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Moments
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“Bilinéarité” de la variance
<latexit sha1_base64="zPlR8FhhhdQdYo+wGAZseZreuRM="></latexit>
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Bilinéarité de la covariance
<latexit sha1_base64="Tmf+FFIbwth08RkOjMW1uve+ItI="></latexit>
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Plan du cours (prévisionnel)

Introduction


1. Notions de bases sur les preuves 


2. Algèbre linéaire


3. Optimisation


4. Probabilités


5. Statistique


Discussion
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Probabilités
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1. Notions de base


2. Calculs d’espérance et de variance


3. Loi gaussienne multivariée et autres distributions
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Example Distributions

Distribution PDF or PMF Mean Variance

Bernoulli(p)

⇢
p, if x = 1
1� p, if x = 0.

p p(1� p)

Binomial(n, p)
�n
k

�
pk(1� p)n�k for k = 0, 1, ..., n np np(1� p)

Geometric(p) p(1� p)k�1 for k = 1, 2, ... 1
p

1�p
p2

Poisson(�) e���k

k! for k = 0, 1, ... � �

Uniform(a, b) 1
b�a for all x 2 (a, b) a+b

2
(b�a)2

12

Gaussian(µ,�2) 1
�
p
2⇡
e�

(x�µ)2

2�2 for all x 2 (�1,1) µ �2

Exponential(�) �e��x for all x � 0,� � 0 1
�

1
�2

Read review handout or Sheldon Ross for details 2

2Table reproduced from Maleki & Do’s review handout by Koochak & Irvin
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Random Vectors

Given n RV’s X1, ...,Xn, we can define a random vector X s.t.

X =

2

6664

X1

X2
...
Xn

3

7775

Note: all the notions of joint PDF/CDF will apply to X .

Given g : Rn ! Rm, we have:

g(x) =

2

6664

g1(x)
g2(x)
...

gm(x)

3

7775
,E[g(X )] =

2

6664

E[g1(X )]
E[g2(X )]

...
E[gm(X )]

3

7775
.
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Covariance Matrices

For a random vector X 2 Rn, we define its covariance matrix ⌃
as the n ⇥ n matrix whose ij-th entry contains the covariance
between Xi and Xj .

⌃ =

2

64
Cov [X1,X1] . . . Cov [X1,Xn]

...
. . .

...
Cov [Xn,X1] . . . Cov [Xn,Xn]

3

75

applying linearity of expectation and the fact that
Cov [Xi ,Xj ] = E[(Xi � E[Xi ])(Xj � E[Xj ])], we obtain

⌃ = E[(X � E[X ])(X � E[X ])T ]

Properties:

I ⌃ is symmetric and PSD

I If Xi ? Xj for all i , j , then ⌃ = diag(Var [X1], ...,Var [Xn])
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Multivariate Gaussian

The multivariate Gaussian X ⇠ N (µ,⌃), X 2 Rn:

p(x ;µ,⌃) =
1

det(⌃)
1
2 (2⇡)

n
2

exp

✓
�1

2
(x � µ)T⌃�1(x � µ)

◆

The univariate Gaussian X ⇠ N (µ,�2), X 2 R is just the special
case of the multivariate Gaussian when n = 1.

p(x ;µ,�2) =
1

�(2⇡)
1
2

exp

✓
� 1

2�2
(x � µ)2

◆

Notice that if ⌃ 2 R1⇥1, then ⌃ = Var [X1] = �2, and so

I ⌃�1 = 1
�2

I det(⌃)
1
2 = �
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Some Nice Properties of MV Gaussians

I Marginals and conditionals of a joint Gaussian are Gaussian

I A d-dimensional Gaussian X 2 N (µ,⌃ = diag(�2
1, ...,�

2
n)) is

equivalent to a collection of d independent Gaussians
Xi 2 N (µi ,�2

i ). This results in isocontours aligned with the
coordinate axes.

I In general, the isocontours of a MV Gaussian are
n-dimensional ellipsoids with principal axes in the directions of
the eigenvectors of covariance matrix ⌃ (remember, ⌃ is
PSD, so all n eigenvectors are non-negative). The axes’
relative lengths depend on the eigenvalues of ⌃.



Visualizations of MV Gaussians

E↵ect of changing variance

114



Visualizations of MV Gaussians

If Var [X1] 6= Var [X2]:
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Visualizations of MV Gaussians

If X1 and X2 are positively correlated:
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Visualizations of MV Gaussians

If X1 and X2 are negatively correlated:
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Multivariate Gaussian
Définition générale

Distributions conditionnelles

Distributions marginales ?

⌃̄ = ⌃11 �⌃12⌃
+
22⌃21

<latexit sha1_base64="faNxzm/k53VvvkRayaFS2UWYylQ="></latexit>

µ̄ = µ1 +⌃12⌃
+
22(a� µ2)

<latexit sha1_base64="nol8nx+QBOKx7WHujoOtkMjKGcA="></latexit>

p(x1 | x2 = a) = N (µ̄, ⌃̄), with
<latexit sha1_base64="JGH0l1WMP2Qf3UVOnr+Ebv65CiQ="></latexit>



Probabilités
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1. Notions de base


2. Calculs d’espérance et de variance


3. Loi gaussienne multivariée et autres distributions
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Statistique
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1. Cadre général


2. Statistique non-asymptotique: biais, variance, risque et 
concentration


3. Statistique asymptotique



• Estimation par intervalle, tests d’hypothèses

• Estimation ponctuelle

Cadre général

122

P
<latexit sha1_base64="GH4lnl7xiOBJEv5hdGjYXKo68Lw=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDkbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AiGeRag==</latexit>

Modèle statistique
<latexit sha1_base64="aIHsIl+W1zraQvxmA88EAkeKhOY=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBU5iJBz0GvXgRIpgFkhB7OpWkSc/02F0jxCH4K148KOLV//Dm39hZDpr4oODxXhVV9YJYCoOe9+1klpZXVtey67mNza3tHXd3r2pUojlUuJJK1wNmQIoIKihQQj3WwMJAQi0YXI792gNoI1R0i8MYWiHrRaIrOEMrtd2Da9Vp3oEEatBKBsV9Am037xW8Cegi8WckT2Yot92vZkfxJIQIuWTGNHwvxlbKNAouYZRrJgZixgesBw1LIxaCaaWT60f02Cod2lXaVoR0ov6eSFlozDAMbGfIsG/mvbH4n9dIsHveSkUUJwgRny7qJpKiouMoaEdo4CiHljCuhb2V8j7TjKMNLGdD8OdfXiTVYsE/LRRvivnSxSyOLDkkR+SE+OSMlMgVKZMK4eSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w+7xpVn</latexit>

Observations
<latexit sha1_base64="YXy3JFld41rc4LguT0NZ4F2+g24=">AAAB83icbZA9SwNBEIbn4leMX1FLm8UgWIW7WGgZtLEzgvmA5Ah7m7lkyd7esbsXCEf+ho2FIrb+GTv/jZvkCk18YeHhnRlm9g0SwbVx3W+nsLG5tb1T3C3t7R8cHpWPT1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/N6+0JKs1j+WSmCfoRHUoeckaNtXoPgUY1WbDulytu1V2IrIOXQwVyNfrlr94gZmmE0jBBte56bmL8jCrDmcBZqZdqTCgb0yF2LUoaofazxc0zcmGdAQljZZ80ZOH+nshopPU0CmxnRM1Ir9bm5n+1bmrCGz/jMkkNSrZcFKaCmJjMAyADrpAZMbVAmeL2VsJGVFFmbEwlG4K3+uV1aNWq3lW19lir1G/zOIpwBudwCR5cQx3uoQFNYJDAM7zCm5M6L86787FsLTj5zCn8kfP5A3TOkfM=</latexit>

O ⇠ P
<latexit sha1_base64="o8iDVvgK0OP9ZsskzKA8tnwXDRY=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7JbBT0WvXizgrWFdpFs+rYNTbJLkhVK6Y/w4kERr/4eb/4b03YP2joQGGbmkfcmSgU31ve/vcLK6tr6RnGztLW9s7tX3j94MEmmGTZZIhLdjqhBwRU2LbcC26lGKiOBrWh4PfVbT6gNT9S9HaUYStpXPOaMWie1bruGS9J4LFf8qj8DWSZBTiqQw+W/ur2EZRKVZYIa0wn81IZjqi1nAielbmYwpWxI+9hxVFGJJhzP1p2QE6f0SJxo95QlM/X3xJhKY0YycklJ7cAselPxP6+T2fgyHHOVZhYVm38UZ4LYhExvJz2ukVkxcoQyzd2uhA2opsy6hkquhGDx5GXyUKsGZ9Xa3XmlfpXXUYQjOIZTCOAC6nADDWgCgyE8wyu8ean34r17H/NowctnDuEPvM8ftpCPKA==</latexit>

Distribution
<latexit sha1_base64="bKDyDfrSA3AmrYkMYqY5yCQNT1U=">AAAB83icbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWga1sIxgHpAsYXYymwyZmV3mIYQlv2FjoYitP2Pn3zibbKGJBwbOPede7p0TpZxp4/vf3tr6xubWdmmnvLu3f3BYOTpu68QqQlsk4YnqRlhTziRtGWY47aaKYhFx2okmt7nfeaJKs0Q+mmlKQ4FHksWMYOOk/p3boFhk82JQqfo1fw60SoKCVKFAc1D56g8TYgWVhnCsdS/wUxNmWBlGOJ2V+1bTFJMJHtGeoxILqsNsfvMMnTtliOJEuScNmqu/JzIstJ6KyHUKbMZ62cvF/7yeNfF1mDGZWkMlWSyKLUcmQXkAaMgUJYZPHcFEMXcrImOsMDEuprILIVj+8ipp12vBZa3+UK82boo4SnAKZ3ABAVxBA+6hCS0gkMIzvMKbZ70X7937WLSuecXMCfyB9/kDdmiR9A==</latexit> P 2 P

<latexit sha1_base64="rDnb235s3FX2WBsNNmNmQCEHA6c=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmqoMuiG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBna1hTwmkBdhPSaYZ63ZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidVbxU0QSTCR7RvqECR1T52Tz6DJ0aZYjCWJonNJqrvzcyHCk1jQIzmUdUy14u/uf1Ux1e+RkTSaqpIItDYcqRjlHeAxoySYnmU0MwkcxkRWSMJSbatFUxJbjLX14lnUbdPa837i5qzeuijjIcwwmcgQuX0IRbaEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD6HVk5o=</latexit>

f̂(O) ⇡ f(P )
<latexit sha1_base64="+p5uZ34mLC8R+zpJTOnzhfU8CmM=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSxCuylJFXRZdOPOCvYBTSiT6aQdOpkJMxOxhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JE0aVdt1va2l5ZXVtvbBhb25t7+w6e/tNJVKJSQMLJmQ7RIowyklDU81IO5EExSEjrXB4NfFb90QqKvidHiUkiFGf04hipI3UdQ5tf4B0Fo1LN2XooySR4gFGpXq56xTdijsFXCReToogR73rfPk9gdOYcI0ZUqrjuYkOMiQ1xYyMbT9VJEF4iPqkYyhHMVFBNv1gDE+M0oORkKa4hlP190SGYqVGcWg6Y6QHat6biP95nVRHF0FGeZJqwvFsUZQyqAWcxAF7VBKs2cgQhCU1t0I8QBJhbUKzTQje/MuLpFmteKeV6u1ZsXaZx1EAR+AYlIAHzkENXIM6aAAMHsEzeAVv1pP1Yr1bH7PWJSufOQB/YH3+AEbilX0=</latexit>

<latexit sha1_base64="jmHVtrcLZUIi9eG2ly+OTmdl0MM=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2AruJAyI3jBVVEUlxXsBdpSMumZNphJhiSjlKEv4cZXceNCEbeCO9/GTNuFtx8CH/85h5zzBzFn2njep5ObmZ2bX8gvFpaWV1bX3PWNupaJolCjkkvVDIgGzgTUDDMcmrECEgUcGsHNWVZv3ILSTIprM4yhE5G+YCGjxFir6+5dSEEzFMA54FKIT3A7ImZACU+ro7Zi/YEhSsk7fF7qukWv7I2F/4I/hSKaqtp1P9o9SZMIhKGcaN3yvdh0UqIMoxxGhXaiISb0hvShZVGQCHQnHV81wjvW6eFQKvuEwWP3+0RKIq2HUWA7s4X171pm/ldrJSY87qRMxIkBQScfhQnHRuIsItxjCqjhQwuEKmZ3xXRAFKHGBlmwIfi/T/4L9f2yf1g+uNovVk6nceTRFtpGu8hHR6iCLlEV1RBF9+gRPaMX58F5cl6dt0lrzpnObKIfct6/ALcznos=</latexit>

Fonctionnelle f : P ! E
<latexit sha1_base64="raos0gv0h4WXlDOgSL1y2Trgy/Q=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZmCj2VRBJcV7APboWTSO21oJjMkGaEM/Qs3LhRx69+4829M21lo64HA4Zx7ybknSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHssHM07Qj+hA8pAzaqz0eKsNj6jBVPVKZbfizkCWiZeTMuSo90pf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9miSfk1Cp9EsbKPmnITP29kdFI63EU2Ekbb6gXvan4n9dJTXjlZ1wmqUHJ5h+FqSAmJtPzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4C2evEya1Yp3UTm/r5Zr13kdBTiGEzgDDy6hBndQhwYwkPAMr/DmaOfFeXc+5qMrTr5zBH/gfP4A1qGRCQ==</latexit>

Estimateur
<latexit sha1_base64="kUs1Dsb74jgkDaK//ZP3GGZ99N0=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd2Aj2OIF48RzQOSJcxOZpMhs7PLTK8QlnyCFw+KePWLvPk3TpI9aGJBQ1HVTXdXkEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1iJOE+xEdKhEKRtFKD/UU+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6CfkY1Cib5tNhLDU8oG9Mh71qqaMSNn81PnZJzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieONnQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTtCF4yy+vkla14l1VLu+r5Vo9j6MAp3AGF+DBNdTgDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwBDBo3L</latexit>

But

Cadre général

<latexit sha1_base64="g/ay7Go09JDKui9wKD7TTiGurRY=">AAACCXicbVDJSgNBEO2JW4xb1KOXxiB4CjPihqegCN6MYBbIhFDT6Uma9Cx01yhhmKsXf8WLB0W8+gfe/Bs7y0GjDwoe71VRVc+LpdBo219Wbm5+YXEpv1xYWV1b3yhubtV1lCjGayySkWp6oLkUIa+hQMmbseIQeJI3vMHFyG/ccaVFFN7iMObtAHqh8AUDNFKnSN0+YOpnZ24A2Gcg0+vMVaLXR1AquqeXnWLJLttj0L/EmZISmaLaKX663YglAQ+RSdC65dgxtlNQKJjkWcFNNI+BDaDHW4aGEHDdTsefZHTPKF3qR8pUiHSs/pxIIdB6GHimc3SvnvVG4n9eK0H/tJ2KME6Qh2yyyE8kxYiOYqFdoThDOTQEmBLmVsr6oIChCa9gQnBmX/5L6gdl57h8dHNYqpxP48iTHbJL9olDTkiFXJEqqRFGHsgTeSGv1qP1bL1Z75PWnDWd2Sa/YH18AzlRmq0=</latexit>

f̂ : O ! E



Cadre général
• Problème de l’induction, inséparable de la démarche scientifique 

dans son ensemble


• Bayésien vs fréquentiste et autres (“best systems” etc.)


• Question d’interprétation de la modélisation probabiliste dans 
un cadre applicatif donné (que représentent les probabilités 
considérées ?)


• Une méthode formelle n’est donc pas intrinsèquement 
“Bayésienne” ou “fréquentiste”, tout dépend de son utilisation 


• Référence sur le sujet : https://plato.stanford.edu/entries/
probability-interpret/

123



Statistique

124

1. Cadre général


2. Statistique non-asymptotique: biais, variance, risque et 
concentration


3. Statistique asymptotique



• biais


• variance


• risque

Qualité statistique d’un estimateur 
ponctuel

125

bP (f̂) = EO⇠P [f̂(O)]� f(P )
<latexit sha1_base64="IqLf9ymgpKT2/xy7iKO8E4Xvi+M=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0VoF9akCroRiiK4awT7gDSEyXTSDp08mJkIJeQz3Pgrblwo4rY7/8Zpm4W2HrhwOOde7r3HixkV0jC+tcLK6tr6RnGztLW9s7un7x+0RZRwTFo4YhHvekgQRkPSklQy0o05QYHHSMcb3U79zhPhgkbhoxzHxAnQIKQ+xUgqydXPPNeq9IZIpn5Whdfwzk2bPUEDaGWpneuVZtXJ4Cn0K1bV1ctGzZgBLhMzJ2WQw3L1Sa8f4SQgocQMCWGbRiydFHFJMSNZqZcIEiM8QgNiKxqigAgnnT2WwROl9KEfcVWhhDP190SKAiHGgac6AySHYtGbiv95diL9KyelYZxIEuL5Ij9hUEZwmhLsU06wZGNFEOZU3QrxEHGEpcqypEIwF19eJu16zTyv1R8uyo2bPI4iOALHoAJMcAka4B5YoAUweAav4B18aC/am/apfc1bC1o+cwj+QJv8AGRjnhY=</latexit>

kbP (f̂)k2
<latexit sha1_base64="e5PMPrnsfgDoO2wt4MynX7Jx7GM=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16CRahXkpSBT0WvXisYFuhCWGz3bRLN5uwuxFLmr/ixYMiXv0j3vw3btsctPXBwOO9GWbmBQmjUtn2t1FaW9/Y3CpvV3Z29/YPzMNqV8apwKSDYxaLhwBJwignHUUVIw+JICgKGOkF45uZ33skQtKY36tJQrwIDTkNKUZKS75ZdaeB3667I6SyMD9zp37TN2t2w57DWiVOQWpQoO2bX+4gxmlEuMIMSdl37ER5GRKKYkbyiptKkiA8RkPS15SjiEgvm9+eW6daGVhhLHRxZc3V3xMZiqScRIHujJAayWVvJv7n9VMVXnkZ5UmqCMeLRWHKLBVbsyCsARUEKzbRBGFB9a0WHiGBsNJxVXQIzvLLq6TbbDjnjebdRa11XcRRhmM4gTo4cAktuIU2dADDEzzDK7wZufFivBsfi9aSUcwcwR8Ynz9ZIpP9</latexit>

VarP (f̂) = VarO⇠P [f̂(O)]
<latexit sha1_base64="w4MLHQ0rHY94xD6hKYC9JIx6klY=">AAACJXicbVDLSsNAFJ34tr6qLt0MFqHdlEQFXSgU3bhrBfuAJpTJdGIHZ5IwcyOWkJ9x46+4caGI4MpfcdpmYVsPDBzOOZc79/ix4Bps+9taWFxaXlldWy9sbG5t7xR391o6ShRlTRqJSHV8opngIWsCB8E6sWJE+oK1/Yfrkd9+ZErzKLyDYcw8Se5DHnBKwEi94oUL7AmUTFtEZb1G2R0QSIOsgi/xlJPWXc0lbmTdPFGuV7xesWRX7THwPHFyUkI5Gr3ih9uPaCJZCFQQrbuOHYOXEgWcCpYV3ESzmNAHcs+6hoZEMu2l4yszfGSUPg4iZV4IeKz+nUiJ1HoofZOUBAZ61huJ/3ndBIJzL+VhnAAL6WRRkAgMER5VhvtcMQpiaAihipu/YjogilAwxRZMCc7syfOkdVx1TqrHt6el2lVexxo6QIeojBx0hmroBjVQE1H0jF7RO/qwXqw369P6mkQXrHxmH03B+vkFZ5qlxw==</latexit>

RP (f̂) = EO⇠P [`(f(P ), f̂(O))]
<latexit sha1_base64="voCwZi9bqUKb84ZH40KdwLQHLk4=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgpSElaQTdCUQR3jWIf0IQwmU7aoZMHMxOhhH6IG3/FjQtF3LgQ/BunbRbaemDgcM653LnHTxgV0jS/taXlldW19cJGcXNre2dX39tviTjlmDRxzGLe8ZEgjEakKalkpJNwgkKfkbY/vJr47QfCBY2jezlKiBuifkQDipFUkqfXineebTgDJLNgXIYX8NrLGo6gIbTHXYcwZgSGXT6BecJolMuup5fMijkFXCRWTkogh+3pn04vxmlIIokZEqJrmYl0M8QlxYyMi04qSILwEPVJV9EIhUS42fS4MTxWSg8GMVcvknCq/p7IUCjEKPRVMkRyIOa9ifif101lcO5mNEpSSSI8WxSkDMoYTpqCPcoJlmykCMKcqr9CPEAcYan6LKoSrPmTF0mrWrFqlertaal+mddRAIfgCBjAAmegDm6ADZoAg0fwDF7Bm/akvWjv2scsuqTlMwfgD7SvH1MSnwk=</latexit>

<latexit sha1_base64="uBkqGpwHRAh8wpFdfz/HC3Vne9M=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSTi17HoxWMFawttKJvtpF26uwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvTDjTxvO+ndLK6tr6RnmzsrW9s7tX3T941HGqKLZozGPVCYlGziS2DDMcO4lCIkKO7XB8m/vtJ1SaxfLBTBIMBBlKFjFKTC71kPN+tebVvRncZeIXpAYFmv3qV28Q01SgNJQTrbu+l5ggI8owynFa6aUaE0LHZIhdSyURqINsduvUPbHKwI1iZUsad6b+nsiI0HoiQtspiBnpRS8X//O6qYmug4zJJDUo6XxRlHLXxG7+uDtgCqnhE0sIVcze6tIRUYQaG0/FhuAvvrxMHs/q/mX94v681rgp4ijDERzDKfhwBQ24gya0gMIInuEV3hzhvDjvzse8teQUM4fwB87nDxCmjkU=</latexit>

` Fonction de coût

<latexit sha1_base64="5RIcYbkOJLMQHSr7WxHUmNKPWa4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgQktSfOGq6MZlBfuAJobJdNIOnUnCzEQa2q7c+CtuXCji1m9w5984bbPQ6oGBwzn3cuccP2ZUKsv6MnJz8wuLS/nlwsrq2vqGublVl1EiMKnhiEWi6SNJGA1JTVHFSDMWBHGfkYbfuxr7jXsiJI3CW5XGxOWoE9KAYqS05Jm7DmHsAvYPYepwFEsVQWfYP0qdoVe+K3tm0SpZE8C/xM5IEWSoeuan045wwkmoMENStmwrVu4ACUUxI6OCk0gSI9xDHdLSNEScSHcwiTGC+1ppwyAS+oUKTtSfGwPEpUy5ryc5Ul05643F/7xWooJzd0DDOFEkxNNDQcKgDjvuBLapIFixVBOEBdV/hbiLBMJKN1fQJdizkf+Serlkn5ZObo6LlcusjjzYAXvgANjgDFTANaiCGsDgATyBF/BqPBrPxpvxPh3NGdnONvgF4+Mbt7WYBg==</latexit>

` : x, y 7! kx� yk22Décomposition biais-variance du risque dans le cas
<latexit sha1_base64="RCSwOFEJ5D92smjSoTcclEaN888=">AAACJnicbVDJSgNBEO1xjXGLevTSGISIEGaC2yUQ9OIxilkgE4eeTk/SpGehu0YMk3yNF3/Fi4eIiDc/xc5yiIkPCh7vVVFVz40EV2Ca38bS8srq2npqI725tb2zm9nbr6owlpRVaChCWXeJYoIHrAIcBKtHkhHfFazmdm9Gfu2JScXD4AF6EWv6pB1wj1MCWnIyxXunnLM7BBJvcIKL2Ab2DNJPqkQOZp1TbPfdGcHuO4XHgpPJmnlzDLxIrCnJoinKTmZot0Ia+ywAKohSDcuMoJkQCZwKNkjbsWIRoV3SZg1NA+Iz1UzGbw7wsVZa2AulrgDwWJ2dSIivVM93dadPoKPmvZH4n9eIwbtqJjyIYmABnSzyYoEhxKPMcItLRkH0NCFUcn0rph0iCQWdbFqHYM2/vEiqhbx1kT+/O8uWrqdxpNAhOkI5ZKFLVEK3qIwqiKIX9IaG6MN4Nd6NT+Nr0rpkTGcO0B8YP79woqSK</latexit>

RP (f̂) = VarP (f̂) + kbP (f̂)k22



Comment obtenir un estimateur ? 

Cas paramétrique: estimateur du maximum de 
vraisemblance
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P
<latexit sha1_base64="GH4lnl7xiOBJEv5hdGjYXKo68Lw=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDkbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AiGeRag==</latexit>

Modèle statistique
<latexit sha1_base64="aIHsIl+W1zraQvxmA88EAkeKhOY=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBU5iJBz0GvXgRIpgFkhB7OpWkSc/02F0jxCH4K148KOLV//Dm39hZDpr4oODxXhVV9YJYCoOe9+1klpZXVtey67mNza3tHXd3r2pUojlUuJJK1wNmQIoIKihQQj3WwMJAQi0YXI792gNoI1R0i8MYWiHrRaIrOEMrtd2Da9Vp3oEEatBKBsV9Am037xW8Cegi8WckT2Yot92vZkfxJIQIuWTGNHwvxlbKNAouYZRrJgZixgesBw1LIxaCaaWT60f02Cod2lXaVoR0ov6eSFlozDAMbGfIsG/mvbH4n9dIsHveSkUUJwgRny7qJpKiouMoaEdo4CiHljCuhb2V8j7TjKMNLGdD8OdfXiTVYsE/LRRvivnSxSyOLDkkR+SE+OSMlMgVKZMK4eSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w+7xpVn</latexit>

Observations
<latexit sha1_base64="YXy3JFld41rc4LguT0NZ4F2+g24=">AAAB83icbZA9SwNBEIbn4leMX1FLm8UgWIW7WGgZtLEzgvmA5Ah7m7lkyd7esbsXCEf+ho2FIrb+GTv/jZvkCk18YeHhnRlm9g0SwbVx3W+nsLG5tb1T3C3t7R8cHpWPT1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/N6+0JKs1j+WSmCfoRHUoeckaNtXoPgUY1WbDulytu1V2IrIOXQwVyNfrlr94gZmmE0jBBte56bmL8jCrDmcBZqZdqTCgb0yF2LUoaofazxc0zcmGdAQljZZ80ZOH+nshopPU0CmxnRM1Ir9bm5n+1bmrCGz/jMkkNSrZcFKaCmJjMAyADrpAZMbVAmeL2VsJGVFFmbEwlG4K3+uV1aNWq3lW19lir1G/zOIpwBudwCR5cQx3uoQFNYJDAM7zCm5M6L86787FsLTj5zCn8kfP5A3TOkfM=</latexit>

O ⇠ P
<latexit sha1_base64="o8iDVvgK0OP9ZsskzKA8tnwXDRY=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7JbBT0WvXizgrWFdpFs+rYNTbJLkhVK6Y/w4kERr/4eb/4b03YP2joQGGbmkfcmSgU31ve/vcLK6tr6RnGztLW9s7tX3j94MEmmGTZZIhLdjqhBwRU2LbcC26lGKiOBrWh4PfVbT6gNT9S9HaUYStpXPOaMWie1bruGS9J4LFf8qj8DWSZBTiqQw+W/ur2EZRKVZYIa0wn81IZjqi1nAielbmYwpWxI+9hxVFGJJhzP1p2QE6f0SJxo95QlM/X3xJhKY0YycklJ7cAselPxP6+T2fgyHHOVZhYVm38UZ4LYhExvJz2ukVkxcoQyzd2uhA2opsy6hkquhGDx5GXyUKsGZ9Xa3XmlfpXXUYQjOIZTCOAC6nADDWgCgyE8wyu8ean34r17H/NowctnDuEPvM8ftpCPKA==</latexit>

Distribution
<latexit sha1_base64="bKDyDfrSA3AmrYkMYqY5yCQNT1U=">AAAB83icbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWga1sIxgHpAsYXYymwyZmV3mIYQlv2FjoYitP2Pn3zibbKGJBwbOPede7p0TpZxp4/vf3tr6xubWdmmnvLu3f3BYOTpu68QqQlsk4YnqRlhTziRtGWY47aaKYhFx2okmt7nfeaJKs0Q+mmlKQ4FHksWMYOOk/p3boFhk82JQqfo1fw60SoKCVKFAc1D56g8TYgWVhnCsdS/wUxNmWBlGOJ2V+1bTFJMJHtGeoxILqsNsfvMMnTtliOJEuScNmqu/JzIstJ6KyHUKbMZ62cvF/7yeNfF1mDGZWkMlWSyKLUcmQXkAaMgUJYZPHcFEMXcrImOsMDEuprILIVj+8ipp12vBZa3+UK82boo4SnAKZ3ABAVxBA+6hCS0gkMIzvMKbZ70X7937WLSuecXMCfyB9/kDdmiR9A==</latexit> P 2 P

<latexit sha1_base64="rDnb235s3FX2WBsNNmNmQCEHA6c=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmqoMuiG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBna1hTwmkBdhPSaYZ63ZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidVbxU0QSTCR7RvqECR1T52Tz6DJ0aZYjCWJonNJqrvzcyHCk1jQIzmUdUy14u/uf1Ux1e+RkTSaqpIItDYcqRjlHeAxoySYnmU0MwkcxkRWSMJSbatFUxJbjLX14lnUbdPa837i5qzeuijjIcwwmcgQuX0IRbaEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD6HVk5o=</latexit>

<latexit sha1_base64="raos0gv0h4WXlDOgSL1y2Trgy/Q=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclZmCj2VRBJcV7APboWTSO21oJjMkGaEM/Qs3LhRx69+4829M21lo64HA4Zx7ybknSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8HoZuq3nlBpHssHM07Qj+hA8pAzaqz0eKsNj6jBVPVKZbfizkCWiZeTMuSo90pf3X7M0gilYYJq3fHcxPgZVYYzgZNiN9WYUDaiA+xYKmmE2s9miSfk1Cp9EsbKPmnITP29kdFI63EU2Ekbb6gXvan4n9dJTXjlZ1wmqUHJ5h+FqSAmJtPzSZ8rZEaMLaFMcZuVsCFVlBlbUtGW4C2evEya1Yp3UTm/r5Zr13kdBTiGEzgDDy6hBndQhwYwkPAMr/DmaOfFeXc+5qMrTr5zBH/gfP4A1qGRCQ==</latexit>

Estimateur

<latexit sha1_base64="jmHVtrcLZUIi9eG2ly+OTmdl0MM=">AAACFXicbZDLSgMxFIYz9VbrbdSlm2AruJAyI3jBVVEUlxXsBdpSMumZNphJhiSjlKEv4cZXceNCEbeCO9/GTNuFtx8CH/85h5zzBzFn2njep5ObmZ2bX8gvFpaWV1bX3PWNupaJolCjkkvVDIgGzgTUDDMcmrECEgUcGsHNWVZv3ILSTIprM4yhE5G+YCGjxFir6+5dSEEzFMA54FKIT3A7ImZACU+ro7Zi/YEhSsk7fF7qukWv7I2F/4I/hSKaqtp1P9o9SZMIhKGcaN3yvdh0UqIMoxxGhXaiISb0hvShZVGQCHQnHV81wjvW6eFQKvuEwWP3+0RKIq2HUWA7s4X171pm/ldrJSY87qRMxIkBQScfhQnHRuIsItxjCqjhQwuEKmZ3xXRAFKHGBlmwIfi/T/4L9f2yf1g+uNovVk6nceTRFtpGu8hHR6iCLlEV1RBF9+gRPaMX58F5cl6dt0lrzpnObKIfct6/ALcznos=</latexit>

Fonctionnelle f : P ! E

<latexit sha1_base64="7vOebQ4tGCHc2oh+Bykro47RNV0=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAIrsqMeNsIRTcuR+gNmlIyadqGZjJDckYo47yGG1/FjQtFXOrKtzG9LLT1h8DHf87h5PxBLIUB1/12ckvLK6tr+fXCxubW9k5xd69uokQzXmORjHQzoIZLoXgNBEjejDWnYSB5IxjejOuNe66NiFQVRjFvh7SvRE8wCtbqFF0SUhgwKlM/w1eYpH4nJTDgQDOCHwieMhGKVCeQdYolt+xOhBfBm0EJzeR3ip+kG7Ek5AqYpMa0PDeGdko1CCZ5ViCJ4TFlQ9rnLYuKhty008llGT6yThf3Im2fAjxxf0+kNDRmFAa2c3yHma+Nzf9qrQR6l+1UqDgBrth0US+RGCI8jgl3heYM5MgCZVrYv2I2oJoysGEWbAje/MmLUD8pe+fls7vTUuV6FkceHaBDdIw8dIEq6Bb5qIYYekTP6BW9OU/Oi/PufExbc85sZh/9kfP1A7V0oMQ=</latexit>

P = {P✓ | ✓ 2 ⇥}
<latexit sha1_base64="eixVCmGtMsN3ihnk42Vr3M9uCAg=">AAAB/XicbZDLSsNAFIYnXmu9xcvOzWAR6qYk4m0jFN24rGAv0IYwmU7aoZNJmDkRaii+ihsXirj1Pdz5Nk7bLLT1h4GP/5zDOfMHieAaHOfbWlhcWl5ZLawV1zc2t7btnd2GjlNFWZ3GIlatgGgmuGR14CBYK1GMRIFgzWBwM643H5jSPJb3MEyYF5Ge5CGnBIzl2/thueZ3oM+AHOMrPCXfLjkVZyI8D24OJZSr5ttfnW5M04hJoIJo3XadBLyMKOBUsFGxk2qWEDogPdY2KEnEtJdNrh/hI+N0cRgr8yTgift7IiOR1sMoMJ0Rgb6erY3N/2rtFMJLL+MySYFJOl0UpgJDjMdR4C5XjIIYGiBUcXMrpn2iCAUTWNGE4M5+eR4aJxX3vHJ2d1qqXudxFNABOkRl5KILVEW3qIbqiKJH9Ixe0Zv1ZL1Y79bHtHXBymf20B9Znz/voJRE</latexit>

f(P✓) = ✓

Cas paramétrique :

<latexit sha1_base64="g/ay7Go09JDKui9wKD7TTiGurRY=">AAACCXicbVDJSgNBEO2JW4xb1KOXxiB4CjPihqegCN6MYBbIhFDT6Uma9Cx01yhhmKsXf8WLB0W8+gfe/Bs7y0GjDwoe71VRVc+LpdBo219Wbm5+YXEpv1xYWV1b3yhubtV1lCjGayySkWp6oLkUIa+hQMmbseIQeJI3vMHFyG/ccaVFFN7iMObtAHqh8AUDNFKnSN0+YOpnZ24A2Gcg0+vMVaLXR1AquqeXnWLJLttj0L/EmZISmaLaKX663YglAQ+RSdC65dgxtlNQKJjkWcFNNI+BDaDHW4aGEHDdTsefZHTPKF3qR8pUiHSs/pxIIdB6GHimc3SvnvVG4n9eK0H/tJ2KME6Qh2yyyE8kxYiOYqFdoThDOTQEmBLmVsr6oIChCa9gQnBmX/5L6gdl57h8dHNYqpxP48iTHbJL9olDTkiFXJEqqRFGHsgTeSGv1qP1bL1Z75PWnDWd2Sa/YH18AzlRmq0=</latexit>

f̂ : O ! E

<latexit sha1_base64="7ZD2WEaeZJHlBLpdSQsqg9O5wCU=">AAACJnicbZDJSgNBEIZ73I1b1KOXxiDES5gRNwRB9OJNhSxCJoSaTk/S2NMzdNeIYZin8eKrePGgiHjzUewsgtsPDR9/VVFdf5BIYdB1352Jyanpmdm5+cLC4tLySnF1rW7iVDNeY7GM9XUAhkuheA0FSn6daA5RIHkjuDkb1Bu3XBsRqyr2E96KoKtEKBigtdrFY78HmIU5PaIXfgSJwZj6oLuW79qZjz2O4AvlVweQl5MvLy9fbG/TdrHkVtyh6F/wxlAiY122i89+J2ZpxBUyCcY0PTfBVgYaBZM8L/ip4QmwG+jypkUFETetbHhmTres06FhrO1TSIfu94kMImP6UWA7I8Ce+V0bmP/VmimGh61MqCRFrthoUZhKarMYZEY7QnOGsm8BmBb2r5T1QANDm2zBhuD9Pvkv1Hcq3n5l72q3dHI6jmOObJBNUiYeOSAn5Jxckhph5J48kmfy4jw4T86r8zZqnXDGM+vkh5yPT2WNpbc=</latexit>

f̂ : O 7! argmax
✓2⇥

(p✓(O))



Statistique
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1. Cadre général


2. Statistique non-asymptotique: biais, variance, risque et 
concentration


3. Statistique asymptotique



• Convergence en loi


• Définition équivalente pour des variables aléatoire réelles: 
presque sûre ou presque partout


• Convergence en probabilité


• Convergence en moyenne quadratique

Modes de convergence
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<latexit sha1_base64="wZrWqT2of8JYhkZf4s2BjPRd3cQ=">AAACGHicbZDLSsNAFIYn9VbrrerSzWARKkJNxNtGKAriUsFeoClhMp20QyeTMHOilpDHcOOruHGhiFt3vo3T2oW2/jDw8Z9zOHN+PxZcg21/WbmZ2bn5hfxiYWl5ZXWtuL5R11GiKKvRSESq6RPNBJesBhwEa8aKkdAXrOH3L4b1xh1TmkfyFgYxa4ekK3nAKQFjecV9V/DQS6WreLcHRKnofs/lMoBBll56adOTWflhN8Nn+NJrGvKKJbtij4SnwRlDCY117RU/3U5Ek5BJoIJo3XLsGNopUcCpYFnBTTSLCe2TLmsZlCRkup2ODsvwjnE6OIiUeRLwyP09kZJQ60Hom86QQE9P1obmf7VWAsFpO+UyToBJ+rMoSASGCA9Twh2uGAUxMECo4uavmPaIIhRMlgUTgjN58jTUDyrOceXo5rBUPR/HkUdbaBuVkYNOUBVdoWtUQxQ9omf0it6sJ+vFerc+flpz1nhmE/2R9fkNjwagCg==</latexit>

lim
n!+1

FXn(x) = FX(x)

<latexit sha1_base64="/GchXIPPEX6zbdzUavphrAEfL6Q=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5KIX8eiF48VbBtoQ9hstu3SzSbsbtQS+le8eFDEq3/Em//GbZuDtj4YeLw3w8y8MOVMacf5tkorq2vrG+XNytb2zu6evV9tqySThLZIwhPphVhRzgRtaaY59VJJcRxy2glHN1O/80ClYom41+OU+jEeCNZnBGsjBXbVC0RPssFQYymTxyBCXmDXnLozA1ombkFqUKAZ2F+9KCFZTIUmHCvVdZ1U+zmWmhFOJ5VepmiKyQgPaNdQgWOq/Hx2+wQdGyVC/USaEhrN1N8TOY6VGseh6YyxHqpFbyr+53Uz3b/ycybSTFNB5ov6GUc6QdMgUMQkJZqPDcFEMnMrIkMsMdEmrooJwV18eZm0T+vuRf387qzWuC7iKMMhHMEJuHAJDbiFJrSAwBM8wyu8WRPrxXq3PuatJauYOYA/sD5/AAGslG4=</latexit>

Xn !d X
<latexit sha1_base64="I4VUKSUAz8QZaJwpdP9MHBsiCzw=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KknBx7LoxmUF+4A2lMn0ph06eTAzEUvor7hxoYhbf8Sdf+OkzUJbDwwczrmHe+f4ieBKO863tba+sbm1Xdop7+7tHxzaR5W2ilPJsMViEcuuTxUKHmFLcy2wm0ikoS+w409uc7/ziFLxOHrQ0wS9kI4iHnBGtZEGdkVxgpooTAWGGBnGB3bVqTlzkFXiFqQKBZoD+6s/jFmax5mgSvVcJ9FeRqXmTOCs3E8VJpRN6Ah7hkY0ROVl89tn5MwoQxLE0jyzfq7+TmQ0VGoa+mYypHqslr1c/M/rpTq49jIeJanGiC0WBakgOiZ5EWTIJTItpoZQJrm5lbAxlZRpU1fZlOAuf3mVtOs197J2cV+vNm6KOkpwAqdwDi5cQQPuoAktYPAEz/AKb9bMerHerY/F6JpVZI7hD6zPH5f8lCo=</latexit>

si et seulement si

<latexit sha1_base64="jmRTIIR0fAWz2qLYPEbNTDive5g=">AAACN3icbVDLSgMxFL3j2/qqunQTrKKrMiP4WIqCuKxgH9CWkklvbWgmGZKMUIp/5cbfcKcbF4q4denOzHQWar1ww8k555LcE8aCG+v7T97U9Mzs3PzCYmFpeWV1rbi+UTMq0QyrTAmlGyE1KLjEquVWYCPWSKNQYD0cnKd6/Ra14Upe22GM7YjeSN7jjFpHqeIeIEggYEFB4k4CsUPccSnegYZr4piv7HYBnZxBMJmDOS31phMJYKdY8st+VmQSBDkoQV6VTvGx1VUsiVBaJqgxzcCPbXtEteVM4F2hlRiMKRvQG2w6KGmEpj3K9r4ju47pkp7SrqUlGftzYkQjY4ZR6JwRtX3zV0vJ/7RmYnsn7RGXcWJRsvFDvUQQq0gaIulyjcyKoQOUae7+Slifasqsi7rgQgj+rjwJagfl4Kh8eHVQOj3L41iALdiGfQjgGE7hEipQdQHfwzO8wpv34L14797H2Drl5TOb8Ku8z29ql51P</latexit>

en tout point X où FX est continue
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lim
n!+1

E[f(Xn)] = E[f(X)]
<latexit sha1_base64="jIaf4Vug2pYZlFGeLR+1qLova5c="></latexit>

pour toute fonction f à valeurs réelles, continue et bornée



Modes de convergence

• Convergence presque sûre ou presque partout


• Convergence en probabilité


• Convergence en moyenne quadratique
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Example 1.31. Let {Xn} be a sequence of random variables satisfying√
n(Xn−c) →d N(0, 1). Consider the function g(x) = x2. If c $= 0, then an

application of Corollary 1.1 gives that
√

n(X2
n − c2) →d N(0, 4c2). If c = 0,

the first-order derivative of g at 0 is 0 but the second-order derivative of
g ≡ 2. Hence, an application of result (1.78) gives that nX2

n →d [N(0, 1)]2,
which has the chi-square distribution χ2

1 (Example 1.14). The last result
can also be obtained by applying Theorem 1.10(iii).

1.5.4 The law of large numbers

The law of large numbers concerns the limiting behavior of sums of indepen-
dent random variables. The weak law of large numbers (WLLN) refers to
convergence in probability, whereas the strong law of large numbers (SLLN)
refers to a.s. convergence.

The following lemma is useful in establishing the SLLN. Its proof is left
as an exercise.

Lemma 1.6. (Kronecker’s lemma). Let xn ∈ R, an ∈ R, 0 < an ≤
an+1, n = 1, 2, ..., and an → ∞. If the series

∑∞
n=1 xn/an converges, then

a−1
n

∑n
i=1 xi → 0.

Our first result gives the WLLN and SLLN for a sequence of independent
and identically distributed (i.i.d.) random variables.

Theorem 1.13. Let X1, X2, ... be i.i.d. random variables.
(i) (The WLLN). A necessary and sufficient condition for the existence of
a sequence of real numbers {an} for which

1

n

n∑

i=1

Xi − an →p 0 (1.80)

is that nP (|X1| > n) → 0, in which case we may take an = E(X1I{|X1|≤n}).
(ii) (The SLLN). A necessary and sufficient condition for the existence of a
constant c for which

1

n

n∑

i=1

Xi →a.s. c (1.81)

is that E|X1| < ∞, in which case c = EX1 and

1

n

n∑

i=1

ci(Xi − EX1) →a.s. 0 (1.82)

for any bounded sequence of real numbers {ci}.

X1, X2, . . . variables aléatoires i.i.d.
<latexit sha1_base64="ox0ZP7FtJKEi3EVwZiImaQuUnCg="></latexit>
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∑kn

j=1 σ
2
nj are uniformly negligible as n → ∞. If Feller’s condition is as-

sumed, then Lindeberg’s condition is not only sufficient but also necessary
for result (1.93), which is the well-known Lindeberg-Feller CLT. A proof can
be found in Billingsley (1986, pp. 373-375). Note that neither Lindeberg’s
condition nor Feller’s condition is necessary for result (1.93) (Exercise 158).

A sufficient condition for Lindeberg’s condition is the following Lia-
pounov’s condition, which is somewhat easier to verify:

kn∑

j=1

E|Xnj − EXnj |2+δ = o(σ2+δ
n ) for some δ > 0. (1.97)

Example 1.33. Let X1, X2, ... be independent random variables. Suppose
that Xi has the binomial distribution Bi(pi, 1), i = 1, 2,..., and that σ2

n =∑n
i=1 Var(Xi) =

∑n
i=1 pi(1 − pi) → ∞ as n → ∞. For each i, EXi =

pi and E|Xi − EXi|3 = (1 − pi)3pi + p3
i (1 − pi) ≤ 2pi(1 − pi). Hence∑n

i=1 E|Xi − EXi|3 ≤ 2σ2
n, i.e., Liapounov’s condition (1.97) holds with

δ = 1. Thus, by Theorem 1.15,

1

σn

n∑

i=1

(Xi − pi) →d N(0, 1). (1.98)

It can be shown (exercise) that the condition σn → ∞ is also necessary for
result (1.98).

The following are useful corollaries of Theorem 1.15 (and Theorem
1.9(iii)). Corollary 1.2 is in fact proved in Example 1.28. The proof of
Corollary 1.3 is left as an exercise.

Corollary 1.2 (Multivariate CLT). Let X1, ..., Xn be i.i.d. random k-
vectors with a finite Σ = Var(X1). Then

1√
n

n∑

i=1

(Xi − EX1) →d Nk(0, Σ).

Corollary 1.3. Let Xni ∈ Rmi , i = 1, ..., kn, be independent random
vectors with mi ≤ m (a fixed integer), n = 1, 2,..., kn → ∞ as n → ∞, and
infi,n λ−[Var(Xni)] > 0, where λ−[A] is the smallest eigenvalue of A. Let
cni ∈ Rmi be vectors such that

lim
n→∞

(
max

1≤i≤kn

‖cni‖2

/ kn∑

i=1

‖cni‖2

)
= 0.
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convergence of the joint c.d.f. of (Xn, Yn). This is different when →d is re-
placed by →p or →a.s.. The following result, which plays an important role
in probability and statistics, establishes the convergence in distribution of
Xn +Yn or XnYn when no information regarding the joint c.d.f. of (Xn, Yn)
is provided.

Theorem 1.11 (Slutsky’s theorem). Let X, X1, X2, ..., Y1, Y2, ... be ran-
dom variables on a probability space. Suppose that Xn →d X and Yn →p c,
where c is a fixed real number. Then
(i) Xn + Yn →d X + c;
(ii) YnXn →d cX ;
(iii) Xn/Yn →d X/c if c "= 0.
Proof. We prove (i) only. The proofs of (ii) and (iii) are left as exercises.
Let t ∈ R and ε > 0 be fixed constants. Then

FXn+Yn(t) = P (Xn + Yn ≤ t)

≤ P ({Xn + Yn ≤ t} ∩ {|Yn − c| < ε}) + P (|Yn − c| ≥ ε)

≤ P (Xn ≤ t − c + ε) + P (|Yn − c| ≥ ε)

and, similarly,

FXn+Yn(t) ≥ P (Xn ≤ t − c − ε) − P (|Yn − c| ≥ ε).

If t − c, t − c + ε, and t − c − ε are continuity points of FX , then it follows
from the previous two inequalities and the hypotheses of the theorem that

FX(t − c − ε) ≤ lim inf
n

FXn+Yn(t) ≤ lim sup
n

FXn+Yn(t) ≤ FX(t − c + ε).

Since ε can be arbitrary (why?),

lim
n→∞

FXn+Yn(t) = FX(t − c).

The result follows from FX+c(t) = FX(t − c).

An application of Theorem 1.11 is given in the proof of the following
important result.

Theorem 1.12. Let X1, X2, ... and Y be random k-vectors satisfying

an(Xn − c) →d Y, (1.76)

where c ∈ Rk and {an} is a sequence of positive numbers with limn→∞ an =
∞. Let g be a function from Rk to R.
(i) If g is differentiable at c, then

an[g(Xn) − g(c)] →d [∇g(c)]τY, (1.77)

1.5. Asymptotic Theory 59

Other examples of applications of Theorem 1.9 are given in Exercises
135-140 in §1.6. The following result can be used to check whether Xn →d

X when X has a p.d.f. f and Xn has a p.d.f. fn.

Proposition 1.18 (Scheffé’s theorem). Let {fn} be a sequence of p.d.f.’s
on Rk w.r.t. a measure ν. Suppose that limn→∞ fn(x) = f(x) a.e. ν and
f(x) is a p.d.f. w.r.t. ν. Then limn→∞

∫
|fn(x) − f(x)|dν = 0.

Proof. Let gn(x) = [f(x) − fn(x)]I{f≥fn}(x), n = 1, 2,.... Then

∫
|fn(x) − f(x)|dν = 2

∫
gn(x)dν.

Since 0 ≤ gn(x) ≤ f(x) for all x and gn → 0 a.e. ν, the result follows from
the dominated convergence theorem.

As an example, consider the Lebesgue p.d.f. fn of the t-distribution tn
(Table 1.2), n = 1, 2,.... One can show (exercise) that fn → f , where f is
the standard normal p.d.f. This is an important result in statistics.

1.5.3 Convergence of transformations

Transformation is an important tool in statistics. For random vectors Xn

converging to X in some sense, we often want to know whether g(Xn)
converges to g(X) in the same sense. The following result provides an
answer to this question in many problems. Its proof is left to the reader.

Theorem 1.10. Let X, X1, X2, ... be random k-vectors defined on a prob-
ability space and g be a measurable function from (Rk,Bk) to (Rl,Bl).
Suppose that g is continuous a.s. PX . Then
(i) Xn →a.s. X implies g(Xn) →a.s. g(X);
(ii) Xn →p X implies g(Xn) →p g(X);
(iii) Xn →d X implies g(Xn) →d g(X).

Example 1.30. (i) Let X1, X2, ... be random variables. If Xn →d X ,
where X has the N(0, 1) distribution, then X2

n →d Y , where Y has the
chi-square distribution χ2

1 (Example 1.14).
(ii) Let (Xn, Yn) be random 2-vectors satisfying (Xn, Yn) →d (X, Y ), where
X and Y are independent random variables having the N(0, 1) distribution,
then Xn/Yn →d X/Y , which has the Cauchy distribution C(0, 1) (§1.3.1).
(iii) Under the conditions in part (ii), max{Xn, Yn} →d max{X, Y }, which
has the c.d.f. [Φ(x)]2 (Φ(x) is the c.d.f. of N(0, 1)).

In Example 1.30(ii) and (iii), the condition that (Xn, Yn) →d (X, Y )
cannot be relaxed to Xn →d X and Yn →d Y (exercise); i.e., we need the
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Delta method
Soit X1, X2, . . . and Y des vecteurs aléatoires de dimension k, tels que :

an(Xn � c) !d Y,

pour c 2 Rk et (an) une suite de nombres positifs tendant vers +1. Alors pour
toute fonction g : Rk ! R di↵érentiable en c, on a:

an[g(Xn)� g(c)] !d [rg(c)]TY.
<latexit sha1_base64="gnVqkUQoPK7CgV9vLuzyHuRjk4A="></latexit>
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