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Random Vectors

Given n RV's Xy, ..., X,,, we can define a random vector X s.t.
X1

X2

X=1.

Xn

Note: all the notions of joint PDF/CDF will apply to X.

Given g : R" — R™, we have:

g1(x) Elg1(X)]

X E[g (X
g0 = | | apey = | P

gm(x) Elgm(X)]



Covariance Matrices

For a random vector X € R", we define its covariance matrix ¥
as the n x n matrix whose ij-th entry contains the covariance
between X; and X;.

COV[Xl, Xl] e COV[Xl, Xn]
= : :
Cov[Xn, X1] ... Cov[Xn, Xa]

applying linearity of expectation and the fact that
Cov[Xi, Xj] = E[(X; — E[Xi])(X; — E[X]])], we obtain

¥ = E[(X - E[X])(X - E[X])7]

Properties:
> ¥ is symmetric and PSD Proof ?
> If X; L X forall i,j, then ¥ = diag(Var[X1], ..., Var[X,])
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Multivariate Gaussian

The multivariate Gaussian X ~ N(u, X), X € R™:
If Sigma is not degenerate

X; = ——F——€ex fle Ty " x —
p(x; p, X) der(z)h(2m)? p< 5 (x =) T2 M))

[y

The univariate Gaussian X ~ N (p,02), X € R is just the special
case of the multivariate Gaussian when n = 1.

1 1
2 2
p(x; p,0%) = exp (—(X—u) >
0(2#)% 202
Notice that if ¥ € R, then ¥ = Var[X;] = 02, and so
| 2 Zil = ;‘2
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Some Nice Properties of MV Gaussians

» Marginals and conditionals of a joint Gaussian are Gaussian
» A d-dimensional Gaussian X € N(p, & = diag(o%,...,02)) is
equivalent to a collection of d independent Gaussians

Xi € N'(ui,0?). This results in isocontours aligned with the
coordinate axes.

» In general, the isocontours of a MV Gaussian are
n-dimensional ellipsoids with principal axes in the directions of
the eigenvectors of covariance matrix £ (remember, ¥ is
PSD, so all n eigenvectors are non-negative). The axes’
relative lengths depend on the eigenvalues of X.



Multivariate Gaussian
Définition générale

X ~ N(p,B) <= thereexist up € R*, A € R* such that X = AZ + pu for Z, ~ N(0,1),1i.i.d.

Distributions conditionnelles

# 1 X 1
X = [x, ] with sizes [ 4 1] o= [“1] with sizes [ q J
X

X2 (N —q) I (N —gq)x1
o . X (N —
= [2“ 21"] with sizes [ 1749 g% ( 4) }
o X (N—-gq)xq (N—-q)x(N-gq)

p(x1 | x2 = a) = N(p, X), with
= pq + X35 @— p))
¥ =3 - XX, 3

Distributions marginales ?



Visualizations of MV Gaussians

Effect of changing variance
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Visualizations of MV Gaussians

If Var[Xi] # Var[Xy]:
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Visualizations of MV Gaussians

If X1 and X5 are positively correlated:
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Visualizations of MV Gaussians

If X1 and X5 are negatively correlated:
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Elements of Probability
Sample Space Q
{HH,HT, TH, TT}
Event ACQ
{HH,HT}, Q
Event Space F

Probability Measure P : 7 — R
P(A)>0 VAecF

PQ) =1

countabl
If A1, Ao, ... dlas?o?nt set of events (A; N Aj = () when i # j),

then
P (UA,) => P(A)
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Modes de convergence

e Convergence presque sdre ou presque partout
e Convergence en probabilité

e Convergence en loi

4 - Statistique



Lol forte des grands
nombres

X1, Xq,... variables aléatoires 1.i.d.

(ii) (The SLLN). A necessary and sufficient condition for the existence of a
constant ¢ for which

1 n
) Xi —aus. (1.81)
n 1=1

is that F|X1| < oo, in which case ¢ = F X,

4 - Statistique



Theoreme de la limite
centrale

(Multivariate CLT). Let Xi,..., X, be ii.d. random k-
vectors with a finite ¥ = Var(X;). Then

% f:(x,,; CEXy) —y No(0.). 1

4 - Statistique



Transformations continues
et théoreme de Slutsky

Theorem 1.10. Let X, X, X5, ... be random k-vectors defined on a prob-
ability space and g be a measurable function from (RF,B¥) to (R!, B!).
Suppose that g is continuous a.s. Px. Then

(i) Xn —a.s. X implies g(Xy) —a.s. 9(X);

(ii)) X, —p X implies g(X,) —p g(X);

(iii) X,, —¢ X implies g(X,) —q g(X). 1

Theorem 1.11 (Slutsky’s theorem). Let X, X1, Xo, ..., ¥7,Y5,... be ran-

dom variables on a probability space. Suppose that X,, —4 X and Y,, —, c,
where c is a fixed real number. Then

(i) X, +Y, %dX—I—C;
(iil) X,/ Y, —q X/cif ¢ # 0.

4 - Statistique
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Introduction

Statistique “Bayésienne” et “fréquentiste”

4 - Statistique



Type de problemes

e Estimation ponctuelle
e Estimation par intervalle

e TJest statistique

4 - Statistique



Outils pour le controle
qualite en statistique

e Estimateur ponctuel

e Dbiais, variance, risque, consistence, vitesse de convergence
(asymptotique ou non)

e optimalité : admissibilité, UMVUE, minimax, minimum Bayes risk
* Estimateur par intervalle

e probabilité de couverture
e Test

e correction, pouvoir statistique

4 - Statistique
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