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Statistique

• Introduction générale


• Statistique inférentielle non asymptotique (classique)


• Statistique inférentielle asymptotique (classique)


• Statistique inférentielle non asymptotique (haute 
dimension)


• Statistique inférentielle asymptotique (haute dimension)



• Convergence presque sûre ou presque partout


• Convergence en probabilité


• Convergence en loi


• Convergence en moyenne quadratique

Modes de convergence
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Loi forte des grands 
nombres

62 1. Probability Theory

Example 1.31. Let {Xn} be a sequence of random variables satisfying√
n(Xn−c) →d N(0, 1). Consider the function g(x) = x2. If c $= 0, then an

application of Corollary 1.1 gives that
√

n(X2
n − c2) →d N(0, 4c2). If c = 0,

the first-order derivative of g at 0 is 0 but the second-order derivative of
g ≡ 2. Hence, an application of result (1.78) gives that nX2

n →d [N(0, 1)]2,
which has the chi-square distribution χ2

1 (Example 1.14). The last result
can also be obtained by applying Theorem 1.10(iii).

1.5.4 The law of large numbers

The law of large numbers concerns the limiting behavior of sums of indepen-
dent random variables. The weak law of large numbers (WLLN) refers to
convergence in probability, whereas the strong law of large numbers (SLLN)
refers to a.s. convergence.

The following lemma is useful in establishing the SLLN. Its proof is left
as an exercise.

Lemma 1.6. (Kronecker’s lemma). Let xn ∈ R, an ∈ R, 0 < an ≤
an+1, n = 1, 2, ..., and an → ∞. If the series

∑∞
n=1 xn/an converges, then

a−1
n

∑n
i=1 xi → 0.

Our first result gives the WLLN and SLLN for a sequence of independent
and identically distributed (i.i.d.) random variables.

Theorem 1.13. Let X1, X2, ... be i.i.d. random variables.
(i) (The WLLN). A necessary and sufficient condition for the existence of
a sequence of real numbers {an} for which

1

n

n∑

i=1

Xi − an →p 0 (1.80)

is that nP (|X1| > n) → 0, in which case we may take an = E(X1I{|X1|≤n}).
(ii) (The SLLN). A necessary and sufficient condition for the existence of a
constant c for which

1

n

n∑

i=1

Xi →a.s. c (1.81)

is that E|X1| < ∞, in which case c = EX1 and

1

n

n∑

i=1

ci(Xi − EX1) →a.s. 0 (1.82)

for any bounded sequence of real numbers {ci}.

X1, X2, . . . variables aléatoires i.i.d.
<latexit sha1_base64="ox0ZP7FtJKEi3EVwZiImaQuUnCg="></latexit>
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Théorème de la limite 
centrale

1.5. Asymptotic Theory 69

∑kn

j=1 σ
2
nj are uniformly negligible as n → ∞. If Feller’s condition is as-

sumed, then Lindeberg’s condition is not only sufficient but also necessary
for result (1.93), which is the well-known Lindeberg-Feller CLT. A proof can
be found in Billingsley (1986, pp. 373-375). Note that neither Lindeberg’s
condition nor Feller’s condition is necessary for result (1.93) (Exercise 158).

A sufficient condition for Lindeberg’s condition is the following Lia-
pounov’s condition, which is somewhat easier to verify:

kn∑

j=1

E|Xnj − EXnj |2+δ = o(σ2+δ
n ) for some δ > 0. (1.97)

Example 1.33. Let X1, X2, ... be independent random variables. Suppose
that Xi has the binomial distribution Bi(pi, 1), i = 1, 2,..., and that σ2

n =∑n
i=1 Var(Xi) =

∑n
i=1 pi(1 − pi) → ∞ as n → ∞. For each i, EXi =

pi and E|Xi − EXi|3 = (1 − pi)3pi + p3
i (1 − pi) ≤ 2pi(1 − pi). Hence∑n

i=1 E|Xi − EXi|3 ≤ 2σ2
n, i.e., Liapounov’s condition (1.97) holds with

δ = 1. Thus, by Theorem 1.15,

1

σn

n∑

i=1

(Xi − pi) →d N(0, 1). (1.98)

It can be shown (exercise) that the condition σn → ∞ is also necessary for
result (1.98).

The following are useful corollaries of Theorem 1.15 (and Theorem
1.9(iii)). Corollary 1.2 is in fact proved in Example 1.28. The proof of
Corollary 1.3 is left as an exercise.

Corollary 1.2 (Multivariate CLT). Let X1, ..., Xn be i.i.d. random k-
vectors with a finite Σ = Var(X1). Then

1√
n

n∑

i=1

(Xi − EX1) →d Nk(0, Σ).

Corollary 1.3. Let Xni ∈ Rmi , i = 1, ..., kn, be independent random
vectors with mi ≤ m (a fixed integer), n = 1, 2,..., kn → ∞ as n → ∞, and
infi,n λ−[Var(Xni)] > 0, where λ−[A] is the smallest eigenvalue of A. Let
cni ∈ Rmi be vectors such that

lim
n→∞

(
max

1≤i≤kn

‖cni‖2

/ kn∑

i=1

‖cni‖2

)
= 0.
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Transformations continues 
et théorème de Slutsky

60 1. Probability Theory

convergence of the joint c.d.f. of (Xn, Yn). This is different when →d is re-
placed by →p or →a.s.. The following result, which plays an important role
in probability and statistics, establishes the convergence in distribution of
Xn +Yn or XnYn when no information regarding the joint c.d.f. of (Xn, Yn)
is provided.

Theorem 1.11 (Slutsky’s theorem). Let X, X1, X2, ..., Y1, Y2, ... be ran-
dom variables on a probability space. Suppose that Xn →d X and Yn →p c,
where c is a fixed real number. Then
(i) Xn + Yn →d X + c;
(ii) YnXn →d cX ;
(iii) Xn/Yn →d X/c if c "= 0.
Proof. We prove (i) only. The proofs of (ii) and (iii) are left as exercises.
Let t ∈ R and ε > 0 be fixed constants. Then

FXn+Yn(t) = P (Xn + Yn ≤ t)

≤ P ({Xn + Yn ≤ t} ∩ {|Yn − c| < ε}) + P (|Yn − c| ≥ ε)

≤ P (Xn ≤ t − c + ε) + P (|Yn − c| ≥ ε)

and, similarly,

FXn+Yn(t) ≥ P (Xn ≤ t − c − ε) − P (|Yn − c| ≥ ε).

If t − c, t − c + ε, and t − c − ε are continuity points of FX , then it follows
from the previous two inequalities and the hypotheses of the theorem that

FX(t − c − ε) ≤ lim inf
n

FXn+Yn(t) ≤ lim sup
n

FXn+Yn(t) ≤ FX(t − c + ε).

Since ε can be arbitrary (why?),

lim
n→∞

FXn+Yn(t) = FX(t − c).

The result follows from FX+c(t) = FX(t − c).

An application of Theorem 1.11 is given in the proof of the following
important result.

Theorem 1.12. Let X1, X2, ... and Y be random k-vectors satisfying

an(Xn − c) →d Y, (1.76)

where c ∈ Rk and {an} is a sequence of positive numbers with limn→∞ an =
∞. Let g be a function from Rk to R.
(i) If g is differentiable at c, then

an[g(Xn) − g(c)] →d [∇g(c)]τY, (1.77)

1.5. Asymptotic Theory 59

Other examples of applications of Theorem 1.9 are given in Exercises
135-140 in §1.6. The following result can be used to check whether Xn →d

X when X has a p.d.f. f and Xn has a p.d.f. fn.

Proposition 1.18 (Scheffé’s theorem). Let {fn} be a sequence of p.d.f.’s
on Rk w.r.t. a measure ν. Suppose that limn→∞ fn(x) = f(x) a.e. ν and
f(x) is a p.d.f. w.r.t. ν. Then limn→∞

∫
|fn(x) − f(x)|dν = 0.

Proof. Let gn(x) = [f(x) − fn(x)]I{f≥fn}(x), n = 1, 2,.... Then

∫
|fn(x) − f(x)|dν = 2

∫
gn(x)dν.

Since 0 ≤ gn(x) ≤ f(x) for all x and gn → 0 a.e. ν, the result follows from
the dominated convergence theorem.

As an example, consider the Lebesgue p.d.f. fn of the t-distribution tn
(Table 1.2), n = 1, 2,.... One can show (exercise) that fn → f , where f is
the standard normal p.d.f. This is an important result in statistics.

1.5.3 Convergence of transformations

Transformation is an important tool in statistics. For random vectors Xn

converging to X in some sense, we often want to know whether g(Xn)
converges to g(X) in the same sense. The following result provides an
answer to this question in many problems. Its proof is left to the reader.

Theorem 1.10. Let X, X1, X2, ... be random k-vectors defined on a prob-
ability space and g be a measurable function from (Rk,Bk) to (Rl,Bl).
Suppose that g is continuous a.s. PX . Then
(i) Xn →a.s. X implies g(Xn) →a.s. g(X);
(ii) Xn →p X implies g(Xn) →p g(X);
(iii) Xn →d X implies g(Xn) →d g(X).

Example 1.30. (i) Let X1, X2, ... be random variables. If Xn →d X ,
where X has the N(0, 1) distribution, then X2

n →d Y , where Y has the
chi-square distribution χ2

1 (Example 1.14).
(ii) Let (Xn, Yn) be random 2-vectors satisfying (Xn, Yn) →d (X, Y ), where
X and Y are independent random variables having the N(0, 1) distribution,
then Xn/Yn →d X/Y , which has the Cauchy distribution C(0, 1) (§1.3.1).
(iii) Under the conditions in part (ii), max{Xn, Yn} →d max{X, Y }, which
has the c.d.f. [Φ(x)]2 (Φ(x) is the c.d.f. of N(0, 1)).

In Example 1.30(ii) and (iii), the condition that (Xn, Yn) →d (X, Y )
cannot be relaxed to Xn →d X and Yn →d Y (exercise); i.e., we need the
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Delta method
Soit X1, X2, . . . and Y des vecteurs aléatoires de dimension k, tels que :

an(Xn � c) !d Y,

pour c 2 Rk et (an) une suite de nombres positifs tendant vers +1. Alors pour
toute fonction g : Rk ! R di↵érentiable en c, on a:

an[g(Xn)� g(c)] !d [rg(c)]TY.
<latexit sha1_base64="gnVqkUQoPK7CgV9vLuzyHuRjk4A="></latexit>
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Plan du cours (prévisionnel)

9 séances de 3h


Partie 1 (DM1) : algèbre linéaire et probabilités


1. Notions de bases sur les preuves (+ Algèbre linéaire?)


2. Algèbre linéaire (+ Probabilités?)


3. Probabilités


Partie 2 (DM2): statistique et optimisation


4. Statistiques


5. Optimisation


Partie 3 (DM3): 


6. Optimisation sous contraintes


7. Optimisation stochastique


8. Théorie de l’apprentissage


9. Putting it all together
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Optimisation sans 
contraintes

f : Rn 7! R
<latexit sha1_base64="/7HYHm9YFtilBtav2UmbSnFpbs0="></latexit>

min
x

f(x) ?
<latexit sha1_base64="Jm6SFxl1VTF4t2vUHJnWgPnMTH4="></latexit>

x⇤ est un minimum global de f ssi pour tout x 2 Rn, f(x⇤)  f(x)
<latexit sha1_base64="HTZ64D3o5vAV0YyxArNb5nsojEo="></latexit>

x⇤ est un minimum local de f ssi il existe un ensemble ouvert U ⇢ Rn

contenant x⇤ tel que pour tout x 2 U , f(x⇤)  f(x)
<latexit sha1_base64="TaNvouGrWcMvagBpazk1106LIyA="></latexit>
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Analyse
Concept central lim

x!a
f(x) = l ?

<latexit sha1_base64="pC6a4XFLQavwfFqXc8PIBc0HQqY="></latexit>

Dans Rn, La boule ouverte Bo(x, ✏), centrée sur x et de rayon ✏ associée à
la norme Euclidienne est l’ensemble des points y de Rn tels que kx� yk2 < ✏

<latexit sha1_base64="mOhK02FS52kyVBkc+gAUov7OOPs="></latexit>

Dans Rn, La boule fermée Bf (x, ✏), centrée sur x et de rayon ✏ associée à la
norme Euclidienne est l’ensemble des points y de Rn tels que kx� yk2  ✏

<latexit sha1_base64="KxuGT0qAweQ9eb97DXuHTV2Lp6w="></latexit>

U est un ouvert de Rn ssi U ⇢ Rn et pour tout x dans U , il existe ✏ > 0,
tel que Bf (x, ✏) ⇢ U .

<latexit sha1_base64="CAykajiFtWs9Fib6nR/43Sa3Suo="></latexit>

U est un fermé de Rn ssi son complément dans Rn est un ouvert de Rn
<latexit sha1_base64="/P2OlJNO+XtaRgtzUsaiKdW4z8U="></latexit>

Notions de base de topologie
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Jacobienne, gradient
f : U ⇢ Rn ! Rm, de classe C1

<latexit sha1_base64="59n6eAb8Q0UghZ0cI6HrTMpbCP8="></latexit>

Dérivée partielle

Matrice Jacobienne (transposée du gradient si m=1)

f : x 7! (f1(x), f2(x), . . . , fm(x))
<latexit sha1_base64="Fmt4IWExWtg0U+5cckaqTAOwK8Q="></latexit>

@fi
@xj

: (a1, . . . , an) 7! lim
h!0

fi(a1, . . . , aj�1, aj + h, aj+1, . . . an)� fi(a1, . . . , aj , . . . , an)

h
<latexit sha1_base64="W3x2XBn/U24STtRXX8qLs+hJrcM="></latexit>

“Chain rule”
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Optimisation sans 
contraintes

f : Rn 7! R
<latexit sha1_base64="/7HYHm9YFtilBtav2UmbSnFpbs0="></latexit>

min
x

f(x) ?
<latexit sha1_base64="Jm6SFxl1VTF4t2vUHJnWgPnMTH4="></latexit>

x⇤ est un minimum global de f ssi pour tout x 2 Rn, f(x⇤)  f(x)
<latexit sha1_base64="HTZ64D3o5vAV0YyxArNb5nsojEo="></latexit>

x⇤ est un minimum local de f ssi il existe un ensemble ouvert U ⇢ Rn

contenant x⇤ tel que pour tout x 2 U , f(x⇤)  f(x)
<latexit sha1_base64="TaNvouGrWcMvagBpazk1106LIyA="></latexit>
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Conditions d’optimalité
Conditions nécessaires, premier ordre

<latexit sha1_base64="RdeHUBuyH3WJCjzpf254MozL0H8="></latexit>

Si x⇤ est un minimum local et f est de classe C1 sur un ouvert U ⇢ Rn

contenant x, alors rf(x⇤) = 0
<latexit sha1_base64="6gRqGUmyzp9Ob+27tMsy8TyUQlA="></latexit>
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