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Plan du cours (prévisionnel)

9 séances de 3h


Partie 1 (DM1) : algèbre linéaire et probabilités


1. Notions de bases sur les preuves (+ Algèbre linéaire?)


2. Algèbre linéaire (+ Probabilités?)


3. Probabilités


Partie 2 (DM2): statistique et optimisation


4. Statistiques


5. Optimisation


Partie 3 (DM3): 


6. Optimisation sous contraintes


7. Optimisation stochastique


8. Théorie de l’apprentissage


9. Putting it all together
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Algèbre linéaire
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1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires et matrices


5. Espaces de matrices et normes


6. Algèbre linéaire numérique



Matrice
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Matrice d’une application linéaire Chapitre 4

M =

0
BBBBBBBBBBBBBBBBBBBBBBBB@

a11 a12 . . . a1j . . . a1p
a21 a22 . . . a2j . . . a2p
...

...
...

...
ai1 ai2 . . . aij . . . aip
...

...
...

...
an1 an2 . . . anj . . . anp

1
CCCCCCCCCCCCCCCCCCCCCCCCA

 f1
 f2

 f i

 fn

" " "
u(e1) u(ej ) u(ep)

Le terme aij représente la i ème coordonnée de u(ej ) dans la base B 0.

Définition 4. La matrice obtenue est appelée matrice de u relativement aux bases B et B 0.
On la note M(u,B,B 0).

Reprenons notre vecteur x = x1e1 + . . .+ xpep , on a vu que

u(x) = x1u(e1) + . . .+ xpu(ep) =
pX

j=1

xj u(ej )

=
pX

j=1

xj

0
BBBBB@

nX

i=1

aij f i

1
CCCCCA =

pX

j=1

nX

i=1

aij xj f i

=
nX

i=1

0
BBBBBB@

pX

j=1

aij xj

1
CCCCCCA f i

.

Posons y = u(x), y est un vecteur de F et donc se décompose de manière unique dans la base B 0 : y =

y1f1 + . . .+ ynfn =
nP
i=1

yif i .

En comparant cette écriture à celle de u(x) obtenue précédemment, on en déduit (unicité des coordonnées)

que : 8i 2 {1, . . . ,n}, yi =
pP

j=1
aij xj , ou encore :

8>>>>>><>>>>>>:

y1 = a11x1 + a12x2 + . . .+ a1pxp
y2 = a21x1 + a22x2 + . . .+ a2pxp
...
yn = an1x1 + an2x2 + . . .+ anpxp

Définition 5. Ces équations sont appelées équations de u relativement aux bases B et B 0.
Elles donnent les coordonnées yi , dans la base B 0, de l’image d’un vecteur quelconque de E, connu par ses

coordonnées xj , dans la base B.

1.3 Exemples

Exemple 3.
M(IdE,B,B) = Ip
M(0EF,B,B 0) = 0np

Exemple 4. Prenons :
E = R2 muni de la base canonique B = (e1, e2) et F = R3 muni de la base canonique B 0 = (f1, f2, f3).

4 M. Pelini, V. Ledda

• Objet central de l’algèbre linéaire (en pratique)


• Idée générale: simplement un tableau de nombres en deux dimensions


• Permet de représenter les fonctions linéaires en dimensions finie de manière simple 
à appréhender et pratique pour les calculs



Matrice d’une fonction linéaire

Multiplication matrice/vecteur colonne: règle


Multiplication matrice-matrice: règle
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4 M. Pelini, V. Ledda

f(v1)
<latexit sha1_base64="6rki6A5ac7j9/sF7v6iuEiw1XLQ="></latexit>

f(v2)
<latexit sha1_base64="LWEo7h0/mmZBCK/qIwFcT2EKKz8="></latexit>

f(vj)
<latexit sha1_base64="K1SRXrb4vdLF1cO7W95FyiPx5Q0="></latexit>

f(vp)
<latexit sha1_base64="C5m3Veae4YsGuJ5TVH9TxrrgQ6Y="></latexit>

w1
<latexit sha1_base64="35ARp6PnlzEdIcEKsu8VpSAx5fk="></latexit>

w2
<latexit sha1_base64="6p3JlWN9bVwI/Z57wvRjFLIGV4A="></latexit>

wi
<latexit sha1_base64="OkfwdkmDhE1zMNe4yLGHp/cbE48="></latexit>

wn
<latexit sha1_base64="tfznvoVffppJ1hVYyyExCn/DAGQ="></latexit>

"
<latexit sha1_base64="DqCRQAObBsbAWpOwpQtSsf95EcU="></latexit>

 
<latexit sha1_base64="IJQIQEQ3ch6z0qbyHFPqwVSziQA="></latexit>

 
<latexit sha1_base64="IJQIQEQ3ch6z0qbyHFPqwVSziQA="></latexit>

 
<latexit sha1_base64="IJQIQEQ3ch6z0qbyHFPqwVSziQA="></latexit>

 
<latexit sha1_base64="IJQIQEQ3ch6z0qbyHFPqwVSziQA="></latexit>

"
<latexit sha1_base64="DqCRQAObBsbAWpOwpQtSsf95EcU="></latexit>

"
<latexit sha1_base64="DqCRQAObBsbAWpOwpQtSsf95EcU="></latexit>

"
<latexit sha1_base64="DqCRQAObBsbAWpOwpQtSsf95EcU="></latexit>

E, F espaces vectoriels de dimension finie
V = (v1, ..., vp) base de E
W = (w1, ..., wn) base de F
f : E ! F , fonction linéaire
M = M(f, V,W ) matrice de f de V vers W .

<latexit sha1_base64="NhnjzzgGu0T8uppFSP5mZOnP/4A="></latexit>



An example vector space
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R2[X] = Vect(1, X,X2)
<latexit sha1_base64="djXfiTFfNsjG9BBw4qT58b0aegs="></latexit>

P 2 R2[X] ,
�
there exists (a0, a1, a2) 2 R3, P = a0 + a1X + a2X

2
�

<latexit sha1_base64="l7wRlmvKsIxf7RIcHUcFiuRkk68="></latexit>

Soit x 2 R
<latexit sha1_base64="cyo9HtyEs9HOhkvKRazAzw5VcXc="></latexit>

ex :

����
R2[X] ! R

P = a0 + a1X + a2X2 7! P (x) = a0 + a1x+ a2x2
<latexit sha1_base64="EExT9cLQjVZAyvH0hvQELwv9ZZY="></latexit>

Soit M une matrice à coe�cients réels de taille n pas n
<latexit sha1_base64="oWgghD/aeeeHlokJ+95YgFgAJsU="></latexit>

eM :

����
R2[X] ! Mn(R)

P = a0 + a1X + a2X2 7! P (M) = a0 + a1M + a2M2
<latexit sha1_base64="o84QB+sxzeK4cpPlLCb3Ih4ERjs="></latexit>

Formellement:
1 = (1, 0, 0, . . . )
X = (0, 1, 0, . . . )
X2 = (0, 0, 1, . . . )

<latexit sha1_base64="fj8vVVPEdatxHr/OVinkb/qIx3k="></latexit>



Matric d’une fonction linéaire, 
exemple
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V = (1, X,X2) base de R2[X]
<latexit sha1_base64="IWZ/f5LeZ8BojEa5WhquO11wqs4="></latexit>

W = (1, X,X2, X3) base de R3[X]
<latexit sha1_base64="6vrpqjkfh986MxoXslt5HFHwwWQ="></latexit>

f :

����
R2[X] ! R3[X]

P = a0 + a1X + a2X2 7! f(P ) = (a2 + a0)X3 + a1X2 + a0
<latexit sha1_base64="9sZc57Mnzuv1+F7wwNot1+/grJs="></latexit>
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" " "
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y1 = a11x1 + a12x2 + . . .+ a1pxp
y2 = a21x1 + a22x2 + . . .+ a2pxp
...
yn = an1x1 + an2x2 + . . .+ anpxp

Définition 5. Ces équations sont appelées équations de u relativement aux bases B et B 0.
Elles donnent les coordonnées yi , dans la base B 0, de l’image d’un vecteur quelconque de E, connu par ses

coordonnées xj , dans la base B.

1.3 Exemples

Exemple 3.
M(IdE,B,B) = Ip
M(0EF,B,B 0) = 0np

Exemple 4. Prenons :
E = R2 muni de la base canonique B = (e1, e2) et F = R3 muni de la base canonique B 0 = (f1, f2, f3).
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f(v1)
<latexit sha1_base64="6rki6A5ac7j9/sF7v6iuEiw1XLQ="></latexit>

f(v2)
<latexit sha1_base64="LWEo7h0/mmZBCK/qIwFcT2EKKz8="></latexit>

f(vj)
<latexit sha1_base64="K1SRXrb4vdLF1cO7W95FyiPx5Q0="></latexit>

f(vp)
<latexit sha1_base64="C5m3Veae4YsGuJ5TVH9TxrrgQ6Y="></latexit>

w1
<latexit sha1_base64="35ARp6PnlzEdIcEKsu8VpSAx5fk="></latexit>

w2
<latexit sha1_base64="6p3JlWN9bVwI/Z57wvRjFLIGV4A="></latexit>

wi
<latexit sha1_base64="OkfwdkmDhE1zMNe4yLGHp/cbE48="></latexit>

wn
<latexit sha1_base64="tfznvoVffppJ1hVYyyExCn/DAGQ="></latexit>

"
<latexit sha1_base64="DqCRQAObBsbAWpOwpQtSsf95EcU="></latexit>

 
<latexit sha1_base64="IJQIQEQ3ch6z0qbyHFPqwVSziQA="></latexit>

 
<latexit sha1_base64="IJQIQEQ3ch6z0qbyHFPqwVSziQA="></latexit>

 
<latexit sha1_base64="IJQIQEQ3ch6z0qbyHFPqwVSziQA="></latexit>

 
<latexit sha1_base64="IJQIQEQ3ch6z0qbyHFPqwVSziQA="></latexit>

"
<latexit sha1_base64="DqCRQAObBsbAWpOwpQtSsf95EcU="></latexit>

"
<latexit sha1_base64="DqCRQAObBsbAWpOwpQtSsf95EcU="></latexit>

"
<latexit sha1_base64="DqCRQAObBsbAWpOwpQtSsf95EcU="></latexit>

M(f, V,W )?
<latexit sha1_base64="WmErAWPdNUA4P89J2QkKDIaaduc="></latexit>



Matrice d’une fonction linéaire

Multiplication matrice/vecteur colonne: interprétation


Multiplication matrice-matrice: interprétation
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Matrice d’une fonction linéaire

L’évaluation en un point d’une fonction linéaire et la 
composition d’application linéaire se réduit (en dimension 
finie) à l’application “mécanique” de règles de calcul 
matriciel


Pas trop “mécanique” quand même: 


Crimes contre les matrices

http://ee263.stanford.edu/notes/matrix_crimes.pdf
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http://ee263.stanford.edu/notes/matrix_crimes.pdf


Changement de base

Toute base peut servir de système de coordonnées pour E


Changement de base == changement de système de 
coordonnées


 Matrice de passage de V à W:


Définition: transforme un vecteur v exprimé en terme de ses 
coordonnées dans V, en le même vecteur en terme de ses 
coordonnées dans W


Pour la trouver: les colonnes de P(V,W) sont les coordonnées 
des éléments de V (dans un ordre fixé) dans W

P (V,W ) = M(IdE , V,W )
<latexit sha1_base64="YxfnmWqZ6W7jyns/GAWsAQeeP3M="></latexit>
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Propriétés du produit 
matriciel
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Transposée

Transposée de A : obtenue en échangeant 
les lignes et les colonnes de  A
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Matrice par blocs
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Interpretation des opérations 
matricielles

18

Matrix multiplication as mixture of columns

write A ∈ Rm×n in terms of its columns:

A =
[

a1 a2 · · · an

]

where aj ∈ Rm

then y = Ax can be written as

y = x1a1 + x2a2 + · · · + xnan

(xj’s are scalars, aj’s are m-vectors)

• y is a (linear) combination or mixture of the columns of A

• coefficients of x give coefficients of mixture

Linear functions and examples 2–29

Matrix multiplication as mixture of columns

write A ∈ Rm×n in terms of its columns:

A =
[

a1 a2 · · · an

]

where aj ∈ Rm

then y = Ax can be written as

y = x1a1 + x2a2 + · · · + xnan

(xj’s are scalars, aj’s are m-vectors)

• y is a (linear) combination or mixture of the columns of A

• coefficients of x give coefficients of mixture

Linear functions and examples 2–29

Matrix multiplication as inner product with rows

write A in terms of its rows:

A =









ãT
1

ãT
2
...

ãT
n









where ãi ∈ Rn

then y = Ax can be written as

y =









ãT
1 x

ãT
2 x
...

ãT
mx









thus yi = 〈ãi, x〉, i.e., yi is inner product of ith row of A with x

Linear functions and examples 2–31

Matrix multiplication as inner product with rows

write A in terms of its rows:

A =
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ãT
2
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ãT
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where ãi ∈ Rn

then y = Ax can be written as

y =









ãT
1 x

ãT
2 x
...

ãT
mx









thus yi = 〈ãi, x〉, i.e., yi is inner product of ith row of A with x

Linear functions and examples 2–31



Interpretation des opérations 
matricielles

Column and row interpretations

can write product C = AB as

C =
[

c1 · · · cp

]

= AB =
[

Ab1 · · ·Abp

]

i.e., ith column of C is A acting on ith column of B

similarly we can write

C =





c̃T
1
...

c̃T
m



 = AB =





ãT
1 B
...

ãT
mB





i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37

Column and row interpretations
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Inner product interpretation

inner product interpretation:

cij = ãT
i bj = 〈ãi, bj〉

i.e., entries of C are inner products of rows of A and columns of B

• cij = 0 means ith row of A is orthogonal to jth column of B

• Gram matrix of vectors f1, . . . , fn defined as Gij = fT
i fj

(gives inner product of each vector with the others)

• G = [f1 · · · fn]T [f1 · · · fn]

Linear functions and examples 2–38

C =
X

i

aib̃
T
i

<latexit sha1_base64="RjksuwO1MUnbqG3ZKHyHyHNvWFk="></latexit>
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Algèbre linéaire

20

1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires et matrices


5. Espaces de matrices et normes


6. Algèbre linéaire numérique



Angles et orthogonalité

Définition: dans un espace vectoriel réel, un produit 
scalaire est une forme bilinéaire symétrique définie positive


Forme :


Bilinéaire : linéaire en v pour w fixé et en w pour v fixé


Symétrique :


Définie positive :

21

( | ) :
����
E ⇥ E ! R
(v, w) 7! (v | w)

<latexit sha1_base64="Y0DP2whbpb5vHK79gYBrx7oQ9tI="></latexit>

Pour tout v, w 2 E2, (v | w) = (w | v)
<latexit sha1_base64="TFLz3q8Fah8YqCzUM7ruUD5ZIVs="></latexit>

Pour tout v 2 E \ {0E}, (v | v) > 0
<latexit sha1_base64="FAGiCKONkjt1UPg/nSy4LXMMj1w="></latexit>



Norme associée au produit scalaire :


Exemple: produit scalaire et norme Euclidienne sur


Vecteurs orthogonaux: si et seulement si 


Famille orthogonale: 


Famille orthonormale: famille orthogonale telle que

22

Rn
<latexit sha1_base64="0pYP3xtkdNXYbixAL6lVtJxDTLI="></latexit>

kvk =
p

(v | v)
<latexit sha1_base64="P+FHFmUuIMqVdHdjxM/mZHxPNkA="></latexit>

(v | v) = 0
<latexit sha1_base64="b2K6Wn7IjDiAyI2uwkxfe7+fkfs="></latexit>

(vi)i2I , telle que pour tout (i, j) 2 I2, i 6= j, (vi | vj) = 0
<latexit sha1_base64="5qbMe/9MMUwWXzYqZfDD/yuMruU="></latexit>

pour tout i 2 I, kvik = 1
<latexit sha1_base64="Ve0XIC43cAdgcZhheOB9F/FJGtk="></latexit>

Angles et orthogonalité



Angles et orthogonalité
Théorème : une famille de vecteurs orthogonaux est libre 


Comment construire des familles orthonormales?


23

Gram-Schmidt procedure : étant donné k vecteurs indépendants (a1, a2, . . . , ak) 2
Ek, trouver des vecteurs orthonormaux (q1, q2, . . . , ak), tels que pour tout r  k,
(q1, q2, . . . , qr) soit une base orthonormale de Vect(a1, a2, . . . , ar)

<latexit sha1_base64="lXT3Ac/NySoINQTkENsFNNevWqY="></latexit>

Gram-Schmidt procedure

• step 1a. q̃1 := a1

• step 1b. q1 := q̃1/‖q̃1‖ (normalize)

• step 2a. q̃2 := a2 − (qT
1 a2)q1 (remove q1 component from a2)

• step 2b. q2 := q̃2/‖q̃2‖ (normalize)

• step 3a. q̃3 := a3 − (qT
1 a3)q1 − (qT

2 a3)q2 (remove q1, q2 components)

• step 3b. q3 := q̃3/‖q̃3‖ (normalize)

• etc.

Orthonormal sets of vectors and QR factorization 4–13



q̃1 = a1q1

q2

q̃2 = a2 − (qT
1 a2)q1

a2

for i = 1, 2, . . . , k we have

ai = (qT
1 ai)q1 + (qT

2 ai)q2 + · · · + (qT
i−1ai)qi−1 + ‖q̃i‖qi

= r1iq1 + r2iq2 + · · · + riiqi

(note that the rij’s come right out of the G-S procedure, and rii #= 0)

Orthonormal sets of vectors and QR factorization 4–14

Orthogonalité

24



Gram-Schmidt et factorisation QR

25

QR decomposition

written in matrix form: A = QR, where A ∈ Rn×k, Q ∈ Rn×k, R ∈ Rk×k:

[

a1 a2 · · · ak

]

︸ ︷︷ ︸

A

=
[

q1 q2 · · · qk

]

︸ ︷︷ ︸

Q







r11 r12 · · · r1k

0 r22 · · · r2k
... ... . . . ...
0 0 · · · rkk







︸ ︷︷ ︸

R

• QTQ = Ik, and R is upper triangular & invertible

• called QR decomposition (or factorization) of A

• usually computed using a variation on Gram-Schmidt procedure which is
less sensitive to numerical (rounding) errors

• columns of Q are orthonormal basis for R(A)

Orthonormal sets of vectors and QR factorization 4–15

rij = qTi aj
<latexit sha1_base64="HDpxPuArqUI3YKq7aBp0vWUYiIA="></latexit>

Calculé durant Gram-Schmidt

k : rang de la matrice A

Une matrice est dite semi-orthogonale si ces colonnes sont orthonormales.
<latexit sha1_base64="RNqK9SBaz+BJDRRPF10rkNzn1Qk="></latexit>

Si Q est une matrice semi-orthogonale de taille m⇥ k, alors QTQ = Ik
<latexit sha1_base64="5c2A3cqDwAH8/TPRrncPWNKZff8="></latexit>

Une matrice semi-orthogonale carrée est dite orthogonale.
<latexit sha1_base64="eovjfCT2SyyrsGJ4dBeP5VFIhRc="></latexit>
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Soit E un espace vectoriel de dimension finie n muni d’un produit scalaire
( . | . ) et V = (v1, . . . , vn) une base orthonormale de E. Alors, pour tout v 2 E,

v =
nX

i=1

(v | vi)vi.
<latexit sha1_base64="fJatc7C3T9zqmPtdRV9jTGm6irU="></latexit>

Intérêt ?

Angles et orthogonalité



Pause
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Algèbre linéaire
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1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires et matrices


5. Espaces de matrices et normes


6. Algèbre linéaire numérique
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Décomposition en valeurs singulières
Etant donné une matrice rectangulaire quelconque


(à coefficients réels)


Quelle transformation linéaire représente-t-elle ?

A =

0

B@
a1,1 . . . a1,n
...

. . .
...

am,1 . . . am,n

1

CA

<latexit sha1_base64="fl8ke+DyyXDFX7CYC+3nLYdk3KU="></latexit>
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56 Highlights of Linear Algebra 

1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
The m left singular vectors u 1 , ... , Um are perpendicular to each other in Rm. 
The connection between n v's and m u's is not Ax = AX. That is for eigenvectors. 
For singular vectors, each A v equals 17U : 

jAvl = 171Ul .. Avr = 17rUr I IAvr+l = 0 .. Avn = oj (1) 

I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
last m- r u's are in the nullspace of AT. 

Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Décomposition en valeurs singulières



Interpretation des opérations 
matricielles

Column and row interpretations

can write product C = AB as

C =
[

c1 · · · cp

]

= AB =
[

Ab1 · · ·Abp

]

i.e., ith column of C is A acting on ith column of B

similarly we can write

C =





c̃T
1
...

c̃T
m



 = AB =





ãT
1 B
...

ãT
mB





i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37
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C =
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m



 = AB =





ãT
1 B
...

ãT
mB





i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37

Inner product interpretation

inner product interpretation:

cij = ãT
i bj = 〈ãi, bj〉

i.e., entries of C are inner products of rows of A and columns of B

• cij = 0 means ith row of A is orthogonal to jth column of B

• Gram matrix of vectors f1, . . . , fn defined as Gij = fT
i fj

(gives inner product of each vector with the others)

• G = [f1 · · · fn]T [f1 · · · fn]

Linear functions and examples 2–38

C =
X

i

aib̃
T
i

<latexit sha1_base64="RjksuwO1MUnbqG3ZKHyHyHNvWFk="></latexit>
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62 Highlights of Linear Algebra 

The Geometry of the SVD 
The SVD separates a matrix into A = U:EVT: (orthogonal) x (diagonal) x (orthogonal). 
In two dimensions we can draw those steps. The orthogonal matrices U and V rotate the 
plane. The diagonal matrix :E stretches it along the axes. Figure 1.11 shows rotation 
times stretching times rotation. Vectors x on the unit circle go to Ax on an ellipse. 

A 

-.... Ax 

Figure 1.10: U and V are rotations and possible reflections. :E stretches circle to ellipse. 

This picture applies to a 2 by 2 invertible matrix (because a 1 > 0 and a 2 > 0). First 
is a rotation of any x to VT x. Then :E stretches that vector to :EVT x. Then U rotates to 
Ax = U:EVT x. We kept all determinants positive to avoid reflections. The four numbers 
a, b, c, din the matrix connect to two angles() and¢ and two numbers a 1 and a 2 . 

-sin() ] [ a1 
cos() ] [ cos¢ sin¢ ] 

a2 - sin¢ cos¢ · (14) 

Question. If the matrix is symmetric then b = c and A has only 3 (not 4) parameters. 
How do the 4 numbers (), ¢, a1, a2 reduce to 3 numbers for a symmetric matrix S? 

The First Singular Vector v 1 

The next page will establish a new way to look at v 1 . The previous pages chose the v's 
as eigenvectors of AT A. Certainly that remains true. But there is a valuable way to 
understand these singular vectors one at a time of all at once. We start with v 1 
and the singular value a1. 

JJAxJJ Maximize the ratio Txll" The maximum is u 1 at the vector x = v1 • (15) 

The ellipse in Figure I.lO showed why the maximizing x is v 1 . When you follow v 1 
across the page, it ends at Av1 = a1 u1 (the longest axis of the ellipse). Its length started 
at lJv11J = 1 and ended at IJAv11J = a1. 

56 Highlights of Linear Algebra 

1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
The m left singular vectors u 1 , ... , Um are perpendicular to each other in Rm. 
The connection between n v's and m u's is not Ax = AX. That is for eigenvectors. 
For singular vectors, each A v equals 17U : 

jAvl = 171Ul .. Avr = 17rUr I IAvr+l = 0 .. Avn = oj (1) 

I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
last m- r u's are in the nullspace of AT. 

Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Décomposition en valeurs singulières



18 Highlights of Linear Algebra 

The equations AT y = 0 give "currents" Y1, Yz, Y3, Y4, Y5 on the five edges of the graph. 
Flows around loops obey Kirchhoff's Current Law : in = out. Those words apply 
to an electrical network. But the ideas behind the words apply all over engineering and 
science and economics and business. Balancing forces and flows and the budget. 

Graphs are the most important model in discrete applied mathematics. You see graphs 
everywhere: roads, pipelines, blood flow, the brain, the Web, the economy of a country 
or the world. We can understand their incidence matrices A and AT. In Section 111.6, 
the matrix AT A will be the "graph Laplacian". And Ohm's Law will lead to AT CA. 

Four subspaces for a connected graph with rn edges and n nodes : incidence matrix A 
N(A) 
C(AT) 
C(A) 
N(AT) 

The constant vectors (c, c, ... , c) make up the !-dimensional nullspace of A. 
The r edges of a tree give r independent rows of A : rank = r = n - 1. 
Voltage Law: The components of Ax add to zero around all loops. 
Current Law: ATy = (flow in)- (flow out)= 0 is solved by loop currents. 
There are rn - r = rn - n + 1 independent small loops in the graph. 

The big picture 

dimension n - r 
N(AT) 

dimension rn - r 

Figure 1.3: The Four Fundamental Subspaces: Their dimensions add ton and m. 
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Espaces associés à une matrice
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Théorème spectral
Si S est une matrice symétrique, réelle de taille m ⇥ m, alors il existe une

matrice orthogonale réelle Q de taille m⇥m et une matrice diagonale réelle ⇤
de taille m⇥m telles que S = Q⇤QT .

<latexit sha1_base64="aGeSDR5IyBxZC0ToE1DeoY09Yhs="></latexit>

Relation d’ordre sur les matrices symétriques réelles:
S1 � S2 ssi S2 � S1 � 0
et
S1 � S2 ssi S2 � S1 ⌫ 0

<latexit sha1_base64="fO2/20Suukjr6J59ShYggv29/Y0="></latexit>

Une matrice symétrique réelle est dite définie positive, noté S � 0 ssi pour
toute matrice colonne u, uTSu > 0.

Une matrice symétrique réelle est dite semi-définie positive, S ⌫ 0, ssi pour
toute matrice colonne u, uTSu � 0.

<latexit sha1_base64="mY4+19C1XvHTQrShsGYUUVwTk8U="></latexit>
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Diagonalisation

Diagonalization

suppose v1, . . . , vn is a linearly independent set of eigenvectors of
A ∈ Rn×n:

Avi = λivi, i = 1, . . . , n

express as

A
[

v1 · · · vn

]

=
[

v1 · · · vn

]





λ1
. . .

λn





define T =
[

v1 · · · vn

]

and Λ = diag(λ1, . . . ,λn), so

AT = TΛ

and finally
T−1AT = Λ

Eigenvectors and diagonalization 11–19

Diagonalisation

Soit A une matrice à coe�cients réels de taille m⇥m. � 2 C est une valeur
propre de A ssi il existe v 2 Cm, non-nul, tel que Av = �v, i.e. l’image de v par
A est dans la même direction que v. Un tel v est appelé un vecteur propre de
A associé à la valeur propre �.

<latexit sha1_base64="g70daCL1ZlaA+UYvJLi+eQoKfJs="></latexit>
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Forme canonique de 
Jordan

Jordan canonical form

what if A cannot be diagonalized?

any matrix A ∈ Rn×n can be put in Jordan canonical form by a similarity
transformation, i.e.

T−1AT = J =





J1
. . .

Jq





where

Ji =







λi 1
λi

. . .

. . . 1
λi






∈ Cni×ni

is called a Jordan block of size ni with eigenvalue λi (so n =
∑q

i=1 ni)

Jordan canonical form 12–2
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Déterminant et trace

sgn(�) est la parité du nombre d’élement dans une décomposition de � en
une séquence de transpositions (échange de deux éléments).

<latexit sha1_base64="sSCxsLTNZnG6+m3gsnsjupMjj9Y="></latexit>

Tr(AB) = Tr(BA)
<latexit sha1_base64="hEkbiFERuSL7iqu1v7WxGemIiPg="></latexit>

det(AB) = det(A) det(B)
<latexit sha1_base64="1CwUgU4LT1vv7sKPa+8TCk+ytGI="></latexit>

A matrice carrée n⇥ n
<latexit sha1_base64="SHhZzYyIo/wWk51g4MRTbAbBWww="></latexit>

Tr(A) =
nX

i=1

ai,i
<latexit sha1_base64="aDqgMWZY33sC04o+hsJpgeIvbUE="></latexit>

Tr(A1A2 . . . Ak) = Tr(A2A3 . . . AkA1) = · · · = Tr(AkA1A2 . . . Ak�1)
<latexit sha1_base64="v68cCnBcciXewn8NSffq1mqp4JA="></latexit>
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Théorème de Cayley-
Hamilton

Cayley-Hamilton theorem

if p(s) = a0 + a1s + · · · + aksk is a polynomial and A ∈ Rn×n, we define

p(A) = a0I + a1A + · · · + akA
k

Cayley-Hamilton theorem: for any A ∈ Rn×n we have X (A) = 0, where
X (s) = det(sI − A)

example: with A =

[

1 2
3 4

]

we have X (s) = s2 − 5s − 2, so

X (A) = A2 − 5A − 2I

=

[

7 10
15 22

]

− 5

[

1 2
3 4

]

− 2I

= 0

Jordan canonical form 12–12

Corollaire : pour tout entier naturel p, Ap 2 Vect(I, A,A2, . . . , An�1)
<latexit sha1_base64="6hRohfkIN/mpLuLg6UCrrB3zBk8="></latexit>
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Algèbre linéaire

39

1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires et matrices


5. Espaces de matrices et normes


6. Algèbre linéaire numérique



Espaces de fonctions 
linéaires

Espace de matrice, muni de l’addition et la multiplication matricielle et de
la multiplication par un scalaire:

Mm,n(R)

Espace de fonctions linéaires muni de l’addition et de la composition de fonctions
linéaires et de la multiplication par un scalaire:

L(E,F )
<latexit sha1_base64="Z9T7PSMJhioE0897ZsTK/P8qKKk="></latexit>
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Normes de vecteurs

Jim Lambers
MAT 610

Summer Session 2009-10
Lecture 2 Notes

These notes correspond to Sections 2.2-2.4 in the text.

Vector Norms

Given vectors x and y of length one, which are simply scalars x and y, the most natural notion of
distance between x and y is obtained from the absolute value; we de�ne the distance to be jx� yj.
We therefore de�ne a distance function for vectors that has similar properties.

A function k � k : Rn ! R is called a vector norm if it has the following properties:

1. kxk � 0 for any vector x 2 Rn, and kxk = 0 if and only if x = 0

2. k↵xk = j↵jkxk for any vector x 2 Rn and any scalar ↵ 2 R

3. kx+ yk  kxk+ kyk for any vectors x, y 2 Rn.

The last property is called the triangle inequality. It should be noted that when n = 1, the absolute
value function is a vector norm.

The most commonly used vector norms belong to the family of p-norms, or `p-norms, which
are de�ned by

kxkp =
 

nX

i=1

jxijp
!1=p

:

It can be shown that for any p > 0, k � kp de�nes a vector norm. The following p-norms are of
particular interest:

✏ p = 1: The `1-norm
kxk1 = jx1j+ jx2j+ � � �+ jxnj

✏ p = 2: The `2-norm or Euclidean norm

kxk2 =
q
x21 + x22 + � � �+ x2n =

p
xTx

✏ p = 1: The `1-norm
kxk1 = max

1in
jxij

1
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1

It can be shown that the `2-norm satis�es the Cauchy-Bunyakovsky-Schwarz inequality

jxTyj  kxk2kyk2

for any vectors x, y 2 Rn. This inequality is useful for showing that the `2-norm satis�es the
triangle inequality. It is a special case of the Holder inequality

jxTyj  kxkpkykq;
1

p
+

1

q
= 1:

Now that we have de�ned various notions of the size, or magnitude, of a vector, we can discuss
distance and convergence. Given a vector norm k � k, and vectors x;y 2 Rn, we de�ne the distance
between x and y, with respect to this norm, by kx�yk. Then, we say that a sequence of n-vectors
fx(k)g1k=0 converges to a vector x if

lim
k!1

kx(k) � xk = 0:

That is, the distance between x(k) and x must approach zero. It can be shown that regardless of
the choice of norm, x(k) ! x if and only if

x(k)
i ! xi; i = 1; 2; : : : ; n:

That is, each component of x(k) must converge to the corresponding component of x. This is due
to the fact that for any vector norm k � k, kxk = 0 if and only if x is the zero vector.

Because we have de�ned convergence with respect to an arbitrary norm, it is important to know
whether a sequence can converge to a limit with respect to one norm, while converging to a di↵erent
limit in another norm, or perhaps not converging at all. Fortunately, for p-norms, this is never the
case. We say that two vector norms k � k↵ and k � k� are equivalent if there exists constants C1 and
C2, that are independent of x, such that for any vector x 2 Rn,

C1kxk↵  kxk�  C2kxk↵:

It follows that if two norms are equivalent, then a sequence of vectors that converges to a limit
with respect to one norm will converge to the same limit in the other. It can be shown that all
`p-norms are equivalent. In particular, if x 2 Rn, then

kxk2  kxk1 
p
nkxk2;

kxk1  kxk2 
p
nkxk1;

kxk1  kxk1  nkxk1:

2

Si Q est une matrice orthogonale,
kQxk2 = kxk2

<latexit sha1_base64="xaBof836vIu6oRGb0SM8aw5nCe4="></latexit>
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Normes de matricesMatrix Norms

It is also very useful to be able to measure the magnitude of a matrix, or the distance between
matrices. However, it is not su�cient to simply de�ne the norm of an m⇥n matrix A as the norm
of an mn-vector x whose components are the entries of A. We instead de�ne a matrix norm to be
a function k � k : Rm⇥n ! R that has the following properties:

✏ kAk � 0 for any A 2 Rm⇥n, and kAk = 0 if and only if A = 0

✏ k↵Ak = j↵jkAk for any m⇥ n matrix A and scalar ↵

✏ kA+Bk  kAk+ kBk for any m⇥ n matrices A and B

Another property that is often, but not always, included in the de�nition of a matrix norm is the
submultiplicative property: if A is m⇥ n and B is n⇥ p, we require that

kABk  kAkkBk:

This is particularly useful when A and B are square matrices.
Any vector norm induces a matrix norm. It can be shown that given a vector norm, de�ned

appropriately for m-vectors and n-vectors, the function k � k : Rm⇥n ! R de�ned by

kAk = sup
x 6=0

kAxk
kxk = max

kxk=1
kAxk

is a matrix norm. It is called the natural, or induced, matrix norm. Furthermore, if the vector
norm is a `p-norm, then the induced matrix norm satis�es the submultiplicative property.

The following matrix norms are of particular interest:

✏ The `1-norm:

kAk1 = max
kxk1=1

kAxk1 = max
1jn

mX

i=1

jaij j:

That is, the `1-norm of a matrix is its maximum column sum.

✏ The `1-norm:

kAk1 = max
kxk1=1

kAxk1 = max
1im

nX

j=1

jaij j:

That is, the `1-norm of a matrix is its maximum row sum.

✏ The `2-norm:
kAk2 = max

kxk2=1
kAxk2:

3

A matrix norm is
<latexit sha1_base64="an9TmklsyAV8iFGGxc7UAvvO82I="></latexit>
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3

To obtain a formula for this norm, we note that the function

g(x) =
kAxk22
kxk22

has a local maximium or minimum whenever x is a unit `2-norm vector (that is, kxk2 = 1)
that satis�es

ATAx = kAxk22x;

as can be shown by di↵erentiation of g(x). That is, x is an eigenvector of ATA, with corre-
sponding eigenvalue kAxk22 = g(x). We conclude that

kAk2 = max
1in

q
�i(ATA):

That is, the `2-norm of a matrix is the square root of the largest eigenvalue of ATA, which is
guaranteed to be nonnegative, as can be shown using the vector 2-norm. We see that unlike
the vector `2-norm, the matrix `2-norm is much more di�cult to compute than the matrix
`1-norm or `1-norm.

✏ The Frobenius norm:

kAkF =

0

@
mX

i=1

nX

j=1

a2ij

1

A
1=2

:

It should be noted that the Frobenius norm is not induced by any vector `p-norm, but it
is equivalent to the vector `2-norm in the sense that kAkF = kxk2 where x is obtained by
reshaping A into a vector.

Like vector norms, matrix norms are equivalent. For example, if A is an m⇥ n matrix, we have

kAk2  kAkF 
p
nkAk2;

1p
n
kAk1  kAk2 

p
mkAk1;

1p
m
kAk1  kAk2 

p
nkAk1:

Eigenvalues and Eigenvectors

We have learned what it means for a sequence of vectors to converge to a limit. However, using
the de�nition alone, it may still be di�cult to determine, conclusively, whether a given sequence of

4

kAk2 = �1
<latexit sha1_base64="opGBHN4lGnJfDT5ewFbv/cvPbYg="></latexit>

kAkF =
p
�2
1 + · · ·+ �2

r
<latexit sha1_base64="BWO/iplSRl/3lbYc9SZIX/AprQU="></latexit>
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Application de la notion de norme: lien 
valeurs propres, valeurs singulières

�r  |�|  �1
<latexit sha1_base64="QM922EdLHN9i7I6CCUUU/iCbr64="></latexit>
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�r  |�|  �1
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Éléments propres de ATA et AAT ?
<latexit sha1_base64="zc7N3l2c+JUNklykc2QDD2+bWFA="></latexit>

Application de la notion de norme: lien 
valeurs propres, valeurs singulières
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Algèbre linéaire

45

1. Espaces vectoriels et fonctions linéaires


2. Matrices


3. Angles et orthogonalité


4. Structure des applications linéaires et matrices


5. Espaces de matrices et normes


6. Algèbre linéaire numérique



Algèbre linéaire numérique
Exemple : produit matrice-matrice A: m⇥ n, B: n⇥ p.

<latexit sha1_base64="goCL9NhwjP9W2VUQt6lgrnXYUGg="></latexit>

Produit matriciel C = AB :
<latexit sha1_base64="z/FV1OjV7sLi3bH19/QQzoN/eH8="></latexit>

C = 0
<latexit sha1_base64="h7wkXliukehhwyKujqHtB7e0qd4="></latexit>

Boucle i = 1..m, j = 1..p, k = 1..n :
<latexit sha1_base64="mGav8Uvfo8np+JkDsyClsKeifXE="></latexit>

cij = cij + aikbkj
<latexit sha1_base64="9dPD2+UuAV6O5KjPNjVYhrQGabc="></latexit>

Ordre des trois boucles ?

i en premier

Column and row interpretations

can write product C = AB as

C =
[

c1 · · · cp

]

= AB =
[

Ab1 · · ·Abp

]

i.e., ith column of C is A acting on ith column of B

similarly we can write

C =





c̃T
1
...

c̃T
m



 = AB =





ãT
1 B
...

ãT
mB





i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37

j en premier

Column and row interpretations

can write product C = AB as

C =
[

c1 · · · cp

]
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]
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c̃T
1
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c̃T
m



 = AB =





ãT
1 B
...

ãT
mB





i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37

k en premier C = AB =
nX

k=1

ak b̃
T
i
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Algèbre linéaire numérique
Stabilité numérique
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Algèbre linéaire numérique
Stabilité numérique

Supposons qu’un processus nous donne la solution estimée x̂ d’un système
linéaire Ax = b en e↵ectuant toutes les opérations matricielles de manière exacte
mais qu’il y a des erreurs d’arrondi dans le stockage en nombre flottants de A
et de b dans la mémoire (en pratique les opérations matricielles e↵ectuées pour
trouver x introduisent davantage d’erreurs d’arrondis, ce modèle donne donc
une borne supérieure sur la qualité possible d’un algorithme numérique pour
résoudre des systémes linéaires).

<latexit sha1_base64="xqHCw7utk4qtNZ1PDNz9MCkFJwo="></latexit>

Alors,
kx� x̂k1
kxk1

 4u1(A)
<latexit sha1_base64="sWRlerA7JwKREtZKj3AuEveUTvM="></latexit>

u est le unité d’arrondi, égale à la moitié de lécart entre 1 et le plus petit
nombre flottant strictement supérieur à 1. Pour les nombres flottants IEEE
single précision, u est d’environ 10�7. Il est d’environ 10�16 pour les nombres
flottants IEEE double précision.

<latexit sha1_base64="DaKTgaK/GhxvitbrH3MDikRGkWI="></latexit>

1(A) := kAk1kA�1k1 est le conditionnement de A pour la norme 1
<latexit sha1_base64="C223lXvWrwRtXT2qCjP6bri3F+o="></latexit>

si u1(A)  .5
<latexit sha1_base64="jmyKUAP9rg+ITALki1gGwIR6TT0="></latexit>
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Summary
Notions les plus importantes


• Matrice d’une application linéaire


• Différentes vues sur les opérations matricielles


• Produit scalaire, orthogonalité, matrices orthogonales et bases 
orthonormales


• Décomposition en valeurs singulières


• Normes de vecteurs et de matrices


• Stabilité numérique
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