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Optimisation sans 
contraintes

f : Rn 7! R
<latexit sha1_base64="/7HYHm9YFtilBtav2UmbSnFpbs0="></latexit>

min
x

f(x) ?
<latexit sha1_base64="Jm6SFxl1VTF4t2vUHJnWgPnMTH4="></latexit>

x⇤ est un minimum global de f ssi pour tout x 2 Rn, f(x⇤)  f(x)
<latexit sha1_base64="HTZ64D3o5vAV0YyxArNb5nsojEo="></latexit>

x⇤ est un minimum local de f ssi il existe un ensemble ouvert U ⇢ Rn

contenant x⇤ tel que pour tout x 2 U , f(x⇤)  f(x)
<latexit sha1_base64="TaNvouGrWcMvagBpazk1106LIyA="></latexit>
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Analyse
Concept central lim

x!a
f(x) = l ?

<latexit sha1_base64="pC6a4XFLQavwfFqXc8PIBc0HQqY="></latexit>

Dans Rn, La boule ouverte Bo(x, ✏), centrée sur x et de rayon ✏ associée à
la norme Euclidienne est l’ensemble des points y de Rn tels que kx� yk2 < ✏

<latexit sha1_base64="mOhK02FS52kyVBkc+gAUov7OOPs="></latexit>

Dans Rn, La boule fermée Bf (x, ✏), centrée sur x et de rayon ✏ associée à la
norme Euclidienne est l’ensemble des points y de Rn tels que kx� yk2  ✏

<latexit sha1_base64="KxuGT0qAweQ9eb97DXuHTV2Lp6w="></latexit>

U est un ouvert de Rn ssi U ⇢ Rn et pour tout x dans U , il existe ✏ > 0,
tel que Bf (x, ✏) ⇢ U .

<latexit sha1_base64="CAykajiFtWs9Fib6nR/43Sa3Suo="></latexit>

U est un fermé de Rn ssi son complément dans Rn est un ouvert de Rn
<latexit sha1_base64="/P2OlJNO+XtaRgtzUsaiKdW4z8U="></latexit>

Notions de base de topologie
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Jacobienne, gradient
f : U ⇢ Rn ! Rm, de classe C1

<latexit sha1_base64="59n6eAb8Q0UghZ0cI6HrTMpbCP8="></latexit>

Dérivée partielle

Matrice Jacobienne (transposée du gradient si m=1)

f : x 7! (f1(x), f2(x), . . . , fm(x))
<latexit sha1_base64="Fmt4IWExWtg0U+5cckaqTAOwK8Q="></latexit>

@fi
@xj

: (a1, . . . , an) 7! lim
h!0

fi(a1, . . . , aj�1, aj + h, aj+1, . . . an)� fi(a1, . . . , aj , . . . , an)

h
<latexit sha1_base64="W3x2XBn/U24STtRXX8qLs+hJrcM="></latexit>

“Chain rule”
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Conditions d’optimalité
Conditions nécessaires, premier ordre

<latexit sha1_base64="RdeHUBuyH3WJCjzpf254MozL0H8="></latexit>

Si x⇤ est un minimum local et f est de classe C1 sur un ouvert U ⇢ Rn

contenant x, alors rf(x⇤) = 0
<latexit sha1_base64="6gRqGUmyzp9Ob+27tMsy8TyUQlA="></latexit>
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Analyse
Hessienne

f : U ⇢ Rn 7! R
<latexit sha1_base64="4EkOnBhej/fR7d99VC3p2Ri35Uc="></latexit>

r2f =
<latexit sha1_base64="+S4+4xFLMqmpeSFHfvcz+o3J1SU="></latexit>
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Conditions d’optimalité
Conditions nécessaires, premier ordre

<latexit sha1_base64="RdeHUBuyH3WJCjzpf254MozL0H8="></latexit>

Si x⇤ est un minimum local et f est de classe C1 sur un ouvert U ⇢ Rn

contenant x, alors rf(x⇤) = 0
<latexit sha1_base64="6gRqGUmyzp9Ob+27tMsy8TyUQlA="></latexit>

Conditions nécessaires, second ordre
<latexit sha1_base64="zRziKrTMfA3fe6wZHpsQ8H9h9fw="></latexit>

Si x⇤ est un minimum local et f est de classe C2 sur un ouvert U ⇢ Rn

contenant x, alors rf(x⇤) = 0 et r2f(x⇤) est semi-définie positive
<latexit sha1_base64="CfVqQRjt60SNsmTR6q+hM6rLsvM="></latexit>

Si f est de classe C2 sur un ouvert U ⇢ Rn contenant x, si rf(x⇤) = 0 et si
r2f(x⇤) est définie positive, alors x⇤ est un minimum local.

<latexit sha1_base64="v5lUDITSTZKKBgiG76bJ9bcsyPA="></latexit>

Conditions su�santes, second ordre
<latexit sha1_base64="BVC9qYXRPoq5bdFowKqGB8YDCOw="></latexit>

NECESSARY CONDITIONS FOR A LOCAL MIN 

• Zero slope at a local minimum x ∗ 

∇f(x ∗) = 0  

• Nonnegative curvature at a local minimum x ∗ 

∇2f(x ∗) :  Positive Semidefinite 

xx* = 0 

f(x) = |x|3 (convex) 

x 

f(x) = x3 f(x) = - |x|3 

x* = 0x* = 0 x

First and second order necessary optimality conditions for 

functions of one variable. 
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Existence de minimum
Théorème de Weierstrass
Si f est définie et continue sur un sous-ensemble fermé et borné de Rn, alors

f admet un minimum global.
<latexit sha1_base64="H+09auwgxNTPw0DBnNfzwX1RsZQ="></latexit>

Si f est définie et continue sur Rn et coercive (i.e. f(x) ! +1 when
kxk ! +1, alors f admet un minimum global sur tout sous-ensemble fermé de
Rn.

<latexit sha1_base64="dxYlT+L+HYCbpjacol5/r2Y+wDg="></latexit>
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Théorème

Théorème
<latexit sha1_base64="mYqqELjhLXKIBBi8McTREM+WNmw="></latexit>

Si f est convexe et minorée, alors f admet un minimum global.



Convexité
L’ensemble X est convexe ssi pour tout x, y dans X, le segment [x, y] :=

{tx+ (1� t)y | t 2 [0, 1]} est inclus dans X
<latexit sha1_base64="iZwIgwvYn2SOHBaQ49Fh0XYnjgE="></latexit>

Une fonction f : X ⇢ Rn ! R est convexe ssi X est convexe et pour tout
x, y dans X et pour tout t 2 [0, 1],

f(tx+ (1� t)y)  tf(x) + (1� t)f(y).

Si l’inégalité est stricte pour t 2]0, 1[, la fonction est dite strictement convexe.
<latexit sha1_base64="qvuRGivRroZLl7PFxSx1A9kbvOI="></latexit>
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Unicité du minimum
Si f est une fonction strictement convexe définie sur un ensemble convexe

X ⇢ Rn, alors f admet au plus un minimum global.
<latexit sha1_base64="bLWOyqMzyEYH+jZlIRdaDsng31o="></latexit>

74

Si f est une fonction convexe définie sur un ensemble convexe X ⇢ Rn, alors
tout minimum local de f est aussi un minimum global de f . Si X est ouvert,
alors rf(x⇤) = 0 est équivaut à x⇤ est un minimum global de f

<latexit sha1_base64="QvrNLWOkoVxRMZXw5iHpHaPvvG8="></latexit>



Convexité
Reconnaître une fonction convexe

- les fonctions linéaires sont convexes

- les combinaisons linéaires positives de fonctions convexes sont convexes

- le maximum (point par point) d’un ensemble de fonctions convexes est convexe

- …

Si f est de classe C2, f est convexe si et seulement si r2f est semi-définie
positive sur l’intérieur de X. Si r2f est définie positive sur l’intérieur de X, f
est strictement convexe.

<latexit sha1_base64="E7ZDt5Gx7Gh9i1Xwn0DlLlfcVUo="></latexit>
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<latexit sha1_base64="sJ70q/7NCiBJfDwzGZKrKaVceeY=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREfG2EohuXFewD2lAm00k7dCYJMzdiDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvcePBdfgON9WbmFxaXklv1pYW9/Y3LK3d+o6ShRlNRqJSDV9opngIasBB8GasWJE+oI1/MH12G/cM6V5FN7BMGaeJL2QB5wSMFLH3is18SVuA3sAJdNuJEc4OOrYRafsTIDniZuRIspQ7dhf7W5EE8lCoIJo3XKdGLyUKOBUsFGhnWgWEzogPdYyNCSSaS+dXD/Ch0bp4iBSpkLAE/X3REqk1kPpm05JoK9nvbH4n9dKILjwUh7GCbCQThcFicAQ4XEUuMsVoyCGhhCquLkV0z5RhIIJrGBCcGdfnif147J7Vj69PSlWrrI48mgfHaASctE5qqAbVEU1RNEjekav6M16sl6sd+tj2pqzspld9AfW5w8Z+JRh</latexit>

(X = domf)



Optimisation
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1. Optimisation sans contraintes


2. Optimisation sous contraintes


3. Analyse convexe et dualité


4. Analyse des algorithmes d’optimisation



Optimisation sous 
contraintes

min
x2Rn

f(x) subject to

⇢
ci(x) = 0, i 2 E
ci(x) � 0, i 2 I

<latexit sha1_base64="wFqaZRTgOKFmJY1BnoLHvLS/WFc="></latexit>

x⇤ est une solution locale du problème ssi x⇤ 2 ⌦ et il existe un ensemble
ouvert U ⇢ Rn contenant x⇤ tel que pour tout x 2 U \ ⌦, f(x⇤)  f(x)

<latexit sha1_base64="bpdHvf1gjraz4XPLxrVScfFercI="></latexit>
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<latexit sha1_base64="+f/yfX0HOa7W96J2ZxmFBW1Nhrc="></latexit>

⌦ = {x 2 Rn | pour tout i 2 E , ci(x) = 0, pour tout j 2 I, cj(x) � 0}



Condition nécessaire 
d’optimalité: intuition

308 C H A P T E R 1 2 . T H E O R Y O F C O N S T R A I N E D O P T I M I Z A T I O N

Definition 12.1.
The active set A(x) at any feasible x consists of the equality constraint indices from E

together with the indices of the inequality constraints i for which ci (x) ! 0; that is,

A(x) ! E ∪ {i ∈ I | ci (x) ! 0}.

At a feasible point x , the inequality constraint i ∈ I is said to be active if ci (x) ! 0
and inactive if the strict inequality ci (x) > 0 is satisfied.

A SINGLE EQUALITY CONSTRAINT

! EXAMPLE 12.1

Our first example is a two-variable problem with a single equality constraint:

min x1 + x2 s.t. x2
1 + x2

2 − 2 ! 0 (12.9)

(see Figure 12.3). In the language of (12.1), we have f (x) ! x1 + x2, I ! ∅, E ! {1}, and
c1(x) ! x2

1 + x2
2 − 2. We can see by inspection that the feasible set for this problem is the

circle of radius
√

2 centered at the origin—just the boundary of this circle, not its interior.
The solution x∗ is obviously (−1,−1)T . From any other point on the circle, it is easy to
find a way to move that stays feasible (that is, remains on the circle) while decreasing f .
For instance, from the point x ! (

√
2, 0)T any move in the clockwise direction around the

circle has the desired effect.

∆

∆

∆

∆

∆

∆

∆

1

x*

x2

f

f

x1

f

f

c1 c1

c

Figure 12.3
Problem (12.9), showing
constraint and function
gradients at various feasible
points.
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We also see from Figure 12.3 that at the solution x∗, the constraint normal ∇c1(x∗) is
parallel to ∇ f (x∗). That is, there is a scalar λ∗

1 (in this case λ∗
1 # −1/2) such that

∇ f (x∗) # λ∗
1∇c1(x∗). (12.10)

!

We can derive (12.10) by examining first-order Taylor series approximations to the
objective and constraint functions. To retain feasibility with respect to the function c1(x) #
0, we require any small (but nonzero) step s to satisfy that c1(x + s) # 0; that is,

0 # c1(x + s) ≈ c1(x) + ∇c1(x)T s # ∇c1(x)T s. (12.11)

Hence, the step s retains feasibility with respect to c1, to first order, when it satisfies

∇c1(x)T s # 0. (12.12)

Similarly, if we want s to produce a decrease in f , we would have so that

0 > f (x + s) − f (x) ≈ ∇ f (x)T s,

or, to first order,

∇ f (x)T s < 0. (12.13)

Existence of a small step s that satisfies both (12.12) and (12.13) strongly suggests existence
of a direction d (where the size of d is not small; we could have d ≈ s/‖s‖ to ensure that
the norm of d is close to 1) with the same properties, namely

∇c1(x)T d # 0 and ∇ f (x)T d < 0. (12.14)

If, on the other hand, there is no direction d with the properties (12.14), then is it likely that
we cannot find a small step s with the properties (12.12) and (12.13). In this case, x∗ would
appear to be a local minimizer.

By drawing a picture, the reader can check that the only way that a d satisfying (12.14)
does not exist is if ∇ f (x) and ∇c1(x) are parallel, that is, if the condition ∇ f (x) # λ1∇c1(x)
holds at x , for some scalar λ1. If in fact ∇ f (x) and ∇c1(x) are not parallel, we can set

d̄ # −
(

I − ∇c1(x)∇c1(x)T

‖∇c1(x)‖2

)
∇ f (x); d # d̄

‖d̄‖
. (12.15)

It is easy to verify that this d satisfies (12.14).

78

Cas d’une seule 
contrainte d’égalité

<latexit sha1_base64="3lqfJz1yfLUcXeZbelAaEUvQ4Pw=">AAACBHicbVDLSgMxFM34rPU16rKbYBEEpcwUX7gqunFZwT6gHYZMmmlDk8yQZMQydOHGX3HjQhG3foQ7/8ZMOwttvZBwcs693JwTxIwq7Tjf1sLi0vLKamGtuL6xubVt7+w2VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqG15neuidS0Ujc6VFMPI76goYUI20o3y6Fl/DBd4/NVYVdjmKlo4w4Mm/fLjsVZ1JwHrg5KIO86r791e1FOOFEaMyQUh3XibWXIqkpZmRc7CaKxAgPUZ90DBSIE+WlExNjeGCYHgwjaY7QcML+nkgRV2rEA9PJkR6oWS0j/9M6iQ4vvJSKONFE4OmiMGHQGM0SgT0qCdZsZADCkpq/QjxAEmFtciuaENxZy/OgWa24Z5XT25Ny7SqPowBKYB8cAhecgxq4AXXQABg8gmfwCt6sJ+vFerc+pq0LVj6zB/6U9fkDyrmWTA==</latexit>

f : x1, x2 7! x1 + x2

<latexit sha1_base64="VV1mRNkvVKXWYTi8Ge9EAoku2eI=">AAAB+HicbVDJSgNBEK2JW4xLRj16aQyCIISZwe0iBL14jGAWSCZDT6eTNOlZ6O6RxCFf4sWDIl79FG/+jZ1kDpr4oODxXhVV9fyYM6ks69vIrayurW/kNwtb2zu7RXNvvy6jRBBaIxGPRNPHknIW0ppiitNmLCgOfE4b/vB26jceqZAsCh/UOKZugPsh6zGClZY8szjy7I5zOvKcjoOukeOZJatszYCWiZ2REmSoeuZXuxuRJKChIhxL2bKtWLkpFooRTieFdiJpjMkQ92lL0xAHVLrp7PAJOtZKF/UioStUaKb+nkhxIOU48HVngNVALnpT8T+vlajelZuyME4UDcl8US/hSEVomgLqMkGJ4mNNMBFM34rIAAtMlM6qoEOwF19eJnWnbF+Uz+/PSpWbLI48HMIRnIANl1CBO6hCDQgk8Ayv8GY8GS/Gu/Exb80Z2cwB/IHx+QPx7ZFW</latexit>

x2
1 + x2

2 = 2

Condition nécessaire 
d’optimalité



Condition nécessaire 
d’optimalité: intuition
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We also see from Figure 12.3 that at the solution x∗, the constraint normal ∇c1(x∗) is
parallel to ∇ f (x∗). That is, there is a scalar λ∗

1 (in this case λ∗
1 # −1/2) such that

∇ f (x∗) # λ∗
1∇c1(x∗). (12.10)

!

We can derive (12.10) by examining first-order Taylor series approximations to the
objective and constraint functions. To retain feasibility with respect to the function c1(x) #
0, we require any small (but nonzero) step s to satisfy that c1(x + s) # 0; that is,

0 # c1(x + s) ≈ c1(x) + ∇c1(x)T s # ∇c1(x)T s. (12.11)

Hence, the step s retains feasibility with respect to c1, to first order, when it satisfies

∇c1(x)T s # 0. (12.12)

Similarly, if we want s to produce a decrease in f , we would have so that

0 > f (x + s) − f (x) ≈ ∇ f (x)T s,

or, to first order,

∇ f (x)T s < 0. (12.13)

Existence of a small step s that satisfies both (12.12) and (12.13) strongly suggests existence
of a direction d (where the size of d is not small; we could have d ≈ s/‖s‖ to ensure that
the norm of d is close to 1) with the same properties, namely

∇c1(x)T d # 0 and ∇ f (x)T d < 0. (12.14)

If, on the other hand, there is no direction d with the properties (12.14), then is it likely that
we cannot find a small step s with the properties (12.12) and (12.13). In this case, x∗ would
appear to be a local minimizer.

By drawing a picture, the reader can check that the only way that a d satisfying (12.14)
does not exist is if ∇ f (x) and ∇c1(x) are parallel, that is, if the condition ∇ f (x) # λ1∇c1(x)
holds at x , for some scalar λ1. If in fact ∇ f (x) and ∇c1(x) are not parallel, we can set

d̄ # −
(

I − ∇c1(x)∇c1(x)T

‖∇c1(x)‖2

)
∇ f (x); d # d̄

‖d̄‖
. (12.15)

It is easy to verify that this d satisfies (12.14).

1 2 . 1 . E X A M P L E S 311

As before, we conjecture that a given feasible point x is not optimal if we can find a
small step s that both retains feasibility and decreases the objective function f to first order.
The main difference between problems (12.9) and (12.18) comes in the handling of the
feasibility condition. As in (12.13), the step s improves the objective function, to first order,
if ∇ f (x)T s < 0. Meanwhile, s retains feasibility if

0 ≤ c1(x + s) ≈ c1(x) + ∇c1(x)T s,

so, to first order, feasibility is retained if

c1(x) + ∇c1(x)T s ≥ 0. (12.19)

In determining whether a step s exists that satisfies both (12.13) and (12.19), we
consider the following two cases, which are illustrated in Figure 12.4.

Case I: Consider first the case in which x lies strictly inside the circle, so that the strict
inequality c1(x) > 0 holds. In this case, any step vector s satisfies the condition (12.19),
provided only that its length is sufficiently small. In fact, whenever ∇ f (x) %& 0, we can
obtain a step s that satisfies both (12.13) and (12.19) by setting

s & −α∇ f (x),

1

∆

s

f

∆

s
x

∆
c

x

f

Figure 12.4 Improvement directions s from two feasible points x for the problem
(12.18) at which the constraint is active and inactive, respectively.
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The optimality conditions for both cases I and II can again be summarized neatly
with reference to the Lagrangian function L defined in (12.16). When no first-order feasible
descent direction exists at some point x∗, we have that

∇xL(x∗, λ∗
1) # 0, for some λ∗

1 ≥ 0, (12.22)

where we also require that

λ∗
1c1(x∗) # 0. (12.23)

Condition (12.23) is known as a complementarity condition; it implies that the Lagrange
multiplier λ1 can be strictly positive only when the corresponding constraint c1 is active.
Conditions of this type play a central role in constrained optimization, as we see in the
sections that follow. In case I, we have that c1(x∗) > 0, so (12.23) requires that λ∗

1 # 0.
Hence, (12.22) reduces to ∇ f (x∗) # 0, as required by (12.20). In case II, (12.23) allows λ∗

1

to take on a nonnegative value, so (12.22) becomes equivalent to (12.21).

TWO INEQUALITY CONSTRAINTS

! EXAMPLE 12.3

Suppose we add an extra constraint to the problem (12.18) to obtain

min x1 + x2 s.t. 2 − x2
1 − x2

2 ≥ 0, x2 ≥ 0, (12.24)

for which the feasible region is the half-disk illustrated in Figure 12.6. It is easy to see that
the solution lies at (−

√
2, 0)T , a point at which both constraints are active. By repeating the

arguments for the previous examples, we would expect a direction d of first-order feasible
descent to satisfy

∇ci (x)T d ≥ 0, i ∈ I # {1, 2}, ∇ f (x)T d < 0. (12.25)

However, it is clear from Figure 12.6 that no such direction can exist when x # (−
√

2, 0)T .
The conditions ∇ci (x)T d ≥ 0, i # 1, 2, are both satisfied only if d lies in the quadrant
defined by ∇c1(x) and ∇c2(x), but it is clear by inspection that all vectors d in this quadrant
satisfy ∇ f (x)T d ≥ 0.

Let us see how the Lagrangian and its derivatives behave for the problem (12.24) and
the solution point (−

√
2, 0)T . First, we include an additional term λi ci (x) in the Lagrangian

for each additional constraint, so the definition of L becomes

L(x, λ) # f (x) − λ1c1(x) − λ2c2(x),

79

Cas d’une seule 
contrainte d’inégalité

<latexit sha1_base64="3lqfJz1yfLUcXeZbelAaEUvQ4Pw=">AAACBHicbVDLSgMxFM34rPU16rKbYBEEpcwUX7gqunFZwT6gHYZMmmlDk8yQZMQydOHGX3HjQhG3foQ7/8ZMOwttvZBwcs693JwTxIwq7Tjf1sLi0vLKamGtuL6xubVt7+w2VZRITBo4YpFsB0gRRgVpaKoZaceSIB4w0gqG15neuidS0Ujc6VFMPI76goYUI20o3y6Fl/DBd4/NVYVdjmKlo4w4Mm/fLjsVZ1JwHrg5KIO86r791e1FOOFEaMyQUh3XibWXIqkpZmRc7CaKxAgPUZ90DBSIE+WlExNjeGCYHgwjaY7QcML+nkgRV2rEA9PJkR6oWS0j/9M6iQ4vvJSKONFE4OmiMGHQGM0SgT0qCdZsZADCkpq/QjxAEmFtciuaENxZy/OgWa24Z5XT25Ny7SqPowBKYB8cAhecgxq4AXXQABg8gmfwCt6sJ+vFerc+pq0LVj6zB/6U9fkDyrmWTA==</latexit>

f : x1, x2 7! x1 + x2

<latexit sha1_base64="clQqABTu6jl78bnNK20fEOYj8ts=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSIIQkmCr2XRjcsK9gFtGibTSTt08nBmIi2hv+LGhSJu/RF3/o3TNgttPXDhcM693HuPn3AmlWV9Gyura+sbm4Wt4vbO7t6+eVBqyDgVhNZJzGPR8rGknEW0rpjitJUIikOf06Y/vJ36zScqJIujBzVOqBvifsQCRrDSkmeWRp7ddc5GntN1UIfTR+R4ZtmqWDOgZWLnpAw5ap751enFJA1ppAjHUrZtK1FuhoVihNNJsZNKmmAyxH3a1jTCIZVuNrt9gk600kNBLHRFCs3U3xMZDqUch77uDLEayEVvKv7ntVMVXLsZi5JU0YjMFwUpRypG0yBQjwlKFB9rgolg+lZEBlhgonRcRR2CvfjyMmk4FfuycnF/Xq7e5HEU4AiO4RRsuIIq3EEN6kBgBM/wCm/GxHgx3o2PeeuKkc8cwh8Ynz+ICJLV</latexit>

x2
1 + x2

2  2

Condition nécessaire 
d’optimalité



Condition nécessaire 
d’optimalité: cas général
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Figure 12.10 Problem (12.32), for which the feasible set is the single point of
intersection between circle and line.

that is, the entire horizontal axis. In this case, the linearized feasible direction set does not
capture the geometry of the feasible set, so constraint qualifications are not satisfied.

The constraint qualification most often used in the design of algorithms is the subject
of the next definition.

Definition 12.4 (LICQ).
Given the point x and the active setA(x) defined in Definition 12.1, we say that the linear

independence constraint qualification (LICQ) holds if the set of active constraint gradients
{∇ci (x), i ∈ A(x)} is linearly independent.

Note that this condition is not satisfied for the examples (12.32) and (12.31). In general, if
LICQ holds, none of the active constraint gradients can be zero. We mention other constraint
qualifications in Section 12.6.

12.3 FIRST-ORDER OPTIMALITY CONDITIONS

In this section, we state first-order necessary conditions for x∗ to be a local minimizer
and show how these conditions are satisfied on a small example. The proof of the result is
presented in subsequent sections.

As a preliminary to stating the necessary conditions, we define the Lagrangian function
for the general problem (12.1).

L(x, λ) $ f (x) −
∑

i∈E∪I
λi ci (x). (12.33)

(We had previously defined special cases of this function for the examples of Section 12.1.)
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The necessary conditions defined in the following theorem are called first-order con-
ditions because they are concerned with properties of the gradients (first-derivative vectors)
of the objective and constraint functions. These conditions are the foundation for many of
the algorithms described in the remaining chapters of the book.

Theorem 12.1 (First-Order Necessary Conditions).
Suppose that x∗ is a local solution of (12.1), that the functions f and ci in (12.1) are

continuously differentiable, and that the LICQ holds at x∗. Then there is a Lagrange multiplier
vector λ∗, with components λ∗

i , i ∈ E ∪ I , such that the following conditions are satisfied at
(x∗, λ∗)

∇xL(x∗, λ∗) % 0, (12.34a)

ci (x∗) % 0, for all i ∈ E, (12.34b)

ci (x∗) ≥ 0, for all i ∈ I, (12.34c)

λ∗
i ≥ 0, for all i ∈ I, (12.34d)

λ∗
i ci (x∗) % 0, for all i ∈ E ∪ I . (12.34e)

The conditions (12.34) are often known as the Karush–Kuhn–Tucker conditions, or
KKT conditions for short. The conditions (12.34e) are complementarity conditions; they
imply that either constraint i is active or λ∗

i % 0, or possibly both. In particular, the
Lagrange multipliers corresponding to inactive inequality constraints are zero, we can omit
the terms for indices i /∈ A(x∗) from (12.34a) and rewrite this condition as

0 % ∇xL(x∗, λ∗) % ∇ f (x∗) −
∑

i∈A(x∗)

λ∗
i ∇ci (x∗). (12.35)

A special case of complementarity is important and deserves its own definition.

Definition 12.5 (Strict Complementarity).
Given a local solution x∗ of (12.1) and a vector λ∗ satisfying (12.34), we say that the

strict complementarity condition holds if exactly one of λ∗
i and ci (x∗) is zero for each index

i ∈ I . In other words, we have that λ∗
i > 0 for each i ∈ I ∩ A(x∗).

Satisfaction of the strict complementarity property usually makes it easier for algorithms to
determine the active set A(x∗) and converge rapidly to the solution x∗.

For a given problem (12.1) and solution point x∗, there may be many vectors λ∗ for
which the conditions (12.34) are satisfied. When the LICQ holds, however, the optimal λ∗

is unique (see Exercise 12.17).
The proof of Theorem 12.1 is quite complex, but it is important to our understanding

of constrained optimization, so we present it in the next section. First, we illustrate the KKT
conditions with another example.
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Dualité

f : Rn ! R
<latexit sha1_base64="nLQEYDuJfEI+PW1PfiOzi4S+TDE="></latexit>

gj : R
n ! R

<latexit sha1_base64="xfeXps1yzHxyIbDUn4nzEXbOuu4="></latexit>

X ⇢ Rn
<latexit sha1_base64="SSJZ8OEvYz62yQXFm8jxvarCpOU="></latexit>

�1 < f⇤ < +1
<latexit sha1_base64="dkm9qqXGTZQ+7DJvG/eOp07fuE0="></latexit>

Il existe x⇤, tel que f(x⇤) = f⇤
<latexit sha1_base64="AcBCVA+5zz6uL68vU24/3MRAR/k="></latexit>
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Problème considéré
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Lagrangien associé au problème
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Fonction duale

Problème dual

Résultats



Dualité
 Dualité forte et qualification des contraintes

Example :  

Si f est convexe et les contraintes gj sont linéaires, alors il n’y a pas d’écart
dual: q⇤ = f⇤

<latexit sha1_base64="HsVB6Ko9rG8n2wXV0sz5bvsZ5Ss="></latexit>
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Perspective plus générale sur la dualité en optimisation convexe (et notamment la dualité 
Lagrangienne comme cas particulier de la dualité de Fenchel)

Chapter 3 from Ekeland, I., & Temam, R. (1999). Convex analysis and variational problems. SIAM

Rockafellar, R. T. (1997). Convex analysis. Princeton university press.

Boyd, S. P., & Vandenberghe, L. (2004). Convex optimization. Cambridge university press.
Références générales sur l’optimisation et l’analyse convexe
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Descente de gradient

Iteration : xk+1 = xk � ↵krf(xk)
<latexit sha1_base64="KxBxk47fEDD9UavvoHgo/lnMvWw="></latexit>

‘Backtracking’ avec la règle d’Armijo

Input: x0 2 Rn, f : Rn ! R de classe C1, s > 0, 0 < � < 1, 0 < � < 1.
<latexit sha1_base64="6XJTkXZIJ+WO+J9nYMvWLXd8S/0="></latexit>

↵k = �mks
<latexit sha1_base64="mEYS60fH6HWEgwmHZPNm7miro+g="></latexit>

mk plus petit entier positif tel que

f(xk)� f(xk+1) � ��mksrf(xk)
Trf(xk)

<latexit sha1_base64="ZmAny3DIe25Nc2TYei2lKlCKY/M="></latexit>
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Descente de gradient
‘Backtracking’ avec la règle d’Armijo
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Descente de gradient

Iteration : xk+1 = xk � ↵krf(xk)
<latexit sha1_base64="KxBxk47fEDD9UavvoHgo/lnMvWw="></latexit>

‘Backtracking’ avec la règle d’Armijo

Input: x0 2 Rn, f : Rn ! R de classe C1, s > 0, 0 < � < 1, 0 < � < 1.
<latexit sha1_base64="6XJTkXZIJ+WO+J9nYMvWLXd8S/0="></latexit>

↵k = �mks
<latexit sha1_base64="mEYS60fH6HWEgwmHZPNm7miro+g="></latexit>

mk plus petit entier positif tel que

f(xk)� f(xk+1) � ��mksrf(xk)
Trf(xk)

<latexit sha1_base64="ZmAny3DIe25Nc2TYei2lKlCKY/M="></latexit>
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Descente de gradient
Convergence

De plus, si x⇤ est le seul point stationnaire de f dans un ensemble ouvert, il
existe un ensemble ouvert S contenant x⇤ tel que si il existe k0 tel que xk0 2 S,
alors xk 2 S pour tout k � k0 et xk ! x⇤.

<latexit sha1_base64="xP7K7SS/uX82wSgJ8iPUYI15JoA="></latexit>

Soit (xk) la suite des points générés par l’algorithme de descente de gradient
avec pas choisi par la règle d’Armijo. Alors, tout point limite (i.e. valeur
d’adhérence) de (xk) est un point stationnaire.

<latexit sha1_base64="xWdKsQ3CangDkO268EW3iiN2cZk="></latexit>

Vitesse de convergence ?
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Présence de contraintes: 
Descente de gradient projeté

Input: x0 2 Rn, f : U ⇢ Rn ! R de classe C1, s > 0, 0 < � < 1, 0 < � < 1.
<latexit sha1_base64="LM484ZQuihDcXQdChXJrk/IFm6s="></latexit>

‘Backtracking’ avec la règle d’Armijo le long de l’arc de projection

U convexe, fermé, non-vide
<latexit sha1_base64="Hg1YLHrn1Ov/RMU/A6dTmna5bHQ="></latexit>

Iteration: xk+1 := pk(�mks)
<latexit sha1_base64="zXrmkIpICkaReAotgP5QeFWyE5Y="></latexit>

pk (r ) = [ xk ! r " f (xk )]U et mk plus petit entier m tel que
<latexit sha1_base64="Y3cZtzNLR4nlQIssf2FT5kJps9M="></latexit>

f (xk ) ! f (xk+1 ) " ! # f (xk )T (xk ! xk+1 )
<latexit sha1_base64="+RDXff343TMYQ5AhUXlVmMdfNoU="></latexit>
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‘Backtracking’ avec la règle d’Armijo le long de l’arc de projection

Présence de contraintes: 
Descente de gradient projeté
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Présence de contraintes: 
Descente de gradient projeté

Input: x0 2 Rn, f : U ⇢ Rn ! R de classe C1, s > 0, 0 < � < 1, 0 < � < 1.
<latexit sha1_base64="LM484ZQuihDcXQdChXJrk/IFm6s="></latexit>

‘Backtracking’ avec la règle d’Armijo le long de l’arc de projection

U convexe, fermé, non-vide
<latexit sha1_base64="Hg1YLHrn1Ov/RMU/A6dTmna5bHQ="></latexit>

Iteration: xk+1 := pk(�mks)
<latexit sha1_base64="zXrmkIpICkaReAotgP5QeFWyE5Y="></latexit>

pk (r ) = [ xk ! r " f (xk )]U et mk plus petit entier m tel que
<latexit sha1_base64="Y3cZtzNLR4nlQIssf2FT5kJps9M="></latexit>

f (xk ) ! f (xk+1 ) " ! # f (xk )T (xk ! xk+1 )
<latexit sha1_base64="+RDXff343TMYQ5AhUXlVmMdfNoU="></latexit>
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