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Condition nécessaire 
d’optimalité: KKT

5 - Optimisation sous contraintes

320 C H A P T E R 1 2 . T H E O R Y O F C O N S T R A I N E D O P T I M I Z A T I O N

Figure 12.10 Problem (12.32), for which the feasible set is the single point of
intersection between circle and line.

that is, the entire horizontal axis. In this case, the linearized feasible direction set does not
capture the geometry of the feasible set, so constraint qualifications are not satisfied.

The constraint qualification most often used in the design of algorithms is the subject
of the next definition.

Definition 12.4 (LICQ).
Given the point x and the active setA(x) defined in Definition 12.1, we say that the linear

independence constraint qualification (LICQ) holds if the set of active constraint gradients
{∇ci (x), i ∈ A(x)} is linearly independent.

Note that this condition is not satisfied for the examples (12.32) and (12.31). In general, if
LICQ holds, none of the active constraint gradients can be zero. We mention other constraint
qualifications in Section 12.6.

12.3 FIRST-ORDER OPTIMALITY CONDITIONS

In this section, we state first-order necessary conditions for x∗ to be a local minimizer
and show how these conditions are satisfied on a small example. The proof of the result is
presented in subsequent sections.

As a preliminary to stating the necessary conditions, we define the Lagrangian function
for the general problem (12.1).

L(x, λ) $ f (x) −
∑

i∈E∪I
λi ci (x). (12.33)

(We had previously defined special cases of this function for the examples of Section 12.1.)
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The necessary conditions defined in the following theorem are called first-order con-
ditions because they are concerned with properties of the gradients (first-derivative vectors)
of the objective and constraint functions. These conditions are the foundation for many of
the algorithms described in the remaining chapters of the book.

Theorem 12.1 (First-Order Necessary Conditions).
Suppose that x∗ is a local solution of (12.1), that the functions f and ci in (12.1) are

continuously differentiable, and that the LICQ holds at x∗. Then there is a Lagrange multiplier
vector λ∗, with components λ∗

i , i ∈ E ∪ I , such that the following conditions are satisfied at
(x∗, λ∗)

∇xL(x∗, λ∗) % 0, (12.34a)

ci (x∗) % 0, for all i ∈ E, (12.34b)

ci (x∗) ≥ 0, for all i ∈ I, (12.34c)

λ∗
i ≥ 0, for all i ∈ I, (12.34d)

λ∗
i ci (x∗) % 0, for all i ∈ E ∪ I . (12.34e)

The conditions (12.34) are often known as the Karush–Kuhn–Tucker conditions, or
KKT conditions for short. The conditions (12.34e) are complementarity conditions; they
imply that either constraint i is active or λ∗

i % 0, or possibly both. In particular, the
Lagrange multipliers corresponding to inactive inequality constraints are zero, we can omit
the terms for indices i /∈ A(x∗) from (12.34a) and rewrite this condition as

0 % ∇xL(x∗, λ∗) % ∇ f (x∗) −
∑

i∈A(x∗)

λ∗
i ∇ci (x∗). (12.35)

A special case of complementarity is important and deserves its own definition.

Definition 12.5 (Strict Complementarity).
Given a local solution x∗ of (12.1) and a vector λ∗ satisfying (12.34), we say that the

strict complementarity condition holds if exactly one of λ∗
i and ci (x∗) is zero for each index

i ∈ I . In other words, we have that λ∗
i > 0 for each i ∈ I ∩ A(x∗).

Satisfaction of the strict complementarity property usually makes it easier for algorithms to
determine the active set A(x∗) and converge rapidly to the solution x∗.

For a given problem (12.1) and solution point x∗, there may be many vectors λ∗ for
which the conditions (12.34) are satisfied. When the LICQ holds, however, the optimal λ∗

is unique (see Exercise 12.17).
The proof of Theorem 12.1 is quite complex, but it is important to our understanding

of constrained optimization, so we present it in the next section. First, we illustrate the KKT
conditions with another example.



Analyse

3 - Algèbre linéaire

Hessienne

f : U ⇢ Rn 7! R
<latexit sha1_base64="4EkOnBhej/fR7d99VC3p2Ri35Uc="></latexit>

r2f =
<latexit sha1_base64="+S4+4xFLMqmpeSFHfvcz+o3J1SU="></latexit>



Conditions d’optimalité

4 - Optimisation

Conditions nécessaires, premier ordre
<latexit sha1_base64="RdeHUBuyH3WJCjzpf254MozL0H8="></latexit>

Si x⇤ est un minimum local et f est de classe C1 sur un ouvert U ⇢ Rn

contenant x, alors rf(x⇤) = 0
<latexit sha1_base64="6gRqGUmyzp9Ob+27tMsy8TyUQlA="></latexit>

Conditions nécessaires, second ordre
<latexit sha1_base64="zRziKrTMfA3fe6wZHpsQ8H9h9fw="></latexit>

Si x⇤ est un minimum local et f est de classe C2 sur un ouvert U ⇢ Rn

contenant x, alors rf(x⇤) = 0 et r2f(x⇤) est semi-définie positive
<latexit sha1_base64="CfVqQRjt60SNsmTR6q+hM6rLsvM="></latexit>

Si f est de classe C2 sur un ouvert U ⇢ Rn contenant x, si rf(x⇤) = 0 et si
r2f(x⇤) est définie positive, alors x⇤ est un minimum local.

<latexit sha1_base64="v5lUDITSTZKKBgiG76bJ9bcsyPA="></latexit>

Conditions su�santes, second ordre
<latexit sha1_base64="BVC9qYXRPoq5bdFowKqGB8YDCOw="></latexit>

NECESSARY CONDITIONS FOR A LOCAL MIN 

• Zero slope at a local minimum x ∗ 

∇f(x ∗) = 0  

• Nonnegative curvature at a local minimum x ∗ 

∇2f(x ∗) :  Positive Semidefinite 

xx* = 0 

f(x) = |x|3 (convex) 

x 

f(x) = x3 f(x) = - |x|3 

x* = 0x* = 0 x

First and second order necessary optimality conditions for 

functions of one variable. 



Existence de minimum
Théorème de Weierstrass
Si f est définie et continue sur un sous-ensemble fermé et borné de Rn, alors

f admet un minimum global.
<latexit sha1_base64="H+09auwgxNTPw0DBnNfzwX1RsZQ="></latexit>

Si f est définie et continue sur Rn et coercive (i.e. f(x) ! +1 when
kxk ! +1, alors f admet un minimum global sur tout sous-ensemble fermé de
Rn.

<latexit sha1_base64="dxYlT+L+HYCbpjacol5/r2Y+wDg="></latexit>



Unicité du minimum
Si f est une fonction strictement convexe définie sur un ensemble convexe

X ⇢ Rn, alors f admet au plus un minimum global.
<latexit sha1_base64="bLWOyqMzyEYH+jZlIRdaDsng31o="></latexit>



Convexité

Si f est une fonction strictement convexe définie sur un ensemble convexe
X ⇢ Rn, alors f admet au plus un minimum global.

<latexit sha1_base64="bLWOyqMzyEYH+jZlIRdaDsng31o="></latexit>

Si f est une fonction convexe définie sur un ensemble convexe X ⇢ Rn, alors
tout minimum local de f est aussi un minimum global de f . Si X est ouvert,
alors rf(x⇤) = 0 est équivaut à x⇤ est un minimum global de f

<latexit sha1_base64="QvrNLWOkoVxRMZXw5iHpHaPvvG8="></latexit>

Intérêt

L’ensemble X est convexe ssi pour tout x, y dans X, le segment [x, y] :=
{tx+ (1� t)y | t 2 [0, 1]} est inclus dans X

<latexit sha1_base64="iZwIgwvYn2SOHBaQ49Fh0XYnjgE="></latexit>

Une fonction f : X ⇢ Rn ! R est convexe ssi X est convexe et pour tout
x, y dans X et pour tout t 2 [0, 1],

f(tx+ (1� t)y)  tf(x) + (1� t)f(y).

Si l’inégalité est stricte pour t 2]0, 1[, la fonction est dite strictement convexe.
<latexit sha1_base64="qvuRGivRroZLl7PFxSx1A9kbvOI="></latexit>



Convexité
Reconnaître une fonction convexe

- les fonctions linéaires sont convexes

- les combinaisons linéaires positives de fonctions convexes sont convexes

- le maximum (point par point) d’un ensemble de fonctions convexes est convexe

- …

Si f est de classe C2, f est convexe si et seulement si r2f est semi-définie
positive sur l’intérieur de X. Si r2f est définie positive sur l’intérieur de X, f
est strictement convexe.

<latexit sha1_base64="E7ZDt5Gx7Gh9i1Xwn0DlLlfcVUo="></latexit>



Moindre carrés

min
x2Rn

kAx� yk2 ?
<latexit sha1_base64="RFwy7Ix1NmkhlOHu1516gPLwxrs="></latexit>

A matrice réelle m par n, y matrice colonne de taille m.
<latexit sha1_base64="Q6w9NyDu39hp1HLarIyacq3OM+U="></latexit>
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