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Plan du cours (prévisionnel)

9 séances de 3h


Partie 1 (DM1) : algèbre linéaire et probabilités


1. Notions de bases sur les preuves (+ Algèbre linéaire?)


2. Algèbre linéaire (+ Probabilités?)


3. Probabilités


Partie 2 (DM2): statistique et optimisation


4. Statistiques


5. Optimisation


Partie 3 (DM3): 


6. Optimisation sous contraintes


7. Optimisation stochastique


8. Théorie de l’apprentissage


9. Putting it all together
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Algèbre linéaire

3

1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires et matrices


5. Espaces de matrices et normes


6. Algèbre linéaire numérique



Algèbre linéaire
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1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires et matrices


5. Espaces de matrices et applications linéaires



18 Highlights of Linear Algebra 

The equations AT y = 0 give "currents" Y1, Yz, Y3, Y4, Y5 on the five edges of the graph. 
Flows around loops obey Kirchhoff's Current Law : in = out. Those words apply 
to an electrical network. But the ideas behind the words apply all over engineering and 
science and economics and business. Balancing forces and flows and the budget. 

Graphs are the most important model in discrete applied mathematics. You see graphs 
everywhere: roads, pipelines, blood flow, the brain, the Web, the economy of a country 
or the world. We can understand their incidence matrices A and AT. In Section 111.6, 
the matrix AT A will be the "graph Laplacian". And Ohm's Law will lead to AT CA. 

Four subspaces for a connected graph with rn edges and n nodes : incidence matrix A 
N(A) 
C(AT) 
C(A) 
N(AT) 

The constant vectors (c, c, ... , c) make up the !-dimensional nullspace of A. 
The r edges of a tree give r independent rows of A : rank = r = n - 1. 
Voltage Law: The components of Ax add to zero around all loops. 
Current Law: ATy = (flow in)- (flow out)= 0 is solved by loop currents. 
There are rn - r = rn - n + 1 independent small loops in the graph. 

The big picture 

dimension n - r 
N(AT) 

dimension rn - r 

Figure 1.3: The Four Fundamental Subspaces: Their dimensions add ton and m. 
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56 Highlights of Linear Algebra 

1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
The m left singular vectors u 1 , ... , Um are perpendicular to each other in Rm. 
The connection between n v's and m u's is not Ax = AX. That is for eigenvectors. 
For singular vectors, each A v equals 17U : 

jAvl = 171Ul .. Avr = 17rUr I IAvr+l = 0 .. Avn = oj (1) 

I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
last m- r u's are in the nullspace of AT. 

Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Espaces associés à une matrice
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Soit E un espace vectoriel de dimension finie n muni d’un produit scalaire
( . | . ) et V = (v1, . . . , vn) une base orthonormale de E. Alors, pour tout v 2 E,

v =
nX

i=1

(v | vi)vi.
<latexit sha1_base64="fJatc7C3T9zqmPtdRV9jTGm6irU="></latexit>

Intérêt ?

Exercice manipulation algébrique 
produit scalaire

Gram-Schmidt procedure

• step 1a. q̃1 := a1

• step 1b. q1 := q̃1/‖q̃1‖ (normalize)

• step 2a. q̃2 := a2 − (qT
1 a2)q1 (remove q1 component from a2)

• step 2b. q2 := q̃2/‖q̃2‖ (normalize)

• step 3a. q̃3 := a3 − (qT
1 a3)q1 − (qT

2 a3)q2 (remove q1, q2 components)

• step 3b. q3 := q̃3/‖q̃3‖ (normalize)

• etc.

Orthonormal sets of vectors and QR factorization 4–13



Théorème spectral
Si S est une matrice symétrique, réelle de taille m ⇥ m, alors il existe une

matrice orthogonale réelle Q de taille m⇥m et une matrice diagonale réelle ⇤
de taille m⇥m telles que S = Q⇤QT .

<latexit sha1_base64="aGeSDR5IyBxZC0ToE1DeoY09Yhs="></latexit>

Relation d’ordre sur les matrices symétriques réelles:
S1 � S2 ssi S2 � S1 � 0
et
S1 � S2 ssi S2 � S1 ⌫ 0

<latexit sha1_base64="fO2/20Suukjr6J59ShYggv29/Y0="></latexit>

Une matrice symétrique réelle est dite définie positive, noté S � 0 ssi pour
toute matrice colonne u, uTSu > 0.

Une matrice symétrique réelle est dite semi-définie positive, S ⌫ 0, ssi pour
toute matrice colonne u, uTSu � 0.

<latexit sha1_base64="mY4+19C1XvHTQrShsGYUUVwTk8U="></latexit>
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Diagonalisation

Diagonalization

suppose v1, . . . , vn is a linearly independent set of eigenvectors of
A ∈ Rn×n:

Avi = λivi, i = 1, . . . , n

express as

A
[

v1 · · · vn

]

=
[

v1 · · · vn

]





λ1
. . .

λn





define T =
[

v1 · · · vn

]

and Λ = diag(λ1, . . . ,λn), so

AT = TΛ

and finally
T−1AT = Λ

Eigenvectors and diagonalization 11–19

Diagonalisation

Soit A une matrice à coe�cients réels de taille m⇥m. � 2 C est une valeur
propre de A ssi il existe v 2 Cm, non-nul, tel que Av = �v, i.e. l’image de v par
A est dans la même direction que v. Un tel v est appelé un vecteur propre de
A associé à la valeur propre �.

<latexit sha1_base64="g70daCL1ZlaA+UYvJLi+eQoKfJs="></latexit>
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Forme canonique de 
Jordan

Jordan canonical form

what if A cannot be diagonalized?

any matrix A ∈ Rn×n can be put in Jordan canonical form by a similarity
transformation, i.e.

T−1AT = J =





J1
. . .

Jq





where

Ji =







λi 1
λi

. . .

. . . 1
λi






∈ Cni×ni

is called a Jordan block of size ni with eigenvalue λi (so n =
∑q

i=1 ni)

Jordan canonical form 12–2
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Déterminant et trace

sgn(�) est la parité du nombre d’élement dans une décomposition de � en
une séquence de transpositions (échange de deux éléments).

<latexit sha1_base64="sSCxsLTNZnG6+m3gsnsjupMjj9Y="></latexit>

Tr(AB) = Tr(BA)
<latexit sha1_base64="hEkbiFERuSL7iqu1v7WxGemIiPg="></latexit>

det(AB) = det(A) det(B)
<latexit sha1_base64="1CwUgU4LT1vv7sKPa+8TCk+ytGI="></latexit>

A matrice carrée n⇥ n
<latexit sha1_base64="SHhZzYyIo/wWk51g4MRTbAbBWww="></latexit>

Tr(A) =
nX

i=1

ai,i
<latexit sha1_base64="aDqgMWZY33sC04o+hsJpgeIvbUE="></latexit>

Tr(A1A2 . . . Ak) = Tr(A2A3 . . . AkA1) = · · · = Tr(AkA1A2 . . . Ak�1)
<latexit sha1_base64="v68cCnBcciXewn8NSffq1mqp4JA="></latexit>
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Théorème de Cayley-
Hamilton

Cayley-Hamilton theorem

if p(s) = a0 + a1s + · · · + aksk is a polynomial and A ∈ Rn×n, we define

p(A) = a0I + a1A + · · · + akA
k

Cayley-Hamilton theorem: for any A ∈ Rn×n we have X (A) = 0, where
X (s) = det(sI − A)

example: with A =

[

1 2
3 4

]

we have X (s) = s2 − 5s − 2, so

X (A) = A2 − 5A − 2I

=

[

7 10
15 22

]

− 5

[

1 2
3 4

]

− 2I

= 0

Jordan canonical form 12–12

Corollaire : pour tout entier naturel p, Ap 2 Vect(I, A,A2, . . . , An�1)
<latexit sha1_base64="6hRohfkIN/mpLuLg6UCrrB3zBk8="></latexit>
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Algèbre linéaire

12

1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires et matrices


5. Espaces de matrices et normes


6. Algèbre linéaire numérique



Espaces de fonctions 
linéaires

Espace de matrice, muni de l’addition et la multiplication matricielle et de
la multiplication par un scalaire:

Mm,n(R)

Espace de fonctions linéaires muni de l’addition et de la composition de fonctions
linéaires et de la multiplication par un scalaire:

L(E,F )
<latexit sha1_base64="Z9T7PSMJhioE0897ZsTK/P8qKKk="></latexit>
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Norme induite par la norme 
2 pour une matrice

kAk2 := sup
x2Rn, x 6=0

kAxk2
kxk2

= max
x2Rn, kxk2=1

kAxk2
<latexit sha1_base64="S3xVyRsyrr2QLes/fDiCcbML7Oc="></latexit>
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Probabilités

1. Revue du calcul probabiliste, sur la base des transparents 
de Ding & Khani, Stanford CS229, April 2022 (revus , 
réordonnés et augmentés)


2. Quelques points plus avancés (intro théorie de la mesure et 
théorèmes de convergence)
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Elements of Probability

Sample Space ⌦

{HH,HT ,TH,TT}

Event A ✓ ⌦

{HH,HT}, ⌦

Event Space F

Probability Measure P : F ! R
P(A) � 0 8A 2 F

P(⌦) = 1

If A1,A2, ... disjoint set of events (Ai \ Aj = ; when i 6= j),
then

P

 
[

i

Ai

!
=
X

i

P(Ai )

countable
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Conditional Probability and Bayes’ Rule

For any events A,B such that P(B) 6= 0, we define:

P(A | B) := P(A \ B)

P(B)

Let’s apply conditional probability to obtain Bayes’ Rule!

P(B | A) = P(B \ A)

P(A)
=

P(A \ B)

P(A)

=
P(B)P(A | B)

P(A)

Conditioned Bayes’ Rule: given events A,B ,C ,

P(A | B ,C ) =
P(B | A,C )P(A | C )

P(B | C )

See Appendix for proof :)



19

Law of Total Probability

Let B1, ...,Bn be n disjoint events whose union is the entire sample
space. Then, for any event A,

P(A) =
nX

i=1

P(A \ Bi )

=
nX

i=1

P(A | Bi )P(Bi )

We can then write Bayes’ Rule as:

P(Bk | A) = P(Bk)P(A | Bk)

P(A)

=
P(Bk)P(A | Bk)Pn
i=1 P(A | Bi )P(Bi )
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Example

Treasure chest A holds 100 gold coins. Treasure chest B holds 60
gold and 40 silver coins.
Choose a treasure chest uniformly at random, and pick a coin from
that chest uniformly at random. If the coin is gold, then what is
the probability that you chose chest A? 1

Solution:

P(A | G ) =
P(A)P(G | A)

P(A)P(G | A) + P(B)P(G | B)

=
0.5⇥ 1

0.5⇥ 1 + 0.5⇥ 0.6

= 0.625

1Question based on slides by Koochak & Irvin
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Chain Rule

For any n events A1, ...,An, the joint probability can be expressed
as a product of conditionals:

P(A1 \ A2 \ ... \ An)

= P(A1)P(A2 | A1)P(A3 | A2 \ A1)...P(An | An�1 \ An�2 \ ... \ A1)
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Independence

Events A,B are independent if

P(AB) = P(A)P(B)

We denote this as A ? B . From this, we know that if A ? B ,

P(A | B) = P(A \ B)

P(B)
=

P(A)P(B)

P(B)
= P(A)

Implication: If two events are independent, observing one event
does not change the probability that the other event occurs.
In general: events A1, ...,An are mutually independent if

P(
\

i2S
Ai ) =

Y

i2S
P(Ai )

for any subset S ✓ {1, ..., n}.
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Random Variables

I A random variable X maps outcomes to real values.

I X takes on values in Val(X ) ✓ R.
I X = k is the event that random variable X takes on value k .

Discrete RVs:

I Val(X ) is a set

I P(X = k) can be nonzero

Continuous RVs:

I Val(X ) is a range

I P(X = k) = 0 for all k . P(a  X  b) can be nonzero.

real-valued
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Probability Mass Function (PMF)

Given a discrete RV X , a PMF maps values of X to probabilities.

pX (x) := P(X = x)

For a valid PMF,
P

x2Val(x) pX (x) = 1.
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Cumulative Distribution Function (CDF)

A CDF maps a continuous RV to a probability (i.e. R ! [0, 1])

FX (x) := P(X  x)

A CDF must fulfill the following:

I limx!�1 FX (x) = 0

I limx!1 FX (x) = 1

I If a  b, then FX (a)  FX (b) (i.e. CDF must be
nondecreasing)

Also note: P(a  X  b) = FX (b)� FX (a).
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Probability Density Function (PDF)

PDF of a continuous RV is simply the derivative of the CDF.

fX (x) :=
dFX (x)

dx

Thus,

P(a  X  b) = FX (b)� FX (a) =

Z b

a
fX (x)dx

A valid PDF must be such that

I for all real numbers x , fX (x) � 0.

I R1
�1 fX (x)dx = 1



4.3

Soient a et b deux réels tels que a < b et soit X une variable aléatoire réelle de loi uniforme

sur l’intervalle [a, b]. Soit c un réel de l’intervalle [a, b].

1) Quelle est la probabilité que X soit supérieur à c ? Et celle que X soit strictement

supérieur à c ?

Les deux probabilités sont identiques et valent
b�c
b�a .

4.4

On a représente sur le graphe ci-dessous la densité de probabilité d’une variable aléatoire

réelle X.

1) La densité de probabilité de X prend une valeur supérieure 1 en X = 0.4. Cela vous

parait-il normal ? Justifiez votre réponse.

L’aire sous la courbe doit être égale à 1 mais la densité en un point particulier peut être

supérieure et même arbitrairement grande.

Soit x une réalisation de X.

2) Quelle est la probabilité d’avoir x = 0.1 ? Quelle est la probabilité d’avoir x = 0.4 ? Est

il plus probable d’observer x = 0.4 ou x = 0.1 ? A quel point (approximativement) ?

La probabilité que x soit 0.1 ou 0.4 est 0. Par contre, il est environ 5 fois plus probable

d’observer X = 0.4 que x = 0.1.

9
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Expectation

Let g be an arbitrary real-valued function.

I If X is a discrete RV with PMF pX :

E[g(X )] :=
X

x2Val(X )

g(x)pX (x)

I If X is a continuous RV with PDF fX :

E[g(X )] :=

Z 1

�1
g(x)fX (x)dx

Intuitively, expectation is a weighted average of the values of
g(x), weighted by the probability of x .
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Properties of Expectation

For any constant a 2 R and arbitrary real function f :

I E[a] = a

I E[af (X )] = aE[f (X )]

Linearity of Expectation

Given n real-valued functions f1(X ), ..., fn(X ),

E[
nX

i=1

fi (X )] =
nX

i=1

E[fi (X )]

Law of Total Expectation

Given two RVs X ,Y :

E[E[X | Y ]] = E[X ]

N.B. E[X | Y ] =
P

x2Val(x) xpX |Y (x |y) is a function of Y .
See Appendix for details :)
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Variance

The variance of a RV X measures how concentrated the
distribution of X is around its mean.

Var(X ) := E[(X � E[X ])2]

= E[X 2]� E[X ]2

Interpretation: Var(X ) is the expected deviation of X from E[X ].
Properties: For any constant a 2 R, real-valued function f (X )

I Var [a] = 0

I Var [af (X )] = a2Var [f (X )]
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Joint and Marginal Distributions
I Joint PMF for discrete RV’s X ,Y :

pXY (x , y) = P(X = x ,Y = y)

Note that
P

x2Val(X )

P
y2Val(Y ) pXY (x , y) = 1

I Marginal PMF of X , given joint PMF of X ,Y :

pX (x) =
X

y

pXY (x , y)

I Joint PDF for continuous X ,Y :

fXY (x , y) =
�2FXY (x , y)

�x�y

Note that
R1
�1

R1
�1 fXY (x , y)dxdy = 1

I Marginal PDF of X , given joint PDF of X ,Y :

fX (x) =

Z 1

�1
fXY (x , y)dy
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Joint and Marginal Distributions for Multiple RVs
I Joint PMF for discrete RV’s X1, ...,Xn:

p(x1, ..., xn) = P(X1 = x1, ...,Xn = xn)

Note that
P

x1

P
x2
...
P

xn p(x1, ..., xn) = 1
I Marginal PMF of X1, given joint PMF of X1, ...,Xn:

pX1(x1) =
X

x2

...
X

xn

p(x1, ..., xn)

I Joint PDF for continuous RV’s X1, ...,Xn:

f (x1, ..., xn) =
�nF (x1, ...xn)

�x1�x2...�xn

Note that
R
x1

R
x2
...
R
xn
f (x1, ..., xn)dx1...dxn = 1

I Marginal PDF of X1, given joint PDF of X1, ...,Xn:

fX1(x1) =

Z

x2

...

Z

xn

f (x1, ..., xn)dx2...dxn
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Expectation for multiple random variables
Given two RV’s X ,Y and a function g : R2 ! R of X ,Y ,

I for discrete X ,Y :

E[g(X ,Y )] :=
X

x2Val(x)

X

y2Val(y)

g(x , y)pXY (x , y)

I for continuous X ,Y :

E[g(X ,Y )] :=

Z 1

�1

Z 1

�1
g(x , y)fXY (x , y)dxdy

These definitions can be extended to multiple random variables in
the same way as in the previous slide. For example, for n
continuous RV’s X1, ..,Xn and function g : Rn ! R:

E[g(X )] =

Z Z
...

Z
g(x1, ..., xn)fX1,...,Xn(x1, ..., xn)dx1, ..., dxn
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Conditional distributions for RVs

Works the same way with RV ’s as with events:

I For discrete X ,Y :

pY |X (y |x) =
pXY (x , y)

pX (x)

I For continuous X ,Y :

fY |X (y |x) =
fXY (x , y)

fX (x)

I In general, for continuous X1, ...,Xn:

fX1|X2,...,Xn
(x1|x2, ..., xn) =

fX1,X2,...,Xn(x1, x2, ..., xn)

fX2,...,Xn(x2, ..., xn)



38

Bayes’ Rule for RVs

Also works the same way for RV ’s as with events:

I For discrete X ,Y :

pY |X (y |x) =
pX |Y (x |y)pY (y)P

y 02Val(Y ) pX |Y (x |y 0)pY (y 0)

I For continuous X ,Y :

fY |X (y |x) =
fX |Y (x |y)fY (y)R1

�1 fX |Y (x |y 0)fY (y 0)dy 0



39

Chain Rule for RVs

Also works the same way as with events:

f (x1, x2, ..., xn) = f (x1)f (x2|x1)...f (xn|x1, x2, ..., xn�1)

= f (x1)
nY

i=2

f (xi |x1, ..., xi�1)
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Independence for RVs

I For X ? Y to hold, it must be that FXY (x , y) = FX (x)FY (y)
FOR ALL VALUES of x , y .

I Since fY |X (y |x) = fY (y) if X ? Y , chain rule for mutually
independent X1, ...,Xn is:

f (x1, ..., xn) = f (x1)f (x2)...f (xn) =
nY

i=1

f (xi )

(very important assumption for a Naive Bayes classifier!)
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Graphical model

p(X1, X2, . . . , Xn) =
nY

i=1

P (Xi|X⇡i)
<latexit sha1_base64="YgRnz6suJiyNYpTdrgYaa/UU6U8="></latexit>
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Properties of Expectation

For any constant a 2 R and arbitrary real function f :

I E[a] = a

I E[af (X )] = aE[f (X )]

Linearity of Expectation

Given n real-valued functions f1(X ), ..., fn(X ),

E[
nX

i=1

fi (X )] =
nX

i=1

E[fi (X )]

Law of Total Expectation

Given two RVs X ,Y :

E[E[X | Y ]] = E[X ]

N.B. E[X | Y ] =
P

x2Val(x) xpX |Y (x |y) is a function of Y .
See Appendix for details :)
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Example of Law of Total Expectation

El Goog sources two batteries, A and B , for its phone. A phone
with battery A runs on average 12 hours on a single charge, but
only 8 hours on average with battery B . El Goog puts battery A in
80% of its phones and battery B in the rest. If you buy a phone
from El Goog, how many hours do you expect it to run on a single
charge?
Solution: Let L be the time your phone runs on a single charge.
We know the following:
I pX (A) = 0.8, pX (B) = 0.2,
I E[L | A] = 12, E[L | B] = 8.

Then, by Law of Total Expectation,

E[L] = E[E[L | X ]] =
X

X2{A,B}

E[L | X ]pX (X )

= E[L | A]pX (A) + E[L | B]pX (B)
= 12⇥ 0.8 + 8⇥ 0.2 = 11.2
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Covariance

Intuitively: measures how much one RV’s value tends to move
with another RV’s value. For RV’s X ,Y :

Cov [X ,Y ] := E [(X � E[X ])(Y � E[Y ])]

= E[XY ]� E[X ]E[Y ]

I If Cov [X ,Y ] < 0, then X and Y are negatively correlated

I If Cov [X ,Y ] > 0, then X and Y are positively correlated

I If Cov [X ,Y ] = 0, then X and Y are uncorrelated
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Properties Involving Covariance

I If X ? Y , then E[XY ] = E[X ]E[Y ]. Thus,

Cov [X ,Y ] = E[XY ]� E[X ]E[Y ] = 0

This is unidirectional! Cov [X ,Y ] = 0 does not imply X ? Y

I Variance of two variables:

Var [X + Y ] = Var [X ] + Var [Y ] + 2Cov [X ,Y ]

i.e. if X ? Y , Var [X + Y ] = Var [X ] + Var [Y ].

I Special Case:

Cov [X ,X ] = E[XX ]� E[X ]E[X ] = Var [X ]
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Variance of a sum

Law of total variance

Exercice : espérance et variance de la moyenne de n variables aléatoires i.id. ?

Exercice : On a une procédure aléatoire pour entrainer un classificateur binaire,

dont on obtient n échantillons (n classifieurs).  Pour tester la qualité de la

procédure d’entrainement, on a une procédure aléatoire de test qui produit une erreur

de classification et qu’on applique m fois sur chacun des n classificateurs entrainé .

Comment mesurer la variance de l’erreur de classification (par

exemple pour savoir si elle est significativement en dessous du hasard) à partir

des erreurs de classifications                                  ?(ei,j)1in,1jm

<latexit sha1_base64="E0TpXIX8EI78cn4BcnglpDMUxBU="></latexit>
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Variance of a sum
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<latexit sha1_base64="E0TpXIX8EI78cn4BcnglpDMUxBU="></latexit>
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<latexit sha1_base64="E0TpXIX8EI78cn4BcnglpDMUxBU="></latexit>
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Example Distributions

Distribution PDF or PMF Mean Variance

Bernoulli(p)

⇢
p, if x = 1
1� p, if x = 0.

p p(1� p)

Binomial(n, p)
�n
k

�
pk(1� p)n�k for k = 0, 1, ..., n np np(1� p)

Geometric(p) p(1� p)k�1 for k = 1, 2, ... 1
p

1�p
p2

Poisson(�) e���k

k! for k = 0, 1, ... � �

Uniform(a, b) 1
b�a for all x 2 (a, b) a+b

2
(b�a)2

12

Gaussian(µ,�2) 1
�
p
2⇡
e�

(x�µ)2

2�2 for all x 2 (�1,1) µ �2

Exponential(�) �e��x for all x � 0,� � 0 1
�

1
�2

Read review handout or Sheldon Ross for details 2

2Table reproduced from Maleki & Do’s review handout by Koochak & Irvin
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Random Vectors

Given n RV’s X1, ...,Xn, we can define a random vector X s.t.

X =

2

6664

X1

X2
...
Xn

3

7775

Note: all the notions of joint PDF/CDF will apply to X .

Given g : Rn ! Rm, we have:

g(x) =

2

6664

g1(x)
g2(x)
...

gm(x)

3

7775
,E[g(X )] =

2

6664

E[g1(X )]
E[g2(X )]

...
E[gm(X )]

3

7775
.
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Covariance Matrices

For a random vector X 2 Rn, we define its covariance matrix ⌃
as the n ⇥ n matrix whose ij-th entry contains the covariance
between Xi and Xj .

⌃ =

2

64
Cov [X1,X1] . . . Cov [X1,Xn]

...
. . .

...
Cov [Xn,X1] . . . Cov [Xn,Xn]

3

75

applying linearity of expectation and the fact that
Cov [Xi ,Xj ] = E[(Xi � E[Xi ])(Xj � E[Xj ])], we obtain

⌃ = E[(X � E[X ])(X � E[X ])T ]

Properties:

I ⌃ is symmetric and PSD

I If Xi ? Xj for all i , j , then ⌃ = diag(Var [X1], ...,Var [Xn])
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Multivariate Gaussian

The multivariate Gaussian X ⇠ N (µ,⌃), X 2 Rn:

p(x ;µ,⌃) =
1

det(⌃)
1
2 (2⇡)

n
2

exp

✓
�1

2
(x � µ)T⌃�1(x � µ)

◆

The univariate Gaussian X ⇠ N (µ,�2), X 2 R is just the special
case of the multivariate Gaussian when n = 1.

p(x ;µ,�2) =
1

�(2⇡)
1
2

exp

✓
� 1

2�2
(x � µ)2

◆

Notice that if ⌃ 2 R1⇥1, then ⌃ = Var [X1] = �2, and so

I ⌃�1 = 1
�2

I det(⌃)
1
2 = �
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Some Nice Properties of MV Gaussians

I Marginals and conditionals of a joint Gaussian are Gaussian

I A d-dimensional Gaussian X 2 N (µ,⌃ = diag(�2
1, ...,�

2
n)) is

equivalent to a collection of d independent Gaussians
Xi 2 N (µi ,�2

i ). This results in isocontours aligned with the
coordinate axes.

I In general, the isocontours of a MV Gaussian are
n-dimensional ellipsoids with principal axes in the directions of
the eigenvectors of covariance matrix ⌃ (remember, ⌃ is
PSD, so all n eigenvectors are non-negative). The axes’
relative lengths depend on the eigenvalues of ⌃.



Visualizations of MV Gaussians

E↵ect of changing variance
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Visualizations of MV Gaussians

If Var [X1] 6= Var [X2]:
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Visualizations of MV Gaussians

If X1 and X2 are positively correlated:
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Visualizations of MV Gaussians

If X1 and X2 are negatively correlated:
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Multivariate Gaussian
Définition générale

Distributions conditionnelles

Distributions marginales ?

⌃̄ = ⌃11 �⌃12⌃
+
22⌃21

<latexit sha1_base64="faNxzm/k53VvvkRayaFS2UWYylQ="></latexit>

µ̄ = µ1 +⌃12⌃
+
22(a� µ2)

<latexit sha1_base64="nol8nx+QBOKx7WHujoOtkMjKGcA="></latexit>

p(x1 | x2 = a) = N (µ̄, ⌃̄), with
<latexit sha1_base64="JGH0l1WMP2Qf3UVOnr+Ebv65CiQ="></latexit>
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Appendix: More on Total Expectation

Why is E[X |Y ] a function of Y ? Consider the following:

I E[X |Y = y ] is a scalar that only depends on y .

I Thus, E[X |Y ] is a random variable that only depends on Y .
Specifically, E[X |Y ] is a function of Y mapping Val(Y ) to
the real numbers.

An example: Consider RV X such that

X = Y 2 + ✏

such that ✏ ⇠ N (0, 1) is a standard Gaussian. Then,

I E[X |Y ] = Y 2

I E[X |Y = y ] = y2
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Appendix: More on Total Expectation

A derivation of Law of Total Expectation for discrete X ,Y :3

E[E[X |Y ]] = E[
X

x

xP(X = x | Y )] (1)

=
X

y

X

x

xP(X = x | Y )P(Y = y) (2)

=
X

y

X

x

xP(X = x ,Y = y) (3)

=
X

x

x
X

y

P(X = x ,Y = y) (4)

=
X

x

xP(X = x) = E[X ] (5)

where (1), (2), and (5) result from the definition of expectation,
(3) results from the definition of cond. prob., and (5) results from
marginalizing out Y .

3from slides by Koochak & Irvin
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Appendix: A proof of Conditioned Bayes Rule

Repeatedly applying the definition of conditional probability, we
have: 4

P(b|a, c)P(a|c)
P(b|c) =

P(b, a, c)

P(a, c)
· P(a|c)
P(b|c)

=
P(b, a, c)

P(a, c)
· P(a, c)

P(b|c)P(c)

=
P(b, a, c)

P(b|c)P(c)

=
P(b, a, c)

P(b, c)

= P(a|b, c)

4from slides by Koochak & Irvin


