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Plan du cours (prévisionnel)

9 séances de 3h


Partie 1 (DM1) : algèbre linéaire et probabilités


1. Notions de bases sur les preuves (+ Algèbre linéaire?)


2. Algèbre linéaire (+ Probabilités?)


3. Probabilités


Partie 2 (DM2): statistique et optimisation


4. Statistiques


5. Optimisation


Partie 3 (DM3): 


6. Optimisation sous contraintes


7. Optimisation stochastique


8. Théorie de l’apprentissage


9. Putting it all together
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Probabilités

1. Revue du calcul probabiliste, sur la base des transparents 
de Ding & Khani, Stanford CS229, April 2022 (revus , 
réordonnés et augmentés)


2. Quelques points plus avancés (intro théorie de la mesure)
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Moments

Moment d’ordre k


Moment centré d’ordre k

E[Xk]
<latexit sha1_base64="KlIrvEvgSfRtah6L8eDWD3k4+us=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LInisYD9gu5Zsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RRWVtfWN4qbpa3tnd298v5BS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTscXU/99hNVmklxb8YJDWI8ECxiBBsrtW78zsMo6JUrbtWdAS0TLycVyNHolb+6fUnSmApDONba99zEBBlWhhFOJ6VuqmmCyQgPqG+pwDHVQTa7doJOrNJHkVS2hEEz9fdEhmOtx3FoO2NshnrRm4r/eX5qossgYyJJDRVkvihKOTISTV9HfaYoMXxsCSaK2VsRGWKFibEBlWwI3uLLy6RVq3pn1drdeaV+lcdRhCM4hlPw4ALqcAsNaAKBR3iGV3hzpPPivDsf89aCk88cwh84nz8k147Y</latexit>

E[(X � µ)k]
<latexit sha1_base64="dUWU82kW/p8DAyP2C6V9XMfcSWo=">AAAB83icbVDLSsNAFJ3UV62vqks3g0WoC0tSBV0WRXBZwT4giWUynbRDZyZhHkIJ/Q03LhRx68+482+ctllo64ELh3Pu5d57opRRpV332ymsrK6tbxQ3S1vbO7t75f2DtkqMxKSFE5bIboQUYVSQlqaakW4qCeIRI51odDP1O09EKpqIBz1OScjRQNCYYqStFNz61e5ZwM3p4yjslStuzZ0BLhMvJxWQo9krfwX9BBtOhMYMKeV7bqrDDElNMSOTUmAUSREeoQHxLRWIExVms5sn8MQqfRgn0pbQcKb+nsgQV2rMI9vJkR6qRW8q/uf5RsdXYUZFajQReL4oNgzqBE4DgH0qCdZsbAnCktpbIR4iibC2MZVsCN7iy8ukXa9557X6/UWlcZ3HUQRH4BhUgQcuQQPcgSZoAQxS8AxewZtjnBfn3fmYtxacfOYQ/IHz+QOyWZDQ</latexit>

µ = E[X]
<latexit sha1_base64="OPQynUgR5m/3Fk7MdD4atIDrxIg=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgl6EoggeK9gP3C4lm2bb0CS7JFmhLP0XXjwo4tV/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NJxqghtkpjHqhNiTTmTtGmY4bSTKIpFyGk7HN1M/fYTVZrF8sGMExoIPJAsYgQbKz12RYqu0K3fCXrlilt1Z0DLxMtJBXI0euWvbj8mqaDSEI619j03MUGGlWGE00mpm2qaYDLCA+pbKrGgOshmF0/QiVX6KIqVLWnQTP09kWGh9ViEtlNgM9SL3lT8z/NTE10GGZNJaqgk80VRypGJ0fR91GeKEsPHlmCimL0VkSFWmBgbUsmG4C2+vExatap3Vq3dn1fq13kcRTiCYzgFDy6gDnfQgCYQkPAMr/DmaOfFeXc+5q0FJ585hD9wPn8AMLKP8g==</latexit>
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Multivariate Gaussian

The multivariate Gaussian X ⇠ N (µ,⌃), X 2 Rn:

p(x ;µ,⌃) =
1

det(⌃)
1
2 (2⇡)

n
2

exp

✓
�1

2
(x � µ)T⌃�1(x � µ)

◆

The univariate Gaussian X ⇠ N (µ,�2), X 2 R is just the special
case of the multivariate Gaussian when n = 1.

p(x ;µ,�2) =
1

�(2⇡)
1
2

exp

✓
� 1

2�2
(x � µ)2

◆

Notice that if ⌃ 2 R1⇥1, then ⌃ = Var [X1] = �2, and so

I ⌃�1 = 1
�2

I det(⌃)
1
2 = �



Visualizations of MV Gaussians

E↵ect of changing variance
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Visualizations of MV Gaussians

If Var [X1] 6= Var [X2]:
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Visualizations of MV Gaussians

If X1 and X2 are positively correlated:
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Visualizations of MV Gaussians

If X1 and X2 are negatively correlated:
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Some Nice Properties of MV Gaussians

I Marginals and conditionals of a joint Gaussian are Gaussian

I A d-dimensional Gaussian X 2 N (µ,⌃ = diag(�2
1, ...,�

2
n)) is

equivalent to a collection of d independent Gaussians
Xi 2 N (µi ,�2

i ). This results in isocontours aligned with the
coordinate axes.

I In general, the isocontours of a MV Gaussian are
n-dimensional ellipsoids with principal axes in the directions of
the eigenvectors of covariance matrix ⌃ (remember, ⌃ is
PSD, so all n eigenvectors are non-negative). The axes’
relative lengths depend on the eigenvalues of ⌃.
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Multivariate Gaussian
Définition générale

Distributions conditionnelles

Distributions marginales ?

⌃̄ = ⌃11 �⌃12⌃
+
22⌃21

<latexit sha1_base64="faNxzm/k53VvvkRayaFS2UWYylQ="></latexit>

µ̄ = µ1 +⌃12⌃
+
22(a� µ2)

<latexit sha1_base64="nol8nx+QBOKx7WHujoOtkMjKGcA="></latexit>

p(x1 | x2 = a) = N (µ̄, ⌃̄), with
<latexit sha1_base64="JGH0l1WMP2Qf3UVOnr+Ebv65CiQ="></latexit>
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Probabilités

1. Revue du calcul probabiliste, sur la base des transparents 
de Ding & Khani, Stanford CS229, April 2022 (revus , 
réordonnés et augmentés)


2. Quelques points plus avancés (intro théorie de la mesure)
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Théorie de la mesure ?
• Quel intérêt : traitement rigoureux, unifié et général de la 

théorie des probabilité


• Unifié : e.g. PMF et PDF deviennent deux cas particuliers 
d’un concept plus général, pas de différence à faire entre 
somme discrètes et intégrales continues


• Général : variables mixtes (ni continues ni discrètes), 
variables plus compliquées (e.g. signal), espace de 
probabilité aussi complexes que nécessaires, théorèmes 
de convergence plus simples et plus forts qu’avec 
l’intégrale de Riemann (utile en statistique) 
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Théorie de la mesure ?

• Difficulté : 


• Plus abstrait


• Le problème de la mesurabilité des fonctions
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Elements of Probability

Sample Space ⌦

{HH,HT ,TH,TT}

Event A ✓ ⌦

{HH,HT}, ⌦

Event Space F

Probability Measure P : F ! R
P(A) � 0 8A 2 F

P(⌦) = 1

If A1,A2, ... disjoint set of events (Ai \ Aj = ; when i 6= j),
then

P

 
[

i

Ai

!
=
X

i

P(Ai )

countable
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Espérance d’une variable 
aléatoire: intégrale de Lebesgue

Z b

a
f(x)dx = lim

n!+1

n�1X

i=0

✓
b� a

n

◆
f

✓
a+ i

b� a

n

◆

<latexit sha1_base64="NiPUOJ3zZdTMd4+7k5+chKXFP0c="></latexit>

9K 2 N, 9(A1, A2, . . . , AK) 2 P (X), 9(a1, a2, . . . , aK) 2 RK , g =
KX

k=1

ak1Ak

<latexit sha1_base64="1cLdRfFdW0SQA65PdnB/UjndVHg="></latexit>

Z

X
fdµ =

KX

k=1

akµ(Ak)
<latexit sha1_base64="P7BRkBIpCI6ctrCNoAHB0rWiXB8=">AAACEHicbVC7SgNBFJ31GeNr1dJmMIixCbtR0CYQtRFsIpgHZOMyO5lNhp2ZXWZmhbDkE2z8FRsLRWwt7fwbJ49CEw9cOJxzL/feEySMKu0439bC4tLyympuLb++sbm1be/sNlScSkzqOGaxbAVIEUYFqWuqGWklkiAeMNIMoquR33wgUtFY3OlBQjoc9QQNKUbaSL595FGh/RYMux5PYQV6KuV+FlXc4f0NRH5k1OKFHx37dsEpOWPAeeJOSQFMUfPtL68b45QToTFDSrVdJ9GdDElNMSPDvJcqkiAcoR5pGyoQJ6qTjR8awkOjdGEYS1NCw7H6eyJDXKkBD0wnR7qvZr2R+J/XTnV43smoSFJNBJ4sClMGdQxH6cAulQRrNjAEYUnNrRD3kURYmwzzJgR39uV50iiX3JNS+fa0UL2cxpED++AAFIELzkAVXIMaqAMMHsEzeAVv1pP1Yr1bH5PWBWs6swf+wPr8AZOsm6c=</latexit>

Z

X
fdµ = sup

gf,g étagée
g

<latexit sha1_base64="VmxZGCNLERH98upg9DLARiuD5Zs=">AAACH3icbVBNSwMxEM36bf2qevQSLKIHKbsq6kUQvXhUsFroliWbzq7BJLsms2JZ+k+8+Fe8eFBEvPlvTGsPfj2Y4fHeDMm8OJfCou9/eCOjY+MTk1PTlZnZufmF6uLShc0Kw6HBM5mZZswsSKGhgQIlNHMDTMUSLuPr475/eQvGikyfYzeHtmKpFongDJ0UVXdDoTFq0qQTqoIe0NAWeVSmoYQbmmzSlIYId2hUScN1QJa6Dr1eGlVrft0fgP4lwZDUyBCnUfU97GS8UKCRS2ZtK/BzbJfMoOASepWwsJAzfs1SaDmqmQLbLgf39eiaUzo0yYwrjXSgft8ombK2q2I3qRhe2d9eX/zPaxWY7LdLofMCQfOvh5JCUsxoPyzaEQY4yq4jjBvh/kr5FTOMo4u04kIIfp/8l1xs1YPt+tbZTu3waBjHFFkhq2SDBGSPHJITckoahJN78kieyYv34D15r97b1+iIN9xZJj/gfXwCsSuiJw==</latexit>
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Statistique

• Introduction générale


• Statistique non asymptotique partie 1: biais, variance et 
risque


• Statistique asymptotique


• Statistique non asymptotique partie 2: inégalités de 
concentration



• Problème de l’induction, inséparable de la démarche 
scientifique dans son ensemble


• Bayésien vs fréquentiste


• Probabilistic vs non-probabilistic models/algorithms

Introduction

19



Types de problèmes statistiques


• Estimation ponctuelle


• Estimation par intervalle


• Test statistique

Introduction

20

f̂(O) ⇡ f(P )
<latexit sha1_base64="+p5uZ34mLC8R+zpJTOnzhfU8CmM=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSxCuylJFXRZdOPOCvYBTSiT6aQdOpkJMxOxhLrxV9y4UMStf+HOv3HaZqGtBy4czrmXe+8JE0aVdt1va2l5ZXVtvbBhb25t7+w6e/tNJVKJSQMLJmQ7RIowyklDU81IO5EExSEjrXB4NfFb90QqKvidHiUkiFGf04hipI3UdQ5tf4B0Fo1LN2XooySR4gFGpXq56xTdijsFXCReToogR73rfPk9gdOYcI0ZUqrjuYkOMiQ1xYyMbT9VJEF4iPqkYyhHMVFBNv1gDE+M0oORkKa4hlP190SGYqVGcWg6Y6QHat6biP95nVRHF0FGeZJqwvFsUZQyqAWcxAF7VBKs2cgQhCU1t0I8QBJhbUKzTQje/MuLpFmteKeV6u1ZsXaZx1EAR+AYlIAHzkENXIM6aAAMHsEzeAVv1pP1Yr1bH7PWJSufOQB/YH3+AEbilX0=</latexit>

R(O) ⇢ Imf, P (f(P ) 2 R(O)) ⇡ 1� ↵
<latexit sha1_base64="cRQxc/7KaHHzr2Ig+p2TqjdE0RU="></latexit>

T̂ (O) 2 R
<latexit sha1_base64="RMMKGlj5kfhqnZRukXGFvkSvJs4=">AAACA3icbVDLSsNAFJ34rPEVdaebwSLUTUmqoMuiG3dW6QuaUCbTSTt0MgkzE6GEgBt/xY0LRdz6E+78GydtFtp64MLhnHu59x4/ZlQq2/42lpZXVtfWSxvm5tb2zq61t9+WUSIwaeGIRaLrI0kY5aSlqGKkGwuCQp+Rjj++zv3OAxGSRrypJjHxQjTkNKAYKS31rUPTHSGVNrPK7Sl0KYduiNTID9L7rG+V7ao9BVwkTkHKoECjb325gwgnIeEKMyRlz7Fj5aVIKIoZyUw3kSRGeIyGpKcpRyGRXjr9IYMnWhnAIBK6uIJT9fdEikIpJ6GvO/ML5byXi/95vUQFl15KeZwowvFsUZAwqCKYBwIHVBCs2EQThAXVt0I8QgJhpWMzdQjO/MuLpF2rOmfV2t15uX5VxFECR+AYVIADLkAd3IAGaAEMHsEzeAVvxpPxYrwbH7PWJaOYOQB/YHz+AH6Pls0=</latexit>

H0
<latexit sha1_base64="Rex5YMBab8JBmjMBPsI6EFIo8+k=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0mqoMeilx4r2A9oQ9lsN+3S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5YcKZNp737ZQ2Nre2d8q77t7+weFR5fiko+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244vc/97hNVmsXy0cwSGgg8lixiBJtccptDb1ipejVvAbRO/IJUoUBrWPkajGKSCioN4Vjrvu8lJsiwMoxwOncHqaYJJlM8pn1LJRZUB9ni1jm6sMoIRbGyJQ1aqL8nMiy0nonQdgpsJnrVy8X/vH5qotsgYzJJDZVkuShKOTIxyh9HI6YoMXxmCSaK2VsRmWCFibHxuDYEf/XlddKp1/yrWv3hutq4K+IowxmcwyX4cAMNaEIL2kBgAs/wCm+OcF6cd+dj2VpyiplT+APn8wf2eY2H</latexit>

p = P (|T̂ | � |T̂ (O)|| H0)
<latexit sha1_base64="ITdxmH9gzC+AhX02juTrh9Hq/P4=">AAACE3icbVDLSsNAFJ34rPEVdelmsAiti5JUQTdC0U13VugLmhAm00k7dPJwZiKUtP/gxl9x40IRt27c+TdO2wjaemDg3HPu5c49XsyokKb5pS0tr6yurec29M2t7Z1dY2+/KaKEY9LAEYt420OCMBqShqSSkXbMCQo8Rlre4Hrit+4JFzQK63IYEydAvZD6FCOpJNc40WN4CWuFkd1HMq2PR9DukTv4UxZuiiNVwKprFl0jb5bMKeAisTKSBxlqrvFpdyOcBCSUmCEhOpYZSydFXFLMyFi3E0FihAeoRzqKhiggwkmnN43hsVK60I+4eqGEU/X3RIoCIYaBpzoDJPti3puI/3mdRPoXTkrDOJEkxLNFfsKgjOAkINilnGDJhoogzKn6K8R9xBGWKkZdhWDNn7xImuWSdVoq357lK1dZHDlwCI5AAVjgHFRAFdRAA2DwAJ7AC3jVHrVn7U17n7UuadnMAfgD7eMbhMGcDQ==</latexit>

P
<latexit sha1_base64="GH4lnl7xiOBJEv5hdGjYXKo68Lw=">AAAB8nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy6cVnBPqANZTKdtEMnkzBzI5TQz3DjQhG3fo07/8ZJm4W2Hhg4nHMvc+4JEikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJk414y0Wy1h3A2q4FIq3UKDk3URzGgWSd4LJXe53nrg2IlaPOE24H9GREqFgFK3U60cUx4zKrDkbVKpuzZ2DrBKvIFUo0BxUvvrDmKURV8gkNabnuQn6GdUomOSzcj81PKFsQke8Z6miETd+No88I+dWGZIw1vYpJHP190ZGI2OmUWAn84hm2cvF/7xeiuGNnwmVpMgVW3wUppJgTPL7yVBozlBOLaFMC5uVsDHVlKFtqWxL8JZPXiXtes27rNUfrqqN26KOEpzCGVyAB9fQgHtoQgsYxPAMr/DmoPPivDsfi9E1p9g5gT9wPn8AiGeRag==</latexit>

Modèle statistique
<latexit sha1_base64="aIHsIl+W1zraQvxmA88EAkeKhOY=">AAAB/XicbVDJSgNBEO2JW4zbuNy8NAbBU5iJBz0GvXgRIpgFkhB7OpWkSc/02F0jxCH4K148KOLV//Dm39hZDpr4oODxXhVV9YJYCoOe9+1klpZXVtey67mNza3tHXd3r2pUojlUuJJK1wNmQIoIKihQQj3WwMJAQi0YXI792gNoI1R0i8MYWiHrRaIrOEMrtd2Da9Vp3oEEatBKBsV9Am037xW8Cegi8WckT2Yot92vZkfxJIQIuWTGNHwvxlbKNAouYZRrJgZixgesBw1LIxaCaaWT60f02Cod2lXaVoR0ov6eSFlozDAMbGfIsG/mvbH4n9dIsHveSkUUJwgRny7qJpKiouMoaEdo4CiHljCuhb2V8j7TjKMNLGdD8OdfXiTVYsE/LRRvivnSxSyOLDkkR+SE+OSMlMgVKZMK4eSRPJNX8uY8OS/Ou/Mxbc04s5l98gfO5w+7xpVn</latexit>

Observations
<latexit sha1_base64="YXy3JFld41rc4LguT0NZ4F2+g24=">AAAB83icbZA9SwNBEIbn4leMX1FLm8UgWIW7WGgZtLEzgvmA5Ah7m7lkyd7esbsXCEf+ho2FIrb+GTv/jZvkCk18YeHhnRlm9g0SwbVx3W+nsLG5tb1T3C3t7R8cHpWPT1o6ThXDJotFrDoB1Si4xKbhRmAnUUijQGA7GN/N6+0JKs1j+WSmCfoRHUoeckaNtXoPgUY1WbDulytu1V2IrIOXQwVyNfrlr94gZmmE0jBBte56bmL8jCrDmcBZqZdqTCgb0yF2LUoaofazxc0zcmGdAQljZZ80ZOH+nshopPU0CmxnRM1Ir9bm5n+1bmrCGz/jMkkNSrZcFKaCmJjMAyADrpAZMbVAmeL2VsJGVFFmbEwlG4K3+uV1aNWq3lW19lir1G/zOIpwBudwCR5cQx3uoQFNYJDAM7zCm5M6L86787FsLTj5zCn8kfP5A3TOkfM=</latexit>

O ⇠ P
<latexit sha1_base64="o8iDVvgK0OP9ZsskzKA8tnwXDRY=">AAAB7nicbVBNSwMxFHxbv2r9qnr0EiyCp7JbBT0WvXizgrWFdpFs+rYNTbJLkhVK6Y/w4kERr/4eb/4b03YP2joQGGbmkfcmSgU31ve/vcLK6tr6RnGztLW9s7tX3j94MEmmGTZZIhLdjqhBwRU2LbcC26lGKiOBrWh4PfVbT6gNT9S9HaUYStpXPOaMWie1bruGS9J4LFf8qj8DWSZBTiqQw+W/ur2EZRKVZYIa0wn81IZjqi1nAielbmYwpWxI+9hxVFGJJhzP1p2QE6f0SJxo95QlM/X3xJhKY0YycklJ7cAselPxP6+T2fgyHHOVZhYVm38UZ4LYhExvJz2ukVkxcoQyzd2uhA2opsy6hkquhGDx5GXyUKsGZ9Xa3XmlfpXXUYQjOIZTCOAC6nADDWgCgyE8wyu8ean34r17H/NowctnDuEPvM8ftpCPKA==</latexit>

Distribution
<latexit sha1_base64="bKDyDfrSA3AmrYkMYqY5yCQNT1U=">AAAB83icbVC7SgNBFL3rM8ZX1NJmMAhWYTcWWga1sIxgHpAsYXYymwyZmV3mIYQlv2FjoYitP2Pn3zibbKGJBwbOPede7p0TpZxp4/vf3tr6xubWdmmnvLu3f3BYOTpu68QqQlsk4YnqRlhTziRtGWY47aaKYhFx2okmt7nfeaJKs0Q+mmlKQ4FHksWMYOOk/p3boFhk82JQqfo1fw60SoKCVKFAc1D56g8TYgWVhnCsdS/wUxNmWBlGOJ2V+1bTFJMJHtGeoxILqsNsfvMMnTtliOJEuScNmqu/JzIstJ6KyHUKbMZ62cvF/7yeNfF1mDGZWkMlWSyKLUcmQXkAaMgUJYZPHcFEMXcrImOsMDEuprILIVj+8ipp12vBZa3+UK82boo4SnAKZ3ABAVxBA+6hCS0gkMIzvMKbZ70X7937WLSuecXMCfyB9/kDdmiR9A==</latexit> P 2 P

<latexit sha1_base64="rDnb235s3FX2WBsNNmNmQCEHA6c=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmqoMuiG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBna1hTwmkBdhPSaYZ63ZwK45dWcOtErcgtSgQGtgf3nDmKQRFZpwrFTfdRLtZ1hqRjidVbxU0QSTCR7RvqECR1T52Tz6DJ0aZYjCWJonNJqrvzcyHCk1jQIzmUdUy14u/uf1Ux1e+RkTSaqpIItDYcqRjlHeAxoySYnmU0MwkcxkRWSMJSbatFUxJbjLX14lnUbdPa837i5qzeuijjIcwwmcgQuX0IRbaEEbCDzCM7zCm/VkvVjv1sditGQVO0fwB9bnD6HVk5o=</latexit>



• Estimation ponctuelle


• biais


• variance


• risque

Statistique non asymptotique partie 1: 
biais, variance et risque

21

bP (f̂) = EO⇠P [f̂(O)]� f(P )
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2.2.2 Sufficiency and minimal sufficiency

Having discussed the reduction of the σ-field σ(X) by using a statistic
T (X), we now ask whether such a reduction results in any loss of infor-
mation concerning the unknown population. If a statistic T (X) is fully as
informative as the original sample X , then statistical analyses can be done
using T (X) that is simpler than X . The next concept describes what we
mean by fully informative.

Definition 2.4 (Sufficiency). Let X be a sample from an unknown pop-
ulation P ∈ P , where P is a family of populations. A statistic T (X) is
said to be sufficient for P ∈ P (or for θ ∈ Θ when P = {Pθ : θ ∈ Θ} is a
parametric family) if and only if the conditional distribution of X given T
is known (does not depend on P or θ).

Definition 2.4 can be interpreted as follows. Once we observe X and
compute a sufficient statistic T (X), the original data X do not contain any
further information concerning the unknown population P (since its con-
ditional distribution is unrelated to P ) and can be discarded. A sufficient
statistic T (X) contains all information about P contained in X (see Ex-
ercise 36 in §3.6 for an interpretation of this from another viewpoint) and
provides a reduction of the data if T is not one-to-one. Thus, one of the
questions raised in Example 2.1 can be answered as follows: it is enough to
just look at x̄ and s2 for the problem of measuring θ if (X̄, S2) is sufficient
for P (or θ when θ is the only unknown parameter).

The concept of sufficiency depends on the given family P . If T is suffi-
cient for P ∈ P , then T is also sufficient for P ∈ P0 ⊂ P but not necessarily
sufficient for P ∈ P1 ⊃ P .

Example 2.10. Suppose that X = (X1, ..., Xn) and X1, ..., Xn are i.i.d.
from the binomial distribution with the p.d.f. (w.r.t. the counting measure)

fθ(z) = θz(1 − θ)1−zI{0,1}(z), z ∈ R, θ ∈ (0, 1).

For any realization x of X , x is a sequence of n ones and zeros. Consider
the statistic T (X) =

∑n
i=1 Xi, which is the number of ones in X . Before

showing that T is sufficient, we can intuitively argue that T contains all
information about θ, since θ is the probability of an occurrence of a one
in x. Given T = t (the number of ones in x), what is left in the data set
x is the redundant information about the positions of t ones. Since the
random variables are discrete, it is not difficult to compute the conditional
distribution of X given T = t. Note that

P (X = x|T = t) =
P (X = x, T = t)

P (T = t)
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Example 1.31. Let {Xn} be a sequence of random variables satisfying√
n(Xn−c) →d N(0, 1). Consider the function g(x) = x2. If c $= 0, then an

application of Corollary 1.1 gives that
√

n(X2
n − c2) →d N(0, 4c2). If c = 0,

the first-order derivative of g at 0 is 0 but the second-order derivative of
g ≡ 2. Hence, an application of result (1.78) gives that nX2

n →d [N(0, 1)]2,
which has the chi-square distribution χ2

1 (Example 1.14). The last result
can also be obtained by applying Theorem 1.10(iii).

1.5.4 The law of large numbers

The law of large numbers concerns the limiting behavior of sums of indepen-
dent random variables. The weak law of large numbers (WLLN) refers to
convergence in probability, whereas the strong law of large numbers (SLLN)
refers to a.s. convergence.

The following lemma is useful in establishing the SLLN. Its proof is left
as an exercise.

Lemma 1.6. (Kronecker’s lemma). Let xn ∈ R, an ∈ R, 0 < an ≤
an+1, n = 1, 2, ..., and an → ∞. If the series

∑∞
n=1 xn/an converges, then

a−1
n

∑n
i=1 xi → 0.

Our first result gives the WLLN and SLLN for a sequence of independent
and identically distributed (i.i.d.) random variables.

Theorem 1.13. Let X1, X2, ... be i.i.d. random variables.
(i) (The WLLN). A necessary and sufficient condition for the existence of
a sequence of real numbers {an} for which

1

n

n∑

i=1

Xi − an →p 0 (1.80)

is that nP (|X1| > n) → 0, in which case we may take an = E(X1I{|X1|≤n}).
(ii) (The SLLN). A necessary and sufficient condition for the existence of a
constant c for which

1

n

n∑

i=1

Xi →a.s. c (1.81)

is that E|X1| < ∞, in which case c = EX1 and

1

n

n∑

i=1

ci(Xi − EX1) →a.s. 0 (1.82)

for any bounded sequence of real numbers {ci}.

X1, X2, . . . variables aléatoires i.i.d.
<latexit sha1_base64="ox0ZP7FtJKEi3EVwZiImaQuUnCg="></latexit>
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∑kn

j=1 σ
2
nj are uniformly negligible as n → ∞. If Feller’s condition is as-

sumed, then Lindeberg’s condition is not only sufficient but also necessary
for result (1.93), which is the well-known Lindeberg-Feller CLT. A proof can
be found in Billingsley (1986, pp. 373-375). Note that neither Lindeberg’s
condition nor Feller’s condition is necessary for result (1.93) (Exercise 158).

A sufficient condition for Lindeberg’s condition is the following Lia-
pounov’s condition, which is somewhat easier to verify:

kn∑

j=1

E|Xnj − EXnj |2+δ = o(σ2+δ
n ) for some δ > 0. (1.97)

Example 1.33. Let X1, X2, ... be independent random variables. Suppose
that Xi has the binomial distribution Bi(pi, 1), i = 1, 2,..., and that σ2

n =∑n
i=1 Var(Xi) =

∑n
i=1 pi(1 − pi) → ∞ as n → ∞. For each i, EXi =

pi and E|Xi − EXi|3 = (1 − pi)3pi + p3
i (1 − pi) ≤ 2pi(1 − pi). Hence∑n

i=1 E|Xi − EXi|3 ≤ 2σ2
n, i.e., Liapounov’s condition (1.97) holds with

δ = 1. Thus, by Theorem 1.15,

1

σn

n∑

i=1

(Xi − pi) →d N(0, 1). (1.98)

It can be shown (exercise) that the condition σn → ∞ is also necessary for
result (1.98).

The following are useful corollaries of Theorem 1.15 (and Theorem
1.9(iii)). Corollary 1.2 is in fact proved in Example 1.28. The proof of
Corollary 1.3 is left as an exercise.

Corollary 1.2 (Multivariate CLT). Let X1, ..., Xn be i.i.d. random k-
vectors with a finite Σ = Var(X1). Then

1√
n

n∑

i=1

(Xi − EX1) →d Nk(0, Σ).

Corollary 1.3. Let Xni ∈ Rmi , i = 1, ..., kn, be independent random
vectors with mi ≤ m (a fixed integer), n = 1, 2,..., kn → ∞ as n → ∞, and
infi,n λ−[Var(Xni)] > 0, where λ−[A] is the smallest eigenvalue of A. Let
cni ∈ Rmi be vectors such that

lim
n→∞

(
max

1≤i≤kn

‖cni‖2

/ kn∑

i=1

‖cni‖2

)
= 0.
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convergence of the joint c.d.f. of (Xn, Yn). This is different when →d is re-
placed by →p or →a.s.. The following result, which plays an important role
in probability and statistics, establishes the convergence in distribution of
Xn +Yn or XnYn when no information regarding the joint c.d.f. of (Xn, Yn)
is provided.

Theorem 1.11 (Slutsky’s theorem). Let X, X1, X2, ..., Y1, Y2, ... be ran-
dom variables on a probability space. Suppose that Xn →d X and Yn →p c,
where c is a fixed real number. Then
(i) Xn + Yn →d X + c;
(ii) YnXn →d cX ;
(iii) Xn/Yn →d X/c if c "= 0.
Proof. We prove (i) only. The proofs of (ii) and (iii) are left as exercises.
Let t ∈ R and ε > 0 be fixed constants. Then

FXn+Yn(t) = P (Xn + Yn ≤ t)

≤ P ({Xn + Yn ≤ t} ∩ {|Yn − c| < ε}) + P (|Yn − c| ≥ ε)

≤ P (Xn ≤ t − c + ε) + P (|Yn − c| ≥ ε)

and, similarly,

FXn+Yn(t) ≥ P (Xn ≤ t − c − ε) − P (|Yn − c| ≥ ε).

If t − c, t − c + ε, and t − c − ε are continuity points of FX , then it follows
from the previous two inequalities and the hypotheses of the theorem that

FX(t − c − ε) ≤ lim inf
n

FXn+Yn(t) ≤ lim sup
n

FXn+Yn(t) ≤ FX(t − c + ε).

Since ε can be arbitrary (why?),

lim
n→∞

FXn+Yn(t) = FX(t − c).

The result follows from FX+c(t) = FX(t − c).

An application of Theorem 1.11 is given in the proof of the following
important result.

Theorem 1.12. Let X1, X2, ... and Y be random k-vectors satisfying

an(Xn − c) →d Y, (1.76)

where c ∈ Rk and {an} is a sequence of positive numbers with limn→∞ an =
∞. Let g be a function from Rk to R.
(i) If g is differentiable at c, then

an[g(Xn) − g(c)] →d [∇g(c)]τY, (1.77)
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Other examples of applications of Theorem 1.9 are given in Exercises
135-140 in §1.6. The following result can be used to check whether Xn →d

X when X has a p.d.f. f and Xn has a p.d.f. fn.

Proposition 1.18 (Scheffé’s theorem). Let {fn} be a sequence of p.d.f.’s
on Rk w.r.t. a measure ν. Suppose that limn→∞ fn(x) = f(x) a.e. ν and
f(x) is a p.d.f. w.r.t. ν. Then limn→∞

∫
|fn(x) − f(x)|dν = 0.

Proof. Let gn(x) = [f(x) − fn(x)]I{f≥fn}(x), n = 1, 2,.... Then

∫
|fn(x) − f(x)|dν = 2

∫
gn(x)dν.

Since 0 ≤ gn(x) ≤ f(x) for all x and gn → 0 a.e. ν, the result follows from
the dominated convergence theorem.

As an example, consider the Lebesgue p.d.f. fn of the t-distribution tn
(Table 1.2), n = 1, 2,.... One can show (exercise) that fn → f , where f is
the standard normal p.d.f. This is an important result in statistics.

1.5.3 Convergence of transformations

Transformation is an important tool in statistics. For random vectors Xn

converging to X in some sense, we often want to know whether g(Xn)
converges to g(X) in the same sense. The following result provides an
answer to this question in many problems. Its proof is left to the reader.

Theorem 1.10. Let X, X1, X2, ... be random k-vectors defined on a prob-
ability space and g be a measurable function from (Rk,Bk) to (Rl,Bl).
Suppose that g is continuous a.s. PX . Then
(i) Xn →a.s. X implies g(Xn) →a.s. g(X);
(ii) Xn →p X implies g(Xn) →p g(X);
(iii) Xn →d X implies g(Xn) →d g(X).

Example 1.30. (i) Let X1, X2, ... be random variables. If Xn →d X ,
where X has the N(0, 1) distribution, then X2

n →d Y , where Y has the
chi-square distribution χ2

1 (Example 1.14).
(ii) Let (Xn, Yn) be random 2-vectors satisfying (Xn, Yn) →d (X, Y ), where
X and Y are independent random variables having the N(0, 1) distribution,
then Xn/Yn →d X/Y , which has the Cauchy distribution C(0, 1) (§1.3.1).
(iii) Under the conditions in part (ii), max{Xn, Yn} →d max{X, Y }, which
has the c.d.f. [Φ(x)]2 (Φ(x) is the c.d.f. of N(0, 1)).

In Example 1.30(ii) and (iii), the condition that (Xn, Yn) →d (X, Y )
cannot be relaxed to Xn →d X and Yn →d Y (exercise); i.e., we need the
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Statistique

• Introduction générale


• Statistique non asymptotique partie 1: biais, variance et 
risque


• Statistique asymptotique


• Statistique non asymptotique partie 2: inégalités de 
concentration



Statistique non asymptotique partie 
2: inégalités de concentration

• Hoeffding’s bound


• Application : intervalles de confiances non-asymptotiques  
(cf. DM2)
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