
Troisième cours
• DM1 en ligne ce soir (thomas.schatz.cogserver.net/teaching), à rendre 

pour le 6 Octobre (en main propre ou par email: thomas.schatz@univ-
amu.fr


• Scribe ? (rendu = fichier .tex)


• Aujourd’hui


• Fin de l’algèbre linéaire


• Théorème de Cayley-Hamilton


• Algèbre linéaire numérique


• Début de l’Optimisation

mailto:thomas.schatz@univ-amu.fr
mailto:thomas.schatz@univ-amu.fr


Plan du cours

1. Introduction générale


2. Preuves (revue)


3. Algèbre linéaire (revue)


4. Optimisation (revue)


5. Optimisation sous contraintes


6. Probabilités (revue)


7. Statistique


8. Théorie de l’apprentissage 

9. Optimisation pour l’apprentissage
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Propriétés du produit 
matriciel

3 - Algèbre linéaire



Espaces de fonctions 
linéaires

3 - Algèbre linéaire

Espace de matrice, muni de l’addition et la multiplication matricielle et de
la multiplication par un scalaire:

Mm,n(R)

Espace de fonctions linéaires muni de l’addition et de la composition de fonctions
linéaires et de la multiplication par un scalaire:

L(E,F )
<latexit sha1_base64="Z9T7PSMJhioE0897ZsTK/P8qKKk="></latexit>



Déterminant et trace

sgn(�) est la parité du nombre d’élement dans une décomposition de � en
une séquence de transpositions (échange de deux éléments).

<latexit sha1_base64="sSCxsLTNZnG6+m3gsnsjupMjj9Y="></latexit>

Tr(AB) = Tr(BA)
<latexit sha1_base64="hEkbiFERuSL7iqu1v7WxGemIiPg="></latexit>

det(AB) = det(A) det(B)
<latexit sha1_base64="1CwUgU4LT1vv7sKPa+8TCk+ytGI="></latexit>

3 - Algèbre linéaire

A matrice carrée n⇥ n
<latexit sha1_base64="SHhZzYyIo/wWk51g4MRTbAbBWww="></latexit>

Tr(A) =
nX

i=1

ai,i
<latexit sha1_base64="aDqgMWZY33sC04o+hsJpgeIvbUE="></latexit>

Tr(A1A2 . . . Ak) = Tr(A2A3 . . . AkA1) = · · · = Tr(AkA1A2 . . . Ak�1)
<latexit sha1_base64="v68cCnBcciXewn8NSffq1mqp4JA="></latexit>



Théorème de Cayley-
Hamilton

Cayley-Hamilton theorem

if p(s) = a0 + a1s + · · · + aksk is a polynomial and A ∈ Rn×n, we define

p(A) = a0I + a1A + · · · + akA
k

Cayley-Hamilton theorem: for any A ∈ Rn×n we have X (A) = 0, where
X (s) = det(sI − A)

example: with A =

[

1 2
3 4

]

we have X (s) = s2 − 5s − 2, so

X (A) = A2 − 5A − 2I

=

[

7 10
15 22

]

− 5

[

1 2
3 4

]

− 2I

= 0

Jordan canonical form 12–12

Corollaire : pour tout entier naturel p, Ap 2 Vect(I, A,A2, . . . , An�1)
<latexit sha1_base64="6hRohfkIN/mpLuLg6UCrrB3zBk8="></latexit>
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Algèbre linéaire numérique

3 - Algèbre linéaire

Exemple : produit matrice-matrice A: m⇥ n, B: n⇥ p.
<latexit sha1_base64="goCL9NhwjP9W2VUQt6lgrnXYUGg="></latexit>

Produit matriciel C = AB :
<latexit sha1_base64="z/FV1OjV7sLi3bH19/QQzoN/eH8="></latexit>

C = 0
<latexit sha1_base64="h7wkXliukehhwyKujqHtB7e0qd4="></latexit>

Boucle i = 1..m, j = 1..p, k = 1..n :
<latexit sha1_base64="mGav8Uvfo8np+JkDsyClsKeifXE="></latexit>

cij = cij + aikbkj
<latexit sha1_base64="9dPD2+UuAV6O5KjPNjVYhrQGabc="></latexit>

Ordre des trois boucles ?

i en premier

Column and row interpretations

can write product C = AB as

C =
[

c1 · · · cp

]

= AB =
[

Ab1 · · ·Abp

]

i.e., ith column of C is A acting on ith column of B

similarly we can write

C =

⎡

⎣

c̃T
1
...

c̃T
m

⎤

⎦ = AB =

⎡

⎣

ãT
1 B
...

ãT
mB

⎤

⎦

i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37
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k en premier C = AB =
nX

k=1

ak b̃
T
i

<latexit sha1_base64="xuO0MLF9AW4+op2jxA7AATidVzs="></latexit>



Algèbre linéaire numérique
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Stabilité numérique



Normes de vecteurs

Jim Lambers
MAT 610

Summer Session 2009-10
Lecture 2 Notes

These notes correspond to Sections 2.2-2.4 in the text.

Vector Norms

Given vectors x and y of length one, which are simply scalars x and y, the most natural notion of
distance between x and y is obtained from the absolute value; we de�ne the distance to be jx� yj.
We therefore de�ne a distance function for vectors that has similar properties.

A function k � k : Rn ! R is called a vector norm if it has the following properties:

1. kxk � 0 for any vector x 2 Rn, and kxk = 0 if and only if x = 0

2. k↵xk = j↵jkxk for any vector x 2 Rn and any scalar ↵ 2 R

3. kx+ yk  kxk+ kyk for any vectors x, y 2 Rn.

The last property is called the triangle inequality. It should be noted that when n = 1, the absolute
value function is a vector norm.

The most commonly used vector norms belong to the family of p-norms, or `p-norms, which
are de�ned by

kxkp =
 

nX

i=1

jxijp
!1=p

:

It can be shown that for any p > 0, k � kp de�nes a vector norm. The following p-norms are of
particular interest:

✏ p = 1: The `1-norm
kxk1 = jx1j+ jx2j+ � � �+ jxnj

✏ p = 2: The `2-norm or Euclidean norm

kxk2 =
q

x21 + x22 + � � �+ x2n =
p
xTx

✏ p = 1: The `1-norm
kxk1 = max

1in
jxij

1
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It can be shown that the `2-norm satis�es the Cauchy-Bunyakovsky-Schwarz inequality

jxTyj  kxk2kyk2

for any vectors x, y 2 Rn. This inequality is useful for showing that the `2-norm satis�es the
triangle inequality. It is a special case of the Holder inequality

jxTyj  kxkpkykq;
1

p
+

1

q
= 1:

Now that we have de�ned various notions of the size, or magnitude, of a vector, we can discuss
distance and convergence. Given a vector norm k � k, and vectors x;y 2 Rn, we de�ne the distance
between x and y, with respect to this norm, by kx�yk. Then, we say that a sequence of n-vectors
fx(k)g1k=0 converges to a vector x if

lim
k!1

kx(k) � xk = 0:

That is, the distance between x(k) and x must approach zero. It can be shown that regardless of
the choice of norm, x(k) ! x if and only if

x(k)
i ! xi; i = 1; 2; : : : ; n:

That is, each component of x(k) must converge to the corresponding component of x. This is due
to the fact that for any vector norm k � k, kxk = 0 if and only if x is the zero vector.

Because we have de�ned convergence with respect to an arbitrary norm, it is important to know
whether a sequence can converge to a limit with respect to one norm, while converging to a di↵erent
limit in another norm, or perhaps not converging at all. Fortunately, for p-norms, this is never the
case. We say that two vector norms k � k↵ and k � k� are equivalent if there exists constants C1 and
C2, that are independent of x, such that for any vector x 2 Rn,

C1kxk↵  kxk�  C2kxk↵:

It follows that if two norms are equivalent, then a sequence of vectors that converges to a limit
with respect to one norm will converge to the same limit in the other. It can be shown that all
`p-norms are equivalent. In particular, if x 2 Rn, then

kxk2  kxk1 
p
nkxk2;

kxk1  kxk2 
p
nkxk1;

kxk1  kxk1  nkxk1:

2

Si Q est une matrice orthogonale,
kQxk2 = kxk2

<latexit sha1_base64="xaBof836vIu6oRGb0SM8aw5nCe4="></latexit>
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Application de la notion de norme: lien 
valeurs propres, valeurs singulières

�r  |�|  �1
<latexit sha1_base64="QM922EdLHN9i7I6CCUUU/iCbr64="></latexit>
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�r  |�|  �1
<latexit sha1_base64="QM922EdLHN9i7I6CCUUU/iCbr64="></latexit>

Éléments propres de ATA et AAT ?
<latexit sha1_base64="zc7N3l2c+JUNklykc2QDD2+bWFA="></latexit>
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Application de la notion de norme: lien 
valeurs propres, valeurs singulières



Normes de matricesMatrix Norms

It is also very useful to be able to measure the magnitude of a matrix, or the distance between
matrices. However, it is not su�cient to simply de�ne the norm of an m⇥n matrix A as the norm
of an mn-vector x whose components are the entries of A. We instead de�ne a matrix norm to be
a function k � k : Rm⇥n ! R that has the following properties:

✏ kAk � 0 for any A 2 Rm⇥n, and kAk = 0 if and only if A = 0

✏ k↵Ak = j↵jkAk for any m⇥ n matrix A and scalar ↵

✏ kA+Bk  kAk+ kBk for any m⇥ n matrices A and B

Another property that is often, but not always, included in the de�nition of a matrix norm is the
submultiplicative property: if A is m⇥ n and B is n⇥ p, we require that

kABk  kAkkBk:

This is particularly useful when A and B are square matrices.
Any vector norm induces a matrix norm. It can be shown that given a vector norm, de�ned

appropriately for m-vectors and n-vectors, the function k � k : Rm⇥n ! R de�ned by

kAk = sup
x 6=0

kAxk
kxk = max

kxk=1
kAxk

is a matrix norm. It is called the natural, or induced, matrix norm. Furthermore, if the vector
norm is a `p-norm, then the induced matrix norm satis�es the submultiplicative property.

The following matrix norms are of particular interest:

✏ The `1-norm:

kAk1 = max
kxk1=1

kAxk1 = max
1jn

mX

i=1

jaij j:

That is, the `1-norm of a matrix is its maximum column sum.

✏ The `1-norm:

kAk1 = max
kxk1=1

kAxk1 = max
1im

nX

j=1

jaij j:

That is, the `1-norm of a matrix is its maximum row sum.

✏ The `2-norm:
kAk2 = max

kxk2=1
kAxk2:

3

A matrix norm is
<latexit sha1_base64="an9TmklsyAV8iFGGxc7UAvvO82I="></latexit>
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3

To obtain a formula for this norm, we note that the function

g(x) =
kAxk22
kxk22

has a local maximium or minimum whenever x is a unit `2-norm vector (that is, kxk2 = 1)
that satis�es

ATAx = kAxk22x;

as can be shown by di↵erentiation of g(x). That is, x is an eigenvector of ATA, with corre-
sponding eigenvalue kAxk22 = g(x). We conclude that

kAk2 = max
1in

q
�i(ATA):

That is, the `2-norm of a matrix is the square root of the largest eigenvalue of ATA, which is
guaranteed to be nonnegative, as can be shown using the vector 2-norm. We see that unlike
the vector `2-norm, the matrix `2-norm is much more di�cult to compute than the matrix
`1-norm or `1-norm.

✏ The Frobenius norm:

kAkF =

0

@
mX

i=1

nX

j=1

a2ij

1

A
1=2

:

It should be noted that the Frobenius norm is not induced by any vector `p-norm, but it
is equivalent to the vector `2-norm in the sense that kAkF = kxk2 where x is obtained by
reshaping A into a vector.

Like vector norms, matrix norms are equivalent. For example, if A is an m⇥ n matrix, we have

kAk2  kAkF 
p
nkAk2;

1p
n
kAk1  kAk2 

p
mkAk1;

1p
m
kAk1  kAk2 

p
nkAk1:

Eigenvalues and Eigenvectors

We have learned what it means for a sequence of vectors to converge to a limit. However, using
the de�nition alone, it may still be di�cult to determine, conclusively, whether a given sequence of

4

kAk2 = �1
<latexit sha1_base64="opGBHN4lGnJfDT5ewFbv/cvPbYg="></latexit>

kAkF =
p
�2
1 + · · ·+ �2

r
<latexit sha1_base64="BWO/iplSRl/3lbYc9SZIX/AprQU="></latexit>
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Algèbre linéaire numérique

3 - Algèbre linéaire

Stabilité numérique
Supposons qu’un processus nous donne la solution estimée x̂ d’un système

linéaire Ax = b en e↵ectuant toutes les opérations matricielles de manière exacte
mais qu’il y a des erreurs d’arrondi dans le stockage en nombre flottants de A
et de b dans la mémoire (en pratique les opérations matricielles e↵ectuées pour
trouver x introduisent davantage d’erreurs d’arrondis, ce modèle donne donc
une borne supérieure sur la qualité possible d’un algorithme numérique pour
résoudre des systémes linéaires).

<latexit sha1_base64="xqHCw7utk4qtNZ1PDNz9MCkFJwo="></latexit>

Alors,
kx� x̂k1
kxk1

 4u1(A)
<latexit sha1_base64="sWRlerA7JwKREtZKj3AuEveUTvM="></latexit>

u est le unité d’arrondi, égale à la moitié de lécart entre 1 et le plus petit
nombre flottant strictement supérieur à 1. Pour les nombres flottants IEEE
single précision, u est d’environ 10�7. Il est d’environ 10�16 pour les nombres
flottants IEEE double précision.

<latexit sha1_base64="DaKTgaK/GhxvitbrH3MDikRGkWI="></latexit>

1(A) := kAk1kA�1k1 est le conditionnement de A pour la norme 1
<latexit sha1_base64="C223lXvWrwRtXT2qCjP6bri3F+o="></latexit>

si u1(A)  .5
<latexit sha1_base64="jmyKUAP9rg+ITALki1gGwIR6TT0="></latexit>
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Partie 4 —Optimisation (revue)
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Optimisation sans 
contraintes

4 - Optimisation

f : Rn 7! R
<latexit sha1_base64="/7HYHm9YFtilBtav2UmbSnFpbs0="></latexit>

min
x

f(x) ?
<latexit sha1_base64="Jm6SFxl1VTF4t2vUHJnWgPnMTH4="></latexit>

x⇤ est un minimum global de f ssi pour tout x 2 Rn, f(x⇤)  f(x)
<latexit sha1_base64="HTZ64D3o5vAV0YyxArNb5nsojEo="></latexit>

x⇤ est un minimum local de f ssi il existe un ensemble ouvert U ⇢ Rn

contenant x⇤ tel que pour tout x 2 U , f(x⇤)  f(x)
<latexit sha1_base64="TaNvouGrWcMvagBpazk1106LIyA="></latexit>



Analyse

4 - Optimisation

Concept central lim
x!a

f(x) = l ?
<latexit sha1_base64="pC6a4XFLQavwfFqXc8PIBc0HQqY="></latexit>

Dans Rn, La boule ouverte Bo(x, ✏), centrée sur x et de rayon ✏ associée à
la norme Euclidienne est l’ensemble des points y de Rn tels que kx� yk2 < ✏

<latexit sha1_base64="mOhK02FS52kyVBkc+gAUov7OOPs="></latexit>

Dans Rn, La boule fermée Bf (x, ✏), centrée sur x et de rayon ✏ associée à la
norme Euclidienne est l’ensemble des points y de Rn tels que kx� yk2  ✏

<latexit sha1_base64="KxuGT0qAweQ9eb97DXuHTV2Lp6w="></latexit>

U est un ouvert de Rn ssi U ⇢ Rn et pour tout x dans U , il existe ✏ > 0,
tel que Bf (x, ✏) ⇢ U .

<latexit sha1_base64="CAykajiFtWs9Fib6nR/43Sa3Suo="></latexit>

U est un fermé de Rn ssi son complément dans Rn est un ouvert de Rn
<latexit sha1_base64="/P2OlJNO+XtaRgtzUsaiKdW4z8U="></latexit>

Notions de base de topologie



Jacobienne, gradient
f : U ⇢ Rn ! Rm, de classe C1

<latexit sha1_base64="59n6eAb8Q0UghZ0cI6HrTMpbCP8="></latexit>

3 - Algèbre linéaire

Dérivée partielle

Matrice Jacobienne (transposée du gradient si m=1)

f : x 7! (f1(x), f2(x), . . . , fm(x))
<latexit sha1_base64="Fmt4IWExWtg0U+5cckaqTAOwK8Q="></latexit>

@fi
@xj

: (a1, . . . , an) 7! lim
h!0

fi(a1, . . . , aj�1, aj + h, aj+1, . . . an)� fi(a1, . . . , aj , . . . , an)

h
<latexit sha1_base64="W3x2XBn/U24STtRXX8qLs+hJrcM="></latexit>

“Chain rule”
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