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Orthogonalité

!32 3 - Algèbre linéaire

Soit E un espace vectoriel de dimension finie n muni d’un produit scalaire
( . | . ) et V = (v1, . . . , vn) une base orthonormale de E. Alors, pour tout v 2 E,

v =
nX

i=1

(v | vi)vi.
<latexit sha1_base64="fJatc7C3T9zqmPtdRV9jTGm6irU="></latexit>

Intérêt ?



Orthogonalité

Comment construire des familles orthonormales?
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Gram-Schmidt procedure : étant donné k vecteurs indépendants (a1, a2, . . . , ak) 2
Ek, trouver des vecteurs orthonormaux (q1, q2, . . . , ak), tels que pour tout r  k,
(q1, q2, . . . , qr) soit une base orthonormale de Vect(a1, a2, . . . , ar)

<latexit sha1_base64="lXT3Ac/NySoINQTkENsFNNevWqY="></latexit>

Gram-Schmidt procedure

• step 1a. q̃1 := a1

• step 1b. q1 := q̃1/∥q̃1∥ (normalize)

• step 2a. q̃2 := a2 − (qT
1 a2)q1 (remove q1 component from a2)

• step 2b. q2 := q̃2/∥q̃2∥ (normalize)

• step 3a. q̃3 := a3 − (qT
1 a3)q1 − (qT

2 a3)q2 (remove q1, q2 components)

• step 3b. q3 := q̃3/∥q̃3∥ (normalize)

• etc.

Orthonormal sets of vectors and QR factorization 4–13



q̃1 = a1q1

q2

q̃2 = a2 − (qT
1 a2)q1

a2

for i = 1, 2, . . . , k we have

ai = (qT
1 ai)q1 + (qT

2 ai)q2 + · · · + (qT
i−1ai)qi−1 + ∥q̃i∥qi

= r1iq1 + r2iq2 + · · · + riiqi

(note that the rij’s come right out of the G-S procedure, and rii ≠ 0)

Orthonormal sets of vectors and QR factorization 4–14

3 - Algèbre linéaire

Orthogonalité



Gram-Schmidt et factorisation QR

!35 3 - Algèbre linéaire

QR decomposition

written in matrix form: A = QR, where A ∈ Rn×k, Q ∈ Rn×k, R ∈ Rk×k:

[

a1 a2 · · · ak

]

︸ ︷︷ ︸

A

=
[

q1 q2 · · · qk

]

︸ ︷︷ ︸

Q

⎡

⎢
⎢
⎣

r11 r12 · · · r1k

0 r22 · · · r2k
... ... . . . ...
0 0 · · · rkk

⎤

⎥
⎥
⎦

︸ ︷︷ ︸

R

• QTQ = Ik, and R is upper triangular & invertible

• called QR decomposition (or factorization) of A

• usually computed using a variation on Gram-Schmidt procedure which is
less sensitive to numerical (rounding) errors

• columns of Q are orthonormal basis for R(A)

Orthonormal sets of vectors and QR factorization 4–15

rij = qTi aj
<latexit sha1_base64="HDpxPuArqUI3YKq7aBp0vWUYiIA="></latexit>

Calculé durant Gram-Schmidt

k : rang de la matrice A

Une matrice est dite semi-orthogonale si ces colonnes sont orthonormales.
<latexit sha1_base64="RNqK9SBaz+BJDRRPF10rkNzn1Qk=">AAADEHicjVFPTxQxHH0M/sEFZYGjl8YNiRc3s+tBjgQuJF7WxAUSJKTT/bE0zLSTtmNCCF/Cb+LNm+HqF9hwwxt+C3+tQ6ISop3MzOv7vffaX1vUpfYhz6/msvkHDx89XnjSWVx6+my5u7K6623jFI2VLa3bL6SnUhsaBx1K2q8dyaooaa843Y71vY/kvLbmfTir6bCSU6OPtZKBqaPu27EhUcngtCJBPoiJDiQ8VfqVdeHETq2RJRNaKPIirmcMA29NEElgrKtY4fudzlG3l/fzNMRdMGhBD+0Y2e4MHzCBhUKDCgSDwLiEhOfnAAPkqJk7 xDlzjpFOdcIFOuxtWEWskMye8nfKs4OWNTyPmT65Fa9S8uvYKbDOHss6xziuJlK9ScmRvS/7PGXGvZ3xv2izKmYDTpj9l+9W+b++2EvAMTZSD5p7qhMTu1NtSpNOJe5c/NZV4ISauYgnXHeMVXLenrNIHp96j2crU/0mKSMb56rVNvgRd8kXPPj7Ou+C3WF/8Lo/fDfsbW61V72A53iBl3yfb7CJHYww5uzPmOEa37NP2Zfsa3b5S5rNtZ41/DGybz8BoRetww==</latexit>

Si Q est une matrice semi-orthogonale de taille m⇥ k, alors QTQ = Ik
<latexit sha1_base64="5c2A3cqDwAH8/TPRrncPWNKZff8="></latexit>

Une matrice semi-orthogonale carrée est dite orthogonale.
<latexit sha1_base64="eovjfCT2SyyrsGJ4dBeP5VFIhRc="></latexit>



Transposée

Transposée de A : obtenue en échangeant 
les lignes et les colonnes de  A
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Matrice par blocs
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Interpretation des opérations 
matricielles

!38 3 - Algèbre linéaire

Matrix multiplication as mixture of columns

write A ∈ Rm×n in terms of its columns:

A =
[

a1 a2 · · · an

]

where aj ∈ Rm

then y = Ax can be written as

y = x1a1 + x2a2 + · · · + xnan

(xj’s are scalars, aj’s are m-vectors)

• y is a (linear) combination or mixture of the columns of A

• coefficients of x give coefficients of mixture

Linear functions and examples 2–29
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Matrix multiplication as inner product with rows

write A in terms of its rows:

A =

⎡

⎢

⎢

⎣

ãT
1

ãT
2
...

ãT
n

⎤

⎥

⎥

⎦

where ãi ∈ Rn

then y = Ax can be written as

y =

⎡

⎢

⎢

⎣

ãT
1 x

ãT
2 x
...

ãT
mx

⎤

⎥

⎥

⎦

thus yi = ⟨ãi, x⟩, i.e., yi is inner product of ith row of A with x

Linear functions and examples 2–31
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Interpretation des opérations 
matricielles

Column and row interpretations

can write product C = AB as

C =
[

c1 · · · cp

]

= AB =
[

Ab1 · · ·Abp

]

i.e., ith column of C is A acting on ith column of B

similarly we can write

C =

⎡

⎣

c̃T
1
...

c̃T
m

⎤

⎦ = AB =

⎡

⎣

ãT
1 B
...

ãT
mB

⎤

⎦

i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37
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i.e., ith row of C is ith row of A acting (on left) on B

Linear functions and examples 2–37

Inner product interpretation

inner product interpretation:

cij = ãT
i bj = ⟨ãi, bj⟩

i.e., entries of C are inner products of rows of A and columns of B

• cij = 0 means ith row of A is orthogonal to jth column of B

• Gram matrix of vectors f1, . . . , fn defined as Gij = fT
i fj

(gives inner product of each vector with the others)

• G = [f1 · · · fn]T [f1 · · · fn]

Linear functions and examples 2–38

C =
X

i

aib̃
T
i

<latexit sha1_base64="RjksuwO1MUnbqG3ZKHyHyHNvWFk="></latexit>
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Décomposition en valeurs singulières
Etant donné une matrice rectangulaire quelconque


(à coefficients réels)


Quelle transformation linéaire représente-t-elle ?

A =

0

B@
a1,1 . . . a1,n
...

. . .
...

am,1 . . . am,n

1

CA

<latexit sha1_base64="fl8ke+DyyXDFX7CYC+3nLYdk3KU="></latexit>
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56 Highlights of Linear Algebra 

1.8 Singular Values and Singular Vectors in the SVD 
The best matrices (real symmetric matrices S) have real eigenvalues and orthogonal 
eigenvectors. But for other matrices, the eigenvalues are complex or the eigenvectors 
are not orthogonal. If A is not square then Ax = Ax is impossible and eigenvectors 
fail (left side in Rm, right side in Rn). We need an idea that succeeds for every matrix. 

The Singular Value Decomposition fills this gap in a perfect way. In our applications, 
A is often a matrix of data. The rows could tell us the age and height of 1000 children. 
Then A is 2 by 1000: definitely rectangular. Unless height is exactly proportional to age, 
the rank is r = 2 and that matrix A has two positive singular values cr1 and cr2 . 

The key point is that we need two sets of singular vectors, the u's and the v's. 
For a real m by n matrix, the n right singular vectors v 1 , ... , Vn are orthogonal in Rn. 
The m left singular vectors u 1 , ... , Um are perpendicular to each other in Rm. 
The connection between n v's and m u's is not Ax = AX. That is for eigenvectors. 
For singular vectors, each A v equals 17U : 

jAvl = 171Ul .. Avr = 17rUr I IAvr+l = 0 .. Avn = oj (1) 

I have separated the first r v's and u's from the rest. That number r is the rank of A, the 
number of independent columns (and rows). Then r is the dimension of the column space 
and the row space. We will have r positive singular values in descending order 
171 172 ••• 17r > 0. The last n- r v's are in the nullspace of A, and the 
last m- r u's are in the nullspace of AT. 

Our first step is to write equation (1) in matrix form. All of the right singular vectors 
v 1 to Vn go in the columns of V. The left singular vectors u 1 to Um go in the columns 
of U. Those are square orthogonal matrices (VT = v-l and UT = u-1) because 
their columns are orthogonal unit vectors. Then equation (1) becomes the full SVD, 
with square matrices V and U : 

(2) 
You see Avk = CTkUk in the first r columns above. That is the important part ofthe SVD. 
It shows the basis of v's for the row space of A and then u's for the column space. 
After the positive numbers cr1 , ... , CTr on the main diagonal of L:, the rest of that matrix 
is all zero from the nullspaces of A and AT. 

The eigenvectors give AX = X A. But AV = UL: needs two sets of singular vectors. 

Décomposition en valeurs singulières
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62 Highlights of Linear Algebra 

The Geometry of the SVD 
The SVD separates a matrix into A = U:EVT: (orthogonal) x (diagonal) x (orthogonal). 
In two dimensions we can draw those steps. The orthogonal matrices U and V rotate the 
plane. The diagonal matrix :E stretches it along the axes. Figure 1.11 shows rotation 
times stretching times rotation. Vectors x on the unit circle go to Ax on an ellipse. 

A 

-.... Ax 

Figure 1.10: U and V are rotations and possible reflections. :E stretches circle to ellipse. 

This picture applies to a 2 by 2 invertible matrix (because a 1 > 0 and a 2 > 0). First 
is a rotation of any x to VT x. Then :E stretches that vector to :EVT x. Then U rotates to 
Ax = U:EVT x. We kept all determinants positive to avoid reflections. The four numbers 
a, b, c, din the matrix connect to two angles() and¢ and two numbers a 1 and a 2 . 

-sin() ] [ a1 
cos() ] [ cos¢ sin¢ ] 

a2 - sin¢ cos¢ · (14) 

Question. If the matrix is symmetric then b = c and A has only 3 (not 4) parameters. 
How do the 4 numbers (), ¢, a1, a2 reduce to 3 numbers for a symmetric matrix S? 

The First Singular Vector v 1 

The next page will establish a new way to look at v 1 . The previous pages chose the v's 
as eigenvectors of AT A. Certainly that remains true. But there is a valuable way to 
understand these singular vectors one at a time of all at once. We start with v 1 
and the singular value a1. 

JJAxJJ Maximize the ratio Txll" The maximum is u 1 at the vector x = v1 • (15) 

The ellipse in Figure I.lO showed why the maximizing x is v 1 . When you follow v 1 
across the page, it ends at Av1 = a1 u1 (the longest axis of the ellipse). Its length started 
at lJv11J = 1 and ended at IJAv11J = a1. 
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The equations AT y = 0 give "currents" Y1, Yz, Y3, Y4, Y5 on the five edges of the graph. 
Flows around loops obey Kirchhoff's Current Law : in = out. Those words apply 
to an electrical network. But the ideas behind the words apply all over engineering and 
science and economics and business. Balancing forces and flows and the budget. 

Graphs are the most important model in discrete applied mathematics. You see graphs 
everywhere: roads, pipelines, blood flow, the brain, the Web, the economy of a country 
or the world. We can understand their incidence matrices A and AT. In Section 111.6, 
the matrix AT A will be the "graph Laplacian". And Ohm's Law will lead to AT CA. 

Four subspaces for a connected graph with rn edges and n nodes : incidence matrix A 
N(A) 
C(AT) 
C(A) 
N(AT) 

The constant vectors (c, c, ... , c) make up the !-dimensional nullspace of A. 
The r edges of a tree give r independent rows of A : rank = r = n - 1. 
Voltage Law: The components of Ax add to zero around all loops. 
Current Law: ATy = (flow in)- (flow out)= 0 is solved by loop currents. 
There are rn - r = rn - n + 1 independent small loops in the graph. 

The big picture 

dimension n - r 
N(AT) 

dimension rn - r 

Figure 1.3: The Four Fundamental Subspaces: Their dimensions add ton and m. 
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Espaces associés à une matrice



Theorème spectral
Si S est une matrice symétrique, réelle de taille m ⇥ m, alors il existe une

matrice orthogonale réelle Q de taille m⇥m et une matrice diagonale réelle ⇤
de taille m⇥m telles que S = Q⇤QT .

<latexit sha1_base64="aGeSDR5IyBxZC0ToE1DeoY09Yhs="></latexit>

Relation d’ordre sur les matrices symétriques réelles:
S1 � S2 ssi S2 � S1 � 0
et
S1 � S2 ssi S2 � S1 ⌫ 0

<latexit sha1_base64="fO2/20Suukjr6J59ShYggv29/Y0="></latexit>

Une matrice symétrique réelle est dite définie positive, noté S � 0 ssi pour
toute matrice colonne u, uTSu > 0.

Une matrice symétrique réelle est dite semi-définie positive, S ⌫ 0, ssi pour
toute matrice colonne u, uTSu � 0.

<latexit sha1_base64="mY4+19C1XvHTQrShsGYUUVwTk8U="></latexit>
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Diagonalisation

Diagonalization

suppose v1, . . . , vn is a linearly independent set of eigenvectors of
A ∈ Rn×n:

Avi = λivi, i = 1, . . . , n

express as

A
[

v1 · · · vn

]

=
[

v1 · · · vn

]

⎡

⎣

λ1
. . .

λn

⎤

⎦

define T =
[

v1 · · · vn

]

and Λ = diag(λ1, . . . ,λn), so

AT = TΛ

and finally
T−1AT = Λ

Eigenvectors and diagonalization 11–19

Diagonalisation

Soit A une matrice à coe�cients réels de taille m⇥m. � 2 C est une valeur
propre de A ssi il existe v 2 Cm, non-nul, tel que Av = �v, i.e. l’image de v par
A est dans la même direction que v. Un tel v est appelé un vecteur propre de
A associé à la valeur propre �.

<latexit sha1_base64="g70daCL1ZlaA+UYvJLi+eQoKfJs="></latexit>
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Forme canonique de Jordan
Jordan canonical form

what if A cannot be diagonalized?

any matrix A ∈ Rn×n can be put in Jordan canonical form by a similarity
transformation, i.e.

T−1AT = J =

⎡

⎣

J1
. . .

Jq

⎤

⎦

where

Ji =

⎡

⎢
⎢
⎣

λi 1
λi

. . .

. . . 1
λi

⎤

⎥
⎥
⎦
∈ Cni×ni

is called a Jordan block of size ni with eigenvalue λi (so n =
∑q

i=1 ni)

Jordan canonical form 12–2
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Determinant et trace

sgn(�) est la parité du nombre d’élement dans une décomposition de � en
une séquence de transpositions (échange de deux éléments).

<latexit sha1_base64="sSCxsLTNZnG6+m3gsnsjupMjj9Y="></latexit>

Tr(AB) = Tr(BA)
<latexit sha1_base64="hEkbiFERuSL7iqu1v7WxGemIiPg="></latexit>

A matrice carrée m⇥m
<latexit sha1_base64="Pt+2kFgoIDhhVwjPvMJluYzGTnA="></latexit>

Tr(A) =
mX

i=1

ai,i
<latexit sha1_base64="Y1JuLbs0/8hswNYRdq7wAlnOVV4="></latexit>

det(AB) = det(A) det(B)
<latexit sha1_base64="1CwUgU4LT1vv7sKPa+8TCk+ytGI="></latexit>
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