexit sha1_base64="qvuRGivRroZLl7PFxSx1A9kbvOI="></latexit>
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Convexité
Reconnaître une fonction convexe

- les fonctions linéaires sont convexes

- les combinaisons linéaires positives de fonctions convexes sont convexes

- le maximum (point par point) d’un ensemble de fonctions convexes est convexe

- …

Si f est de classe C2, f est convexe si et seulement si r2f est semi-définie
positive sur l’intérieur de X. Si r2f est définie positive sur l’intérieur de X, f
est strictement convexe.

<latexit sha1_base64="E7ZDt5Gx7Gh9i1Xwn0DlLlfcVUo="></latexit>
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(X = domf)



Existence et unicité du 
minimum

Si f est une fonction strictement convexe définie sur un ensemble convexe
X ⇢ Rn, alors f admet au plus un minimum global.

<latexit sha1_base64="bLWOyqMzyEYH+jZlIRdaDsng31o="></latexit>
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Si f est une fonction convexe définie sur un ensemble convexe X ⇢ Rn, alors
tout minimum local de f est aussi un minimum global de f . Si X est ouvert,
alors rf(x⇤) = 0 est équivaut à x⇤ est un minimum global de f

<latexit sha1_base64="QvrNLWOkoVxRMZXw5iHpHaPvvG8="></latexit>

Théorèmes
<latexit sha1_base64="mYqqELjhLXKIBBi8McTREM+WNmw="></latexit>

Si f est convexe et minorée, alors f admet un minimum global.



Dualité

f : Rn ! R
<latexit sha1_base64="nLQEYDuJfEI+PW1PfiOzi4S+TDE="></latexit>

gj : R
n ! R

<latexit sha1_base64="xfeXps1yzHxyIbDUn4nzEXbOuu4="></latexit>

X ⇢ Rn
<latexit sha1_base64="SSJZ8OEvYz62yQXFm8jxvarCpOU="></latexit>

�1 < f⇤ < +1
<latexit sha1_base64="dkm9qqXGTZQ+7DJvG/eOp07fuE0="></latexit>

Il existe x⇤, tel que f(x⇤) = f⇤
<latexit sha1_base64="AcBCVA+5zz6uL68vU24/3MRAR/k="></latexit>
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Problème considéré



Dualité
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Lagrangien associé au problème



Dualité
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Fonction duale

Problème dual

Résultats



Dualité
 Dualité forte et qualification des contraintes

Example :  

Si f est convexe et les contraintes gj sont linéaires, alors il n’y a pas d’écart
dual: q⇤ = f⇤
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If conditions for strong duality are met and (x⇤, µ⇤) are such that
L(x⇤, µ⇤) = f⇤ = q⇤, then (x⇤, µ⇤) is said to be an optimal solution Lagrange
multiplier pair.


